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We consider the accuracy of an operator decomposition finite element method for a transient conjugate
heat transfer problem consisting of two materials coupled through a common boundary. We derive
accurate a posteriori error estimates that account for the transfer of error between components of the
operator decomposition method as well as the errors in solving the iterative system. We address a loss
of order of convergence that results from the decomposition, and show that the order of convergence
is limited by the accuracy of the transferred gradient information. We extend a boundary flux recovery
method to transient problems and use it to regain the expected order of accuracy in an efficient manner.
In addition, we use the a posteriori error estimates to adaptively compute the recovered boundary flux
only within the domain of dependence for a quantity of interest.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we consider the solution to a conjugate heat trans-
fer problem by an operator decomposition approach. The goal is to
compute a functional of the temperature of a body composed of two
distinct components that share a common boundary or interface.
The two components may have different conductivities and be sub-
ject to different heat sources and boundary conditions. The model
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consists a pair of parabolic differential equations in abutting regions
that are coupled through boundary conditions posed at the common
interface.

One approach to solve a multi-physics problem is to directly
discretize the global system and to solve the resulting large set of
equations. However, there are situations in which this approach is
infeasible, e.g. because of the size of the full global system or be-
cause different numerical methods and codes are to be used for the
component problems.

Alternately, we apply operator decomposition, which is a widely
used technique for solving multi-physics, multi-scale problems. The
general approach is to decompose the problem into components in-
volving simpler physics over a relatively limited range of scales, and
then to seek the solution to the entire system through an iterative
procedure involving solutions to the individual components. This
approach is appealing because there is generally a good understand-
ing of how to solve a broad spectrum of single physics problems
accurately and efficiently, and because it provides an alternative to
accommodating multiple scales in one discretization by allowing dif-
ferent discretizations for different components. However, operator
decomposition presents an entirely new set of accuracy and stability
issues, some of which are obvious and some subtle, and all of which
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are difficult to correct. In the case of the conjugate heat transfer, the
operator decomposition causes a loss in the order of the numerical
approximation.

In this paper, we perform an a posteriori error analysis of a finite
element implementation of the operator decomposition technique
and obtain accurate error estimates that are used to guide an adap-
tive postprocessing strategy. Our approach is based on the standard
techniques using variational analysis, residuals, and the generalized
Green's function solution to an adjoint problem [1–6], which we
modify to account for several new features arising from the operator
decomposition.

The operator decomposition approach taken in this paper is dif-
ferent from the operator splitting approaches considered in, e.g.
[7–9]. Traditionally, operator splitting approaches modify the solu-
tion operator in such a way that the stability properties are changed.
This is recognized in [7] as a difference between the adjoint of the
global system and the adjoint of the individual components, which
must be accounted for in the error analysis. In this paper, we use the
operator decomposition to iteratively construct the fully implicit so-
lution to the global system within each time step. The advantage of
this approach is that this allows the use of the global adjoint prob-
lem to compute the a posteriori error estimate. The feasibility of this
approach relies on the iterative method converging quickly, which
is addressed in [10].

In addition to obtaining accurate estimates, we seek to improve
the accuracy of the operator decomposition method in an efficient
way. In particular, we adapt the “boundary flux recovery” technique
developed by Wheeler [11] and Carey [12,13] to compute normal
derivatives on a boundary, and show that this can be used to improve
accuracy, and in particular, restore the order of convergence of the
numerical approximation that is lost due to the transfer of error in
the operator decomposition.

In Section 2, we introduce the conjugate heat transfer problem
and provide some notation. In Section 3, we describe the iterative
operator decomposition finite element method and some modifica-
tions, as well as the boundary flux recovery method used to com-
pute gradients on the common interface. We perform an a posteriori
error analysis in Section 4, using the adjoint to the global problem.
In Section 5, we use our error analysis to identify the transferred gra-
dient information as being responsible for the loss of order of the nu-
merical approximation and show that using the recovered boundary
flux restores the order of convergence. In Section 6, we numerically
approximate the solution to the adjoint problem corresponding to a
quantity of interest and use the error indicator to determine when
the postprocessed flux needs to be computed. Our conclusions are
presented in Section 7.

2. The model for conjugate heat transfer

Let �1 and �2 be polygonal domains in R2 or R3 with boundaries
��1 and ��2 intersecting along an interface � = ��1 ∩ ��2. We
consider a system of parabolic equations, where the components are
coupled through boundary conditions imposed on �,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�u1
�t

+ L1u1 = f1, (x, t) ∈ �1 × (0, tN],

u1 = u1,0, (x, t) ∈ �1 × {0},
u1 = 0, (x, t) ∈ ��1\� × (0, tN],{
u1 = u2,

A1�nu1 = A2�nu2,
(x, t) ∈ � × (0, tN],

�u2
�t

+ L2u2 = f2, (x, t) ∈ �2 × (0, tN],

u2 = u2,0, (x, t) ∈ �2 × {0},
u2 = 0, (x, t) ∈ ��2\� × (0, tN],

(2.1)

where i=1, 2, Liui=−∇ ·(Ai∇ui)+ciui, Ai�Ai,0 >0, ci, fi are sufficiently
smooth functions, and �n is the partial derivative in the direction
of the unit normal vector that is directed outwards from ��1. We
assume the initial values satisfy the boundary conditions and the
interface condition. The results of this paper extend easily to general
linear parabolic operators and general Dirichlet, Neumann, and Robin
boundary conditions on the boundaries in the complement of the
interface.

We let L2(�i) denote the space of square integrable functions on
�i with inner product (·, ·)�i

and norm ‖ · ‖�i
, but use (·, ·) = (·, ·)�i

when the domain is clear. We use Hs(�i) to denote the Sobolev space
with real index s associated with the norm ‖ · ‖�i ,s and seminorm
| · |�i ,s. We also use the subspaces H1

0(�i) = {v ∈ H1(�i),v = 0 on
��i\�}.

3. An iterative operator decomposition method

We consider iterative operator decomposition methods to com-
pute the numerical solution to (2.1). We define the iterative pro-
cedure within each time step, and in this paper we only consider
splittings where each component uses the same time scale. Applica-
tions of operator splitting to multi-scale problems can be found in
[7,9].

3.1. Finite element discretization

Our error analysis is based on a variational formulation and ad-
joint operators, so we use a discontinuous Galerkin method to dis-
cretize in time [4,7,14–16] combined with a continuous Galerkin
method in space [17,18].

We first discretize (0, T] into 0=t0 < t1 < · · · < tN=T with time steps
{�tn}Nn=1, �tn = tn − tn−1, In = (tn−1, tn], and �t = max1�n�N(�tn).
Let Wr

n denote the space of polynomials of degree r on In, and let �
denote a projection onto Wr

n. Note that we are allowing functions to
be discontinuous across time nodes and we denote the jump across
tn by [w]n = w+

n − w−
n where w±

n = lims→tn±w(s).
We let Ti,h be a triangulation of �i into elements K where the

length of the longest edge is hK and hi = maxK∈Ti,hhK . We assume

that each triangulation is locally quasi-uniform and �i = ⋃
K∈Ti,hK.

However, the triangulations on either side of � are not assumed to
be aligned.

We use the piecewise polynomial spaces

Vq
1 = {v continuous on �1, v ∈ Pq(K) for all K ∈ T1,h}

Vq
2 = {v continuous on �2, v ∈ Pq(K) for all K ∈ T2,h}

and the associated spaces

Vq
1,0 = {v ∈ Vq

1 |v = 0, x ∈ ��1},

Vq
2,0 = {v ∈ Vq

2 |v = 0, x ∈ ��2\�},

where Pq(K) denotes the space of polynomials of degree q on an
element K. Note that Vq

1 and Vq
2 consist of continuous polynomials

in space. We let �i be a projection into Vq
i as well as the projection

into Vq
i along the interface �.

The operator decomposition finite element method is summa-
rized in Algorithm 1.
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Algorithm 1. Operator decomposition finite element method.

for n = 1, 2, 3, . . . ,N do
Given Un,{0}

1 = Un−1
1 and Un,{0}

2 = Un−1
2

for (k = 1, 2, 3, . . .) do
(a) Given Un,{k−1}

2 on the interface, find Un,{k}
1 ∈ Vq

1 × Wr
n

such that

∫
In

((
�Un,{k}

1
�t

,v1

)
+ a1(U

n,{k}
1 ,v1)

)
dt

+ ([Un,{k}
1 ]n−1,v1(x, tn−1)) =

∫
In
(f1,v1) dt (3.1)

for all v1 ∈ Vq
1,0 × Wr

n, with,
⎧⎪⎨
⎪⎩
Un,{k}
1 = Un−1

1 , (x, t) ∈ �1 × {tn−1},
Un,{k}
1 = 0, (x, t) ∈ ��1\� × In,

Un,{k}
1 = ��1U

n,{k−1}
2 , (x, t) ∈ � × In.

(3.2)

(b) Compute a numerical flux �n,{k} ≈ A1�nu
n
1

(c) Find Un,{k}
2 ∈ Vq

2 × Wr
n such that

∫
In

((
�Un,{k}

2
�t

,v2

)
+ a2(U

n,{k}
2 ,v2)

)
dt

+ ([Un,{k}
2 ]n−1,v2(x, tn−1))

=
∫
In
((f2,v2) + (�n,{k},v2)�) dt (3.3)

for all v2 ∈ Vq
2,0 × Wr

n, with,
{
Un,{k}
2 = Un−1

2 , (x, t) ∈ �2 × {tn−1},
Un,{k}
2 = 0, (x, t) ∈ ��2\� × In.

(3.4)

(d) Check convergence criteria.
(e) If converged, set Un

1 = Un,{k}
1 and Un

2 = Un,{k}
2 .

end for
end for

Here, n denotes the time step and {k} denotes the iteration at step
n. Throughout this paper, we iterate until

∫
In

‖Un,{k}
1 − ��1U

n,{k}
2 ‖� dt

is less than a prescribed tolerance, i.e., until the continuity condition
in the fully coupled problem is satisfied to within a given tolerance.

3.2. Numerical quadrature

Typically, the integrals in (3.1) and (3.3) are computed using nu-
merical quadrature. In the case r=0 and the single quadrature point
tn ∈ In, Eqs. (3.1) and (3.3) simplify to

an1(U
n,{k}
1 ,v1(x, tn)) + 1

�tn
([Un,{k}

1 ]n−1,v1(x, tn−1)) = (f n1 ,v1(x, tn))

and

an2(U
n,{k}
2 ,v2(x, tn)) + 1

�tn
([Un,{k}

2 ]n−1,v2(x, tn−1))

= (f n2 ,v2(x, tn)) + (�n,{k},v2(x, tn))�

respectively, which is closely related to the backward Euler differ-
ence scheme [4,19]. We have used the obvious notation for the eval-
uation of the bilinear forms and data at tn.

The remainder of this paper analyzes the error in the case q = 1
and r=0, i.e., the continuous piecewise linear finite element method
in space and the discontinuous piecewise constant finite element
method in time with right-endpoint quadrature, although similar
results are conjectured to hold in the general case.

3.3. Iterative convergence

The overall computational cost of the operator decomposition fi-
nite element method is greatly influenced by the number of itera-
tions required in each time step. Unfortunately, the simple iterative
scheme in Algorithm 1 may converge slowly, and may even diverge
for certain values of A1 and A2 along the interface [20,21], certain
geometries [22–24], or large time steps [25].

Recently, innovative algorithms have been developed to acceler-
ate the convergence of the operator decomposition finite element
method. For example, consider the following relaxation scheme. We
choose � ∈ [0, 1) and update the Dirichlet interface values with

Un,{k}
1 = �Un,{k−1}

1 + (1 − �)��1U
n,{k−1}
2 . (3.5)

Optimal values of � can be found in [23,24] for elliptic problems with
A1 =A2, but optimal relaxation parameters are often difficult to find
for the general problem.

This difficulty prompted the development of Newton–Krylov
methods [10,26] which, given a sufficiently accurate initial guess,
are guaranteed to solve the fixed point problem in a finite, and
usually small, number of iterations. We do not pursue this issue
further, but rather we derive an error representation which does
not depend on the choice of iterative acceleration and focus on
analyzing the loss in accuracy.

3.4. Flux correction

In Section 5, we show that operator decomposition results in
a loss of order of convergence of the finite element solution with
respect to the spatial mesh size h1. This is not completely unexpected
due to the lower order of accuracy in the derivative, which reduces
the order of the overall approximation. To mitigate this effect, we
extend the postprocessing technique developed byWheeler [11] and
Carey [12,13] to compute a more accurate boundary flux for a time
dependent problem.

We define the set of elements in T1,h that intersect the boundary
by

T�
1,h = {K ∈ T1,h|K ∩ ��∅}

and the corresponding space

Vq
1,� = {v ∈ Pq(K) with K ∈ T�

1,h,v(�i) = 0 if �i /∈�}, (3.6)

where {�i} denotes the nodes of element K, so the degrees of free-
dom correspond to the nodes on the boundary. This space will arise
later as the difference between a projection onto T1,h and a second
projection onto T1,h that is also required to be zero on the boundary.
We seek 	n,{k} ∈ Vq

1,� × Wr
n satisfying

∫
In
(	n,{k},v)� dt=([Un,{k}

1 ]n−1,v(x, tn−1))

+
∫
In

((
�Un,{k}

1
�t

,v

)
+a1(U

n,{k}
1 ,v)−(f1,v)

)
dt (3.7)
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for all v ∈ Vq
1,� × Wr

n, where Un,{k}
1 is the iterative approximation.

Green's identity implies that 	n,{k} gives an approximation to the
normal flux on the boundary which is relatively inexpensive to
compute.

In general, the accuracy of the recovered boundary flux ap-
proximation depends on the regularity of an associated Green's
function [20,27,28]. In some cases, though perhaps not all, the
postprocessed flux has the same accuracy as the finite element ap-
proximation. However, we show that the recovered boundary flux
leads to a cancelation of the “transfer error” term in the error rep-
resentation formula, which is the source of the loss of order. This
fortunate cancelation of errors means the accuracy of this recovered
boundary flux is only of peripheral interest for our purposes.

4. A posteriori error analysis

To estimate the error of the operator decomposition finite el-
ement approximation, we apply a posteriori techniques based on
variational analysis and the adjoint problem.

In the discussion below, we assume kn iterations are computed
on In and we use �n,{kn} to denote the numerical flux passed from �1
to �2 over In. Let

eni = ui(x, tn) − Un,{kn}
i

denote the error at time tn.
The adjoint boundary value problem for the quantity of interest

(w, eN) = (
1, e
N
1 ) + (
2, e

N
2 ) for the coupled problem (2.1) is

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−��1
�t

+ L∗
1�1 = 0, (x, t) ∈ �1 × (tN , 0],

�1 = 
1, (x, t) ∈ �1 × {tN},
�1 = 0, (x, t) ∈ ��1\� × (tN , 0],{

�1 = �2,

A1�n�1 = A2�n�2,
(x, t) ∈ � × (tN , 0],

−��2
�t

+ L∗
2�2 = 0, (x, t) ∈ �2 × (tN , 0],

�2 = 
2, (x, t) ∈ �2 × {tN},
�2 = 0, (x, t) ∈ ��2\� × (tN , 0],

(4.1)

where L∗
i �i = −∇ · (Ai∇�i) + ci�i. We solve (4.1) numerically by us-

ing an iterative operator decomposition algorithm, Algorithm 1. The
number of iterations and the numerical flux can be chosen indepen-
dently of the forward problem. We use the notation �n

i =�i(x, tn) as
before.

An error representation formula is derived using the standard
procedure described in, e.g., [1,4,20]. We multiply the adjoint system
by the error, integrate by parts in time, apply the divergence the-
orem in space, and apply Galerkin orthogonality. In the case of the
operator decomposition finite element method, we must be careful
with the terms along the interface. Terms that typically drop out in
the error analysis, remain due to the fact that the solution is not
continuous across the interface. In addition, the test space Vq

1,0 con-
sists of functions which are zero along the interface, while, in gen-
eral, the adjoint solution is not. Thus, additional terms involving the
space Vq

1,� arise and must be handled accordingly. The details of this
procedure can be found in [20,25] for coupled elliptic problems, and
in [21,25] for a coupled nonlinear system.

Theorem4.1. The errors eN1=u1(x, tN)−Un,{kn}
1 and eN2=u2(x, tN)−Un,{kn}

2
for the operator decomposition finite element method with q = 1 and
r = 0 satisfy,

‖eN1 ‖�1
+ ‖eN2 ‖�2

= E1 + E2 + E3 + E4 + E5 + E6 + E7,

where

E1 = (�0
1, (I − �1)u1,0) + (�0

2, (I − �2)u2,0) (4.2)

represents the initial error due to projecting the initial condition onto
the spatial discretization,

E2 =
N∑

n=1

∫
In

{(
(I − �1)�

n−1
1 ,

1
�tn

[Un,{kn}
1 ]n−1

)

+ (f1, (I − �1)�1) − a1(U
n,{kn}
1 , (I − �1)�1)

}
dt (4.3)

represents the spatial discretization errors over �1 × (0, tN],

E3 =
N∑

n=1

∫
In

{(
(I − �2)�

n−1
2 ,

1
�tn

[Un,{kn}
2 ]n−1

)

+ (f2, (I − �2)�2) − a2(U
n,{kn}
2 , (I − �2)�2)

}
dt (4.4)

represents the spatial discretization errors over �2 × (0, tN],

E4 =
N∑

n=1

∫
In

{(
(I − �)�1�

n−1
1 ,

1
�tn

[Un,{kn}
1 ]n−1

)

+ (f1, (I − �)�1�1) − a1(U
n,{kn}
1 , (I − �)�1�1)

}
dt (4.5)

represents the time discretization errors over �1 × (0, tN],

E5 =
N∑

n=1

∫
In

{(
(I − �)�2�

n−1
2 ,

1
�tn

[Un,{kn}
1 ]n−1

)

+ (f2, (I − �)�2�2) − a2(U
n,{kn}
2 , (I − �)�2�2)

}
dt (4.6)

represents the time discretization errors over �2 × (0, tN],

E6 =
N∑

n=1

∫
In

{(A1�n�1,U
n,{kn}
1 − Un,{kn}

2 )�}dt (4.7)

represents the iteration error in terms of the jump across the interface,
and finally,

E7 =
N∑

n=1

∫
In

{(�n,{kn},��2�2) − (	n,{kn},��1�1)}dt, (4.8)

represents the transfer error due to passing the numerical flux.

The choice of derivative information transferred from �1 to �2
has a significant impact on the transfer component.

• Suppose we set �n,{kn} = A1�nU
n,{kn}
1 , then

E7 =
N∑

n=1

∫
In
((A1�nU

n,{k}
1 − 	n,{k},��2�2)�

+ (	n,{k},��2�2 − ��1�1)�) dt, (4.9)

which represents a transfer error and a projection error.
• Suppose we set �n,{k} = 	n,{k}, then

E7 =
N∑

n=1

∫
In
(	n,{k},��2�2 − ��1�1)� dt,

which represents only a projection error with no transfer error.
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5. An analysis of the loss of order

In practice, the iterative operator decomposition algorithm de-
fined in Algorithm 1 with q = 1 and r = 0 is occasionally observed
to result in O(h1 + �t) convergence rather than the O(h21 + �t) con-
vergence that is obtained when solving the fully coupled problem.
This loss of order occurs when passing the normal derivative of the
finite element approximation, which is only O(h1 + �t). Passing the
recovered boundary flux restores the full order of convergence. We
use the adjoint problem and the error representation in Theorem 4.1
to derive a posteriori error bounds for the iterative approximations.
Numerical examples are provided at the end of the section.

5.1. L2 error bounds

Let u1 and u2 be sufficiently smooth solutions to (2.1), and Un,{kn}
1

and Un,{kn}
2 be the solutions to the operator decomposition scheme

at tn after kn iterations. Let �n,{kn} denote the flux passed at the
kthn iteration. Let �1 and �2 solve the adjoint problem (4.1) with

1 = eN1 /‖eN1 ‖�1

and 
2 = eN2 /‖eN2 ‖�2
.

We construct Lemmas 5.1–5.7 to bound E1–E7 individually. In
each of these lemmas we first provide the general bound when the
triangulations do not match across the boundary, if applicable, and
then show the simplification that arises for matching triangulations.
We present Lemmas 5.1–5.7 without proof and direct the reader to
[4,18] for a detailed analysis in the case of matching triangulations
[25,28] and in the case of nonmatching triangulations. The proofs
of Lemmas 5.6 and 5.7 are similar to results in [20,21,25]. We then
combine these seven lemmas into Theorems 5.8 and 5.10 which give
error bounds for the operator decomposition finite element method
when �n,{k} = A1�nU

n,{k}
1 , and when �n,{k} = 	n,{k}, respectively. These

two theorems describe the general result when the triangulations
do not match across the boundary while the simplification given
matching triangulations is provided as a corollary.

Lemma 5.1 (Bound on E1).

E1�Ch21S11R11 + Ch22S12R12,

where S11 and S12 are stability factors depending only on �0
1 =�1(x, 0)

and �0
2 = �2(x, 0), respectively, and R11 and R12 depend on u1,0 and

u2,0, respectively.

Lemma 5.2 (Bound on E2). If the triangulations T1,h and T2,h do not
match along the interface, then

E2�

N∑
n=1

C(h21S
n
21R

n
21 + h3/21 Sn22R

n
22)

and if the triangulations match along the interface, then

E2�

N∑
n=1

C(h21S
n
21R

n
21),

where Sn21 and Sn22 are stability factor depending only on �1 and
�1�1, respectively, and Rn21 and Rn22 are residuals depending on

(1/�tn)[U
n,{kn}
1 ]n−1, f1, U

n,{kn}
1 , and Un,{kn−1}

2 .

Lemma 5.3 (Bound on E3). If the triangulations T1,h and T2,h do not
match along the interface, then

E3�

N∑
n=1

C(h22S
n
31R

n
31 + h3/22 Sn32R

n
32)

and if the triangulations match along the interface, then

E3�

N∑
n=1

C(h22S
n
31R

n
31),

where Sn31 and Sn32 are stability factors depending only on �2 and
�2�2,, respectively, and Rn31 and Rn32 are residuals depending on

(1/�tn)[U
n,{kn}
2 ]n−1, f2, U

n,{kn}
2 , and Un,{kn}

1 .

Lemma 5.4 (Bound on E4).

E4�

N∑
n=1

C(�tnSn41R
n
41),

where Sn41 is a stability factor depending only on �1�1 and Rn41 is a

residual depending on (1/�tn)[U
n,{kn}
1 ]n−1, f1, U

n,{kn}
1 , and Un,{kn−1}

2 .

Lemma 5.5 (Bound on E5).

E5�

N∑
n=1

C(�tnSn51R
n
51),

where Sn51 is a stability factor depending only on �2�2 and Rn51 is a

residual depending on (1/�tn)[U
n,{kn}
2 ]n−1, f2, U

n,{kn}
2 , and Un,{kn}

1 .

Lemma 5.6 (Bound on E6). If the triangulations T1,h and T2,h do not
match along the interface, then

E6�

N∑
n=1

C(Sn61‖Un,{kn}
1 − �1U

n,{kn}
2 ‖� + h3/21 Sn62R

n
62 + h3/22 Sn63R

n
63)

and if the triangulations match along the interface, then

E6�

N∑
n=1

CSn61‖Un,{kn}
1 − �1U

n,{kn}
2 ‖�

where Sn61 and Sn62 are stability factors depending only on �1 and �2,

respectively, and Rn61 is a residual depending on f1, U
n,{kn}
1 , and Un,{kn−1}

2 ,

and Rn62 is a residual depending on f2, U
n,{kn}
1 , and Un,{kn}

2 .

Lemma 5.7 (Bound on E7).

(i) If the triangulations T1,h and T2,h do not match along the interface

and �n,{kn} = A1�nU
n,{kn}
1 , then

E7�

N∑
n=1

C(h�1
1 Sn71R

n
71 + h�2

1 Sn72R
n
72 + h3/21 Sn73R

n
73 + h3/22 Sn74R

n
74)

(ii) If the triangulations T1,h and T2,h match along the interface and

�n,{kn} = A1�nU
n,{kn}
1 , then

E7�

N∑
n=1

C(h�1
1 Sn71R

n
71 + h�2

1 Sn72R
n
72).

(iii) If the triangulations T1,h and T2,h do not match along the interface

and �n,{kn} = 	n,{kn}, then

E7�

N∑
n=1

C(h3/21 Sn73R
n
73 + h3/22 Sn74R

n
74).
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(iv) If the triangulations T1,h and T2,h match along the interface and

�n,{kn} = 	n,{kn}, then

E7 = 0,

where Sn71 and Sn72 are stability factors depending only on �1 and �2,

respectively, Rn71 is a residual depending on f1, U
n,{kn}
1 , and Un,{kn−1}

2 , and

Rn72 is a residual depending on f2, U
n,{kn}
1 , and Un,{kn}

2 .

Remark 5.1. In practice, the error in the normal derivative is typ-
ically the same accuracy as the H1 error, namely O(h1 + �t). How-
ever, an application of the trace theorem only proves O(h1/21 + �t)
accuracy. This is not an important issue, however, since we intend
to use the fact that this term is less accurate than the others, and
therefore pollutes the L2 error. We assume the error in the normal
derivative converges O(h�1

1 + �t) for 1/2��1�1, and the recovered

flux converges O(h�2
1 + �t) �1��2�2 [27,28]. In certain situations,

the recovered boundary flux is the same order as the finite element
approximation [11–13], but this result is not known in general. We
emphasize that the accuracy of the recovered boundary flux is im-
material due to the cancelation in the error representation.

The bounds in Lemmas 5.1–5.7 are combined in the following
theorems and corollaries. First we consider the case �n,{k}=A1�nU

n,{k}
1 .

Theorem 5.8. Assume the triangulations T1,h and T2,h do not match

along the interface �, and �n,{kn} =A1�nU
n,{kn}
1 . Then the errors eN1 =u1−

UN,{kN}
1 and e2 = u2 − UN,{kN}

2 satisfy

‖eN1 ‖�1
+ ‖eN2 ‖�2

�Ch21S11R11 + Ch22S12R12

+
N∑

n=1

{Ch21(Sn21Rn21) + Ch22(S
n
31R

n
31)

+ C�tn(Sn41R
n
41 + Sn51R

n
51)

+ Ch3/21 (Sn22R
n
22 + Sn62R

n
62 + Sn73R

n
73)

+ Ch3/22 (Sn32R
n
32 + Sn63R

n
63 + Sn74R

n
74)

+ CSn61‖Un,{kn}
1 − ��1U

n,{kn}
2 ‖�

+ Ch�1
1 Sn71R

n
71 + Ch�2

1 Sn72R
n
72}

with 1/2��1�1, �1��2�2, and stability factors and residuals de-
fined in Lemmas 5.1–5.7.

Corollary 5.9. Assume the triangulations T1,h and T2,h match along the

interface �, and �n,{kn} = A1�nU
n,{kn}
1 . Then the errors eN1 = u1 − UN,{kN}

1

and e2 = u2 − UN,{kN}
2 satisfy

‖eN1 ‖�1
+ ‖eN2 ‖�2

�Ch21S11R11 + Ch22S12R12

+
N∑

n=1

{Ch21(Sn21Rn21) + Ch22(S
n
31R

n
31)

+ C�tn(Sn41R
n
41 + Sn51R

n
51)

v + CSn61‖Un,{kn}
1 − ��1U

n,{kn}
2 ‖�

+ Ch�1
1 Sn71R

n
71 + Ch�2

1 Sn72R
n
72}

with 1/2��1�1, �1��2�2, and stability factors and residuals de-
fined in Lemmas 5.1–5.7.

Theorem 5.8 and Corollary 5.9 is valid independently of the size
of ‖U{k}

1 −��1U
{k}
2 ‖�, but when the iteration converges such that this

term is negligible, it is clear that the term containing h�1
1 decreases

at a slower rate than the other terms. Suppose that we set �n,{kn} =
	n,{kn} instead of the finite element flux. As shown in Lemma 5.7, this
reduces E7 to

E7 =
N∑

n=1

(	n,{kn},��2�2 − ��1�1)�

resulting in the following theorem.

Theorem 5.10. Assume the triangulations T1,h and T2,h do not match

along the interface�, and �n,{kn}=	n,{kn}. Then the errors eN1 =u1−UN,{kN}
1

and e2 = u2 − UN,{kN}
2 satisfy

‖eN1 ‖�1
+ ‖eN2 ‖�2

�Ch21S11R11 + Ch22S12R12

+
N∑

n=1

{Ch21(Sn21Rn21) + Ch22(S
n
31R

n
31)

+ C�tn(Sn41R
n
41 + Sn51R

n
51)

+ Ch3/21 (Sn22R
n
22 + Sn62R

n
62 + Sn73R

n
73)

+ Ch3/22 (Sn32R
n
32 + Sn63R

n
63 + Sn74R

n
74)

+ CSn61‖Un,{kn}
1 − ��1U

n,{kn}
2 ‖�}

with stability factors and residuals defined in Lemmas 5.1–5.7.

Corollary 5.11. Assume the triangulations T1,h and T2,h match along

the interface �, and �n,{kn} = 	n,{kn}. Then the errors eN1 = u1 − UN,{kN}
1

and e2 = u2 − UN,{kN}
2 satisfy

‖eN1 ‖�1
+ ‖eN2 ‖�2

�Ch21S11R11 + Ch22S12R12

+
N∑

n=1

{Ch21(Sn21Rn21) + Ch22(S
n
31R

n
31)

+ C�tn(Sn41R
n
41 + Sn51R

n
51)

+ CSn61‖Un,{kn}
1 − ��1U

n,{kn}
2 ‖�}

with stability factors and residuals defined in Lemmas 5.1–5.7.

Comparing Theorem 5.10 with Theorem 5.8 and Corollary 5.11
with Corollary 5.9, we see that the terms involving h�1 and h�2 have
dropped out and the optimal order of convergence of the numerical
approximation has been restored.

5.2. Numerical results

Example 5.1. Let �1 = [0, 1] × [0, 1] and �2 = [1, 2] × [0, 1] and as-
sume that the triangulations match along � = {(x, y)|x= 1, 0�y�1}.
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Table 1
Comparison of the convergence rates for the operator decomposition finite element
method in Example 5.1 when passing the finite element flux, A1�nU

n,{k}
1 , and when

passing the recovered boundary flux, 	n,{k}

h1 = h2 FEM flux Conv. rate Boundary flux Conv. rate

1/8 2.524e−1 7.988e−2
1/16 1.342e−1 0.91 2.044e−2 1.97
1/32 6.693e−2 1.00 5.133e−3 1.99
1/64 3.319e−2 1.01 1.289e−3 1.99

Consider the coupled heat equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�u1
�t

− �u1 = f1, (x, t) ∈ �1 × (0, tN],

u1 = 0, (x, t) ∈ �1 × {0},

u1 = 0, (x, t) ∈ ��1\� × (0, tN],⎧⎪⎨
⎪⎩
u1 = u2,

�nu1 = �nu2,
(x, t) ∈ � × (0, tN],

�u2
�t

− �u2 = f2, (x, t) ∈ �2 × (0, tN],

u2 = 0, (x, t) ∈ �2 × {0},
u2 = 0, (x, t) ∈ ��2\� × (0, tN],

(5.1)

where the data f1(x, y) and f2(x, y) are chosen so the true solutions are

u1 = u2 = sin
( �
10

t
)
sin

(
9�
2

x
)
sin(�y).

We choose a true solution which is relatively easy to resolve in
time, but difficult to resolve in space to guarantee that the space
discretization error will dominate the approximation. We dis-
cretize using continuous piecewise linear finite elements in space
and discontinuous piecewise constant polynomials in time, and
apply Algorithm 1. We set �t = 0.1 and iterate within each time
step until ‖Un,{k}

1 − ��1U
n,{k}
2 ‖� <10−6. In Table 1, we compare the

L2 error at t = 1 when passing the finite element flux and when
passing the recovered flux. The results confirm the convergence
rates predicted in Corollaries 5.9 and 5.11 for matching triangula-
tions.

6. Adaptive postprocessing

The a posteriori error estimate (4.2)–(4.8) can be used to adap-
tively refine the spatial mesh as well as the time discretization
to accurately compute a quantity of interest [1,20,28]. The stan-
dard approach is to approximate the adjoint solution correspond-
ing to the quantity of interest and use (4.2)–(4.8) to compute
local error indicators over each space-time element and mark
an element for refinement if the local indicator is sufficiently
large.

In this paper, we are interested in estimating and correcting the
transfer error that arises due to passing the finite element flux. De-
spite the fact that computing the recovered flux is relatively cheap,
we only want to compute this postprocessed flux if it affects our
quantity of interest. Therefore, we propose the “adaptive” algorithm
described in Algorithm 2.

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

Fig. 1. Computational domains and spatial discretizations for Example 6.1.

Algorithm 2. Adaptive postprocessing algorithm.

(1) Solve the forward problem (2.1) on a given space-time dis-
cretization with

�n,{kn} = A1�nu
n,{kn}
1 .

(2) Solve the adjoint problem corresponding to a quantity of inter-
est.
(3) Compute the error estimate using (4.2)–(4.8).
(4) If the transfer error indicator,

�n =
∣∣∣∣
∫
In
((�n,{kn},��2�2) − (	n,{kn},��1�1)) dt

∣∣∣∣ ,
is larger than a given tolerance on a subinterval, mark the subin-
terval for postprocessing.
(5) Recompute the solution on the marked subintervals using the
recovered flux.

Example 6.1. Let �1=[−0.25, 0.25]×[−0.25, 0.25] and �2=[−1, 1]×
[−1, 1]\�1 triangulated as shown in Fig. 1. Note that the meshes do
not match along the interface. Consider the coupled heat equations,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�u1
�t

− ∇ · (A1∇u1) = f1, (x, t) ∈ �1 × (0, tN],

u1 = 0, (x, t) ∈ �1 × {0},{
u1 = u2,

A1�nu1 = A2�nu2,
(x, t) ∈ � × (0, tN]

�u2
�t

− ∇ · (A2∇u2) = f2, (x, t) ∈ �2 × (0, tN],

u2 = 0, (x, t) ∈ �2 × {0},
u2 = 0, (x, t) ∈ ��2\� × (0, tN],

(6.1)

with thermal conductivities A1=1 and A2=100, and forcing functions
f1=0 and f2=10 sin(3�t). We are interested in controlling a functional
of the error in the inner box at tN = 1 given by (eN1 ,
1) where


1 = 400
�

e−400x2−400y2 ,

which approximates a delta function at (0, 0).
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Fig. 2. Transfer error indicators for Example 6.1 when passing the finite element flux.
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Fig. 3. Transfer error indicators for Example 6.1 when passing the recovered bound-
ary flux.

First, we use the operator decomposition finite element method,
Algorithm 1, to solve (6.1) continuous linear polynomials in space,
and discontinuous constant polynomials in time with �t=0.05, pass-
ing the finite element flux for each iteration. Within each time step,
we iterate until ‖Un,{k}

1 − ��1U
n,{k}
2 ‖� <10−6.

Next, we use the operator decomposition finite element method,
Algorithm 1, to solve the adjoint problem (4.1) corresponding to
our quantity of interest using continuous quadratic polynomials in
space, and discontinuous linear polynomials in time using the same
�t. Again, we iterate until ‖�n,{k}

1 − ��1�
n,{k}
2 ‖� <10−6.

Over each subinterval, we compute the transfer error indicator,

�n =
∣∣∣∣
∫
In
((�n,{kn},��2�2) − (	n,{kn},��1�1)) dt

∣∣∣∣ .

We plot these error indicators in Fig. 2. We also compute the indica-
tors for the spatial, temporal, and iteration errors, but in this paper
our interest is showing how to control the transfer error, so we do
not report the other indicators.

Wemark a subinterval for postprocessing if �n >10
−5. In this case,

only the last three subintervals are marked. This indicates that the
error in our quantity of interest has a relatively strong dependence
of the transfer error in the last three time steps. The decay of this de-
pendence is influenced by the decay of the generalized Green's func-
tion, and while the rapid decay in Fig. 2 is characteristic of strongly
dissipative problems such as the heat equation, this is not necessar-
ily the case for general parabolic operators [4,5,7].

To adaptively postprocess the flux, we go back and resolve the
problem over the marked subintervals, this time passing the recov-
ered boundary flux. In Fig. 3, we see that the transfer error has been
greatly reduced in the last three subintervals. Note the difference in
scale between Figs. 2 and 3. These error indicators include a pro-
jection error component owing to the fact that the meshes do not
match along the interface, and thus, are not exactly zero.

7. Conclusion

We have conducted an a posteriori error analysis of a finite el-
ement implementation of an operator decomposition strategy for a
canonical conjugate heat transfer problem. By modifying the stan-
dard approach based on variational analysis, residuals and the gen-
eralized Green's function, we derive accurate error estimates and
use these estimates to guide adaptive postprocessing. Modifications
to the standard error analysis account for the transfer of error be-
tween components of the decomposed operator and interpolation
error. We show that the loss of order typically observed in the oper-
ator decomposition method is due to inaccuracy of the transferred
gradient information and we show how the boundary flux method
can be used to efficiently regain the expected optimal order of con-
vergence.
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