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Find functions u;(x,t), z € Q;, t € [0,T], for © = 1,2, where 2; are

. . . . Refinement based on domain error
non-overlapping open polygonal domains sharing a common interface TI'.

Here, uy(w, t) and uy(w, t) satisfy the following partial differential equations, Error estimator Effectivity of the error estimator | | -
continuity constraints along I and initial and boundary values, Let L1u = Lou = —Au and choose right-hand sides, the initial
and the Dirichlet boundary conditions so that
Ou, | | The adjoint problem corresponding to (7)—(9) is: Find (¢1, ¢9, ) € Let 1 = (0,1) x (0,1) and €29 = (0,1) x (1,2). We solve the
KN + Liu; = fi, in §; x (0,7],1=1,2, (1) X1,0 % X9 xY such that following test problems on meshes which both conform and fail u = exp(—100(x—0.5—0.25 sin(mf))Q—lOO(y—l—Ob COS(?Tt)>2>.
wi(,0) = ui’()(:g)’ forall z € Q;, i =1,2, (2) . to conform across the interface.
. D D L 0p;
aZ”L — o FZ : (O’ T_j = b (3) /0 TS~ E’ vi )+ ai(gbi’ vi) B <¢Z7 Ui) sl (1) Liu = Lou = —Au, with exact solutions u; = O-5ty(2 _ y) 3505 dofs in t =0..0.35 34927dofs int=0.35.0.65 3508 dofs in t =0.65..1.1
Za_nz — 0, on FiN x (0,T],1=1,2, (4) Yo € X0, 1= 1,2, (11) and ug = —0.5¢ cos(0.57(3 — y)). :
- 2 T x (0.7 (5) T T (ii) Liu = —Awu and Lou = —0.1Au + u, with exact solutions 15k
851 - 9 ° T /O <p, 1 — P> dt = /O <p,p>dt VpeV, (12) uy = tsin(my) and ug = 10t sin(my). ,
1 2 :
kl(?—nl = _k20—ng’ on ' x (0,T], (6) oi(x, T)=0, i=1,2. (13) (iii) Elliptic-parabolic coupling, —Au; = fi, % — Aug = fo, o
with exact solutions u; = ug = tsin(my).
s — —\T . ([ . a1 e > L . . P _
where L;u; \Y4 (k/L‘VuZ) —|—CZI-LZ, k; > kZ’OD> O’jffz and fZ are sufficiently The error & defined by (10) can be computed as | )
smooth, and the domain boundaries 0€); = I';” U UT', @ = 1,2, are such (1) (ii) (iii) 60 dofe it o146 18 2877 dofs it o182
that FZD N Fg\f — 0 FZD NI =0 and FiN Nl = 0. Y N r| conf |non-conf| conf 'non-conf| conf |non-conf 2 DD 2 PP
E=N 4 (¢i0,uip—Tui) — ¥ ($in—1, ulp—1) R 1552 15
i=1 | n—1 1/1.0140 1.0091 |1.0056| 0.9974 |1.0253 1.0137 1
N 2/1.0035| 1.0023 |1.0023| 0.9993 |1.0063| 1.0034 '
h 311.0009 1.0006 |1.0015 0.9997 |1.0016 1.0008 0.5 ERRRRRES 0.5 5%
: + {i< ul > (R, -}dt |
Weak formulation nzl /J po g > +HEBi, 64) R
111.2450] 1.2035 |1.3760| 1.3416 |1.4542] 1.3654 o o
The weak formulation is: Find (uj,u,A) € X1 p X Xop x Y where (¢1, ¢9, 11) is the solution of the adjoint problem (11)-(13) 211.2914 | 1.2429 |1.3974) 1.3609 |1.5416 1.4388
such that and R;,1 = 1,2 are appropriately defined generalized residuals. 311.3029 1.2528 |1.4027| 1.3657 |1.5634 1.4571 Figure 2: Space/time blocks obtained by a block-adaptive re-
/T F <\ v; >+ Oui vi | + a;(ug,v;) — (fi,v) ¢ dt =0 >olving bc:]thdforward and abd/joint probl.ems vi.a TG Table 1: Effectivity ratios R and R, for model problems (i)-(iii) finement strategy.
0 ! ot’ " e v ment methods, a computable error estimate IS varying the spatial accuracy of the adjoint solution. The value T 1028, T 10k .
Yu; € X0, 1 = 1,2, (7) 9 of r corresponds to the number of uniform spatial refinements o est ! <
T | h h S used to obtain the adjoint mesh from the original mesh original)-3.3234 -0.2335/-3.0859 {00895
/ v > =0V ey ) Eest =) {(¢z‘,0+v Ui0 = T U ) initial error ' refined |-0.2857 -0.0545 -0.2311 0.0621
0 ) ) 1=1
: N
u;(7,0) = u; o(x), @ = 1,2, 9) 5 5 h S 1 | d Wi f "' g The block-refinement strategy results in six space-time blocks with
, _ . ', { } ¢ | atial adaptivity ror elliptic _ gy pa |
| : | 231 ¢%(n—1)+ ¢Za(”_1>+ P =mporat et P P y P spatial refinement clustered around the location of the Gaussian
where function 5_P13/<3235 X; = Lo(0, T H (€)), © = 1,2, and n]; prOblemS “bump”. Refinement leads to a significant reduction in the Qol
Y = L9(0, T H (I')), and X Z / + < ,uh B Qﬂha u? > dt temporal error but a very much smaller reduction in the Lo-error, e.
. —1 U, — = —Au and chose f such that u; = uy =
XZ'D:{’UEXZ"’UZUZDV(ZEt)EFZDX[} i—19 n=1 Let Liu = Lou u and chose f such that wu; 9 Ref _
, ) ) » 45 - - - P - - efinement based on interface error
X0 ={veX;|v=0Yt) e FZD < I}, i=12 +(R;, gbzh _ 9¢Zh)} d¢ temporal error ?il:ig:g:;?e(ﬂz)inu%gg quadratic finite elements in {2y and linear
N
. . . . . h oo h h . Let Liu = —0.2Au and Lou = —Au.
are the affine subspaces including the given Dirichlet and zero — Z 09, 1)+ — T o (n—1)+ {uz} spatial error
Dirichlet boundary conditions respectively along F?. Here n=1 | | -l 2 2 o o . .
N 24 ofsint=0..0.45 ;538 ofsint=0.45..1.45 23333 ofsint=1.45..2
- {:I: < Ou" — 7l h,uh > spatial error - -
(Ub wZ) B /Q Vit dSIZ, nzl /]n g nor Z P 15 1.5 15
Z h_hph - 1 1
a;(vj, w;) = / (kiVvi - Vw; + copw;) dz (B, 06 —m ‘%i)} dt}’ spatial error : , ,
Qz’ 0.5 0.5
hooo : L
svte deftied) Yo any & 30, 8= 1.2, [Hieilly, oy ey palty (@) € wheretQ alnd m;, © = 1,2 are temporal and spatial projections 05 05 05
X; XY we define < v, v > to be the standard duality pairing. FESPECHVEL: ° °% ' ° o ' §§§§§§§§§E§
We write the total error as the sum of spatial errors (including (a) (b) o 05 1 o 05 1o 05 1
Quantity of Interest initial errors) &;, and temporal errors &, and set Eqt = &4 + &
We sum_the ibsolute values of element contributions to define Figure 1: (a) Refinement based OIL CLIOT in the domain. (b) Figure 3: Space/time blocks obtained by a block-adaptive re-
Let the discretization errors be defined as e; = u; — ufb , 1=1,2 Eest = &z + £ and effectivity ratios Hefinement based on ertor on the interface finement strategy.
and e) = _)\ - >\_h7 which are functions of both space and time. &t _ Ey Refinement strategies based on either (Qol) result in significantly , ; ;
The quantity of interest R = e and R = e more linear elements in ) than quadratic elements in €. Interface | 10°E.5¢ | 107&; | 10%E, e
- original |-7.8804|-5.6943 -2.1862 | 0.0153
(Qol) = / (= < A1b > +{ug 1) + (ug, o)} dt, refined |-1.5004|-1.5120 0.0116 | 0.0017
0 : : :
Conclusions and future directions The block-refinement strategy results in three space-time blocks.

is a linear functional of the solution with coefficients 1)1, 19 and

Less spatial refinement is required after the “bump” has (re)-
), and has error

crossed the interface and does not return. Refinement leads to a
significant reduction in both the Qol and in the Lo-error (in the
Lagrange multiplier) e.

e An adjoint-based a posteriori analysis provides accurate error estimates for quantities of interest that may include both the solutions and the normal flux across the
interface. A blockwise refinement strategy based on these estimates reduces the error in the quantity of interest and the usual Ly error to a lesser extent.

T
£ - /O ([~ <ent > Hen o) +(en o)} dt. (10)

e Extensions currently under way include Stokes-Darcy coupling and fluid-solid interaction problems.



