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Abstract

We present numerical and experimental results on steady electrohydrodynamic convection in nematic liquid crystal flows. Numerical bifur-
cation techniques have been applied to the Ericksen–Leslie equations in finite two-dimensional domains in order to investigate the interaction
between neighbouring instabilities. A cusp has been uncovered in the solution surface in qualitative agreement with complimentary experiments.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

When an electric field is applied across a thin layer of ne-
matic liquid crystal, a hydrodynamic instability in the form
of a set of rolls can occur above a critical field strength.
The length and velocity scales involved in these microscopic
flows are small so that the conventional Reynolds number is
very much less than one. The nonlinearity which gives rise to
the instability originates in the material properties. Details of
the mechanisms involved are complex but well-understood
and a brief review of them will be presented below. In com-
mon with other hydrodynamic instability problems, a sig-
nificant amount of progress has been made through a com-
bination of theoretical and experimental research. Both one
and two-dimensional analyses of the linearized equations of
motion have been performed and good agreement between
observation and calculation has been achieved. A modern
account of this research can be found in[9].

Nematic liquid crystals differ from normal isotropic fluids
since they exhibit long–range orientational ordering. They
flow readily since the usual viscosity is comparable with
that of normal fluids such as water. However, they contain
rod-like molecules which are arranged, on average, with
their long axes parallel to one another. Hence their friction
coefficients are anisotropic and these can be modelled by
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various viscosities commonly called Leslie coefficients. In
addition, the centres of mass of the molecules are randomly
distributed so that they only have one preferred spatial ori-
entation. The direction of alignment is described by the unit
vector n which is called the director. In practical devices
the orientation is provided by surface treatments which are
mechanical in nature as discussed by[3]. This local arrange-
ment of the molecules by the boundaries in turn influences
the bulk fluid and since most practical situations are con-
cerned with length scales of tens of microns, good align-
ment can be achieved. The interested reader is referred to
[7,11,16] for a discussion of the rich properties of nematic
and other liquid crystals.

The microscopic molecular alignment of nematics means
that they have anisotropic macroscopic properties. They are
optically and dielectrically anisotropic and it is the former
property which makes them so useful in display devices.
The dielectric anisotropy is�ε = ε‖ − ε⊥, where the sym-
bols ‖ and ⊥ refer to directions parallel and perpendicu-
lar to n. This quantity may be either positive or negative
and electrohydrodynamic convection is usually found when
this quantity is negative or slightly positive. If the material
has a strongly positive dielectric anisotropy then a static re-
aligment instability under the application of a perpendicular
magnetic or electric field is found. This is called the Freed-
ericksz transition and has been investigated recently using
numerical bifurcation techniques by[6]. In practice, most
nematic materials contain some free ions so that they are
weakly conducting and the anisotropic conductivity is given
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Fig. 1. Schematic of experiment.

by �σ = σ‖ − σ⊥. This is positive in most materials so that
conduction along the direction of the molecules is preferred.

The continuum equations of motion for a nematic are
the Ericksen–Leslie equations and all the existing evidence
suggests that they provide a good model of the flow prop-
erties. In order to examine flows in domains of finite size,
we solve the Ericksen–Leslie equations and their boundary
conditions directly using the finite-element method. Finite
size effects are of great practical significance since many
modern devices using these materials are becoming smaller
and there is a need for a detailed understanding of flow
properties. The multiplicity of the solution set is reduced in
microscopic devices allowing the detailed investigation of
individual dynamical events which lead to low-dimensional
chaos (see[5,24,25,27,28,37]). Hence, there is also a need
here for calculations of flows in finite domains.

An alternative approach to the study of electrohydro-
dynamic convection, in the spirit of[15], involves the
construction of expansions about the basic state leading
to the development of a (generalized) Ginzburg–Landau
equation to approximate weakly nonlinear phenomena. This
approach, including an extended weak electrolyte model
developed to provide a basis for understanding the Hopf
bifurcation that can be observed at threshold in certain re-
gions of parameter space and the effect of thermal noise,
has been extensively reviewed elsewhere by[9,31,40].

1.1. Electrohydrodynamic convection

The electrohydrodynamic instability can be understood
as follows. Consider a nematic liquid crystal material, with
planar alignment, contained between two conducting plates
as shown schematically inFig. 1. An electric field is ap-
plied vertically and for materials with negative dielectric
anisotropy this provides a stabilising force. Suppose now that
the field is increased and consider a small horizontally peri-
odic perturbation to the director field. Charge separation will
occur due to the conductivity anisotropy and space charges
will build up preferentially in the regions of strongest cur-
vature of the director. For an applied field directed vertically
downwards, this charge concentration will be positive where
the curvature is convex and negative where it is concave. The
interaction of the nonuniform space charge distribution with
the applied electric field will produce material flow in op-
posite vertical directions. This results in an additional shear
on the molecules which will increase the curvature. Hence
an instability can develop in the form of a series of parallel
rolls which rotate in opposite directions as shown inFig. 2.

Fig. 2. Instability mechanism.

The angular displacement of the directors will be opposed
by the elastic forces induced by the wall alignment and by
the negative dielectric anisotropy since the molecules prefer
to remain orthogonal to the local electric field. Fluid motions
will of course be opposed by the presence of the nearby con-
ducting plates on which non-slip boundary conditions per-
tain and eventually a balance will be achieved. By way of
analogy with Bénard convection, where heat is transported
from the hot wall to the cold one by convection, here the mo-
tion acts to redistribute the charges between the positive and
negative regions which are periodically displaced laterally.

The above model is due to[23] who extended ideas of[10]
on the creation of torques in anisotropic fluids by charge seg-
regation. It provided a satisfactory explanation for the exper-
imental observation of roll instabilities by[29,45]. Helfrich’s
dc model was extended to time-dependent fields by[17].
They found two different types of instability occurred at low
and high frequencies. They called the former the conduc-
tion regime and the latter the dielectric regime with a critical
frequency dividing them. The theory discussed thus far is
one-dimensional and it was extended to two-dimensions by
[39] who took account of the upper and lower boundaries. A
review of this early work is given by[22]. The experimental
work has also been developed by[26,42] to include mul-
tiple patterns and spatio-temporal chaos including defects.
The onset of convection in the above models can be con-
sidered as a pitchfork bifurcation where the flow breaks the
mid-plane symmetry and is analogous to Rayleigh–Bénard
convection with a Boussinesq fluid. To date attempts to ob-
serve both branches of the pitchfork bifurcation experimen-
tally have failed, see the papers by[25,38] where the side
boundary conditions are different in each case. This is un-
like the situation with Rayleigh–Bénard convection where
the full bifurcation structure has been observed in small as-
pect ratio experiments by[1,44] as disconnected pitchforks.
The experimental evidence suggests that the EHD case is
more akin to the Taylor–Couette problem where the model
bifurcation is drastically disconnected for both small aspect
ratios, [2] and large aspect ratios[33]. Later extensions of
the Carr—Helfrich model to include the flexo-electric ef-
fect, which removes this symmetry are reviewed by[31].
The preponderance of experimental studies consider the ac
case to avoid the problems associated with charge injection
at the electrodes. The injection of charges into weakly con-
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ducting electrolytes can give rise to another form of cellu-
lar convection called the Felici instability[20]. In the prob-
lem studied by Felici, unipolar injection of charges at one
of the electrodes can promote convection in direct analogy
with the Rayleigh–Bénard problem, i.e. it does not involve
space charge separation in anisotropic fluids which is es-
sential for the Carr–Helfrich mechanism. Recent research
by [25,34,41]report conflicting evidence for the importance
of charge injection in EHD convection in a dc field. The
finite-element calculations performed by[43] using the same
technique as described here, reaffirm the importance of con-
ductivity anisotropy in the Carr—Helfrich mechanism sug-
gesting that the fundamental processes driving electrohydro-
dynamic convection in both the ac and dc cases are the same.

In Sections 2 and 3, we review the pertinent aspects of
the continuum theory and those effects of an applied electric
field that are relevant to electrohydrodynamic convection.
We then describe our finite-element approach and the results
from laboratory experiments and highlight the qualitatively
similar features.

2. Continuum theory

We first review the essential continuum theory, concentrat-
ing on those aspects relevant to electrohydrodynamic con-
vection. Throughout this section we use Cartesian tensor no-
tation, double subscripts to denote summation and commas
to indicate differentiation with respect to the relevant spatial
variable. Thermal effects are ignored.

The continuum theory of Ericksen[18] and Leslie[32]
for nematic liquid crystals assumes that the average molec-
ular axis is described locally by a unit vectorn and that the
material is incompressible. That is, the constraints

nini = 1, (1)

vi,i = 0, (2)

apply, wherev is the fluid velocity.
Balance laws representing conservation of linear and an-

gular momentum are

ρv̇i = ρF i + tij,j, (3)

ρMi + eijktkj + lij,j = 0, (4)

whereF and M represent body forces and moments per
unit mass,t and l are the stress and couple stress tensors,
respectively, the superposed dot denotes the material time
derivative andeijk is the alternator. The inertial term has
been omitted from the second equation since it is generally
considered negligible. The stress and couple stress tensors
have the form

tij = −p δij − ∂W

∂nk,j

nk,i + t̃ij (5)

lij = eipqnp

∂W

∂nq,j

, (6)

where the pressure,p, arises from the constraint(2),W is the
elastic energy density andt̃ is the dynamic part of the stress
tensor. The elastic energy density is assumed, following[21],
to have the form

2W = K1(ni,i)
2 + K2(nieijknk,j)

2 + K3ni,pnpni,qnq

+ (K2 + K4)(ni,jnj,i − (ni,i)
2), (7)

the Ki being constants. Following arguments proposed by
[19], the elastic constants satisfy

K1 > 0, K2 > 0, K3 > 0. (8)

The dynamic part of the stress tensor is linear in the velocity
gradients and has the form

t̃ij = α1npnkSpkninj + α2Ninj + α3Njni + α4Sij

+α5Sipnpnj + α6Sjpnpni, (9)

where

Sij = 1
2(vi,j + vj,i), Aij = 1

2(vi,j − vj,i),

Ni = ṅi − Aijnj, (10)

and the viscosity coefficientsαi are constants. Throughout
we adopt the[36] relation, namely

α6 = α2 + α3 + α5. (11)

The intrinsic viscous moment in(4) is then

eijk[ t̃ij] = eijknjg̃k, (12)

where [̃t] represents the skew-symmetric part oft̃ and

g̃i = (α2 − α3)Ni + (α5 − α6)Sijnj. (13)

Likewise, the body moment arising from the external electric
field can be written in terms of a contribution associated
with n and one has

ρMMi = eijknjGk, (14)

Gi = ε0 �ε(Ejnj)Ei, (15)

�ε = ε‖ − ε⊥, (16)

whereε‖ andε⊥ denote the dielectric susceptibilities of the
material parallel and perpendicular to the director, respec-
tively.

Using(12) and(14), the angular momentum equation be-
comes(

∂W

∂ni,j

)
,j

− ∂W

∂ni

+ Gi + g̃i + γni = 0, (17)

the scalarγ being a Lagrange multiplier arising from the
constraint(1). The balance of linear momentum equation
becomes

ρv̇i = ρF i − p̃i + h̃i + t̃ij,j, (18)

with

p̃ = p + W + ψ, (19)
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and

h̃i = g̃jnj,i, (20)

whereψ denotes the energy associated with the electric field.
Finally, to place restrictions on the viscosity coefficients, we
use the entropy inequality

(t̃ij)Sij − g̃iNi ≥ 0, (21)

where the round brackets indicate the symmetric part of the
dynamic stress tensort̃.

Eqs. (17)and (18) together with(7), (9), (10), (13) and
(15) are generally known as the Ericksen–Leslie equations
and model flows of a nematic liquid crystals that are free
of ions. However, these equations are insufficient to model
electrohydrodynamic convection in nematics since ionic im-
purities are always present and the movement of ions in the
sample comprises an essential part of the instability mech-
anism [16]. We therefore supplement the Ericksen–Leslie
equations with Poisson’s equation and the equation for con-
servation of charge. These are

ε0Di,i = ρe (22)

Dρe

Dt
+ ji,i = 0 (23)

respectively, whereD is the electric displacement given by

Di = ε⊥Ei + �εEjnjni, (24)

ρe is the charge density within the material andj the current
density given by

ji = σ⊥Ei + �σ Ejnjni, (25)

�σ = σ‖ − σ⊥. (26)

The nematic’s conductivities parallel and perpendicular to
the director are given byσ‖ andσ⊥, respectively. For most
nematic materials�σ is positive. Finally,

eijkEk,j = 0. (27)

3. Electric fields

Based on experimental evidence that the initial instability
is two-dimensional, it is reasonable to assume that the flow is
two-dimensional and that the director, velocity and electric
field vectors satisfy

n = (cosθ,0, sin θ), v = (u,0, v),

E = (−φ,x,0,−φ,z), (28)

whereθ, u, v andφ are all functions ofx andz. The angle
θ is the deflection of the director away from alignment with
the plates andφ is the electric potential. Notice that the
expressions forn andE automatically satisfy the constraints
(1) and(27), while (2) implies

u,x + v,z = 0. (29)

The modified pressure,̃p, and the charge density,ρe, are
also assumed to be functions ofx andz alone.

Neglecting inertial terms, (see Berreman[4]), the balance
of linear momentum equations is

−ρeφ,x − p̃,x + g̃ini,x + t̃xx,x + t̃xz,z = 0, (30)

−ρeφ,z − p̃,z + g̃ini,z + t̃zx,x + t̃zz,z = 0, (31)

whereg̃x, g̃z, g̃ini,x, g̃ini,z and t̃xx, t̃xz, t̃zx, t̃zz are defined
in Appendix A. In the above we have made extensive use of
the Parodi relation(11) and we have also assumed that

α1 = 0. (32)

This assumption gives some measure of simplification to the
problem and is also justified in thatα1 has been found to be
very small in most instances.

The y-component of the angular momentumEq. (17) is
zero and after elimination of the Lagrange multiplierγ be-
tween thex andz components we have

−K(θ,xx + θ,zz) + g̃x sin θ − g̃z cosθ

+ ε0 δε(φ
2
,x sin θ cosθ − φ,xφ,z cos 2θ

−φ2
,z sin θ cosθ) = 0, (33)

where (for simplicity of this exposition) we have made the
assumptionK1 = K3 = K.

Finally, Poisson’s equation and the equation of conserva-
tion of charge are

ρe + ε0ε⊥(φ,xx +φ,zz) + ε0 δε((φ,x cosθ +φ,z sin θ)cosθ),x

+ ε0 δε((φ,x cosθ + φ,z sin θ) sin θ),z = 0, (34)

uρe,x + vρe,z − σ⊥(φ,xx + φ,zz)

−�σ((φ,x cosθ + φ,z sin θ)cosθ),x

−�σ((φ,x cosθ + φ,z sin θ) sin θ),z = 0. (35)

In order to implement the finite-element method, the
governing equations and boundary conditions were recast
in weak form. The resulting weak equations are given in
Appendix B.

Assuming a rectangular domain

A = {(x, z) : −l/2 ≤ x ≤ l/2,−d/2 ≤ z ≤ d/2},
the following nondimensional variables were introduced.

x̂ = x

l
, ẑ = z

d
, û = l

k
u, v̂ = l2

dk
v,

ˆ̃p = l2

K
p, ρ̂e = d2

ε0ε⊥φ0
ρe, φ̂ = 1

φ0
φ, (36)

wherek = K/α2, and the dimensionless parameters

λ = ε0ε⊥φ2
0

K
, r = l

d
, µ = kε0ε⊥

σ⊥d2
,

ε = ε‖
ε⊥

, σ = σ‖
σ⊥

, (37)
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all of which are positive apart fromµ, (for flow aligning,
rod-like nematicsα2 < 0).

Non-slip velocity boundary conditions and homogenous
anchoring were enforced at the top and bottom plates,
ẑ = ±1/2. The charge densityρe was required to be zero
along conducting plates but not along insulating ones.
Homeotropic anchoring of the director was applied on the
lateral walls,x̂ = ±1/2 which were assumed to be perfectly
insulating and stress-free. The electric potentials specified
at the top and bottom plates wereφ̂ = ±1/2, respectively.

4. Numerical results

The weak form of the nondimensionalized equations were
discretized and solved using the finite-element package En-
twife [12]. All computations were performed using isopara-
metric quadrilateral elements with biquadratic interpolation
for the velocity componentŝu andv̂, director angleθ, charge
densityρ̂e and electric potential̂φ. Discontinuous linear in-
terpolation was used for the modified pressure fieldˆ̃p. A
recent survey of the numerical techniques used here to com-
pute bifurcation phenomena with particular application to
the Navier–Stokes equations appears in[13]. A computer
algebra package was used to write the subroutines needed
to evaluate the derivatives required for the extended systems
employed. A discussion of these implementation details ap-
pears in[14]. Tavener et al.[43] used these technqiues to
investigate nonlinear interactions as for various aspect ra-
tios, and studied the connection between electrohydrody-
namic convection and the static Freedericksz transition as
the conductivity anisotropy is varied.

Using the values ofK, ε⊥, α2 andσ⊥ for MBBA I listed
in Appendix D of[8], we set

µ = 0, ε = 0.8, σ = 1.5,

and

α2 = −0.1, α3 = −0.0011,

α4 = 0.0826, α5 = 0.0779.

When the electrical properties of the top and bottom plates
are assumed to be different, the reflectional symmetry about
the horizontal midplane is broken. The reflectional symme-
try about the horizontal midplane was broken in the numer-
ical calculations reported below by assuming that only the
central section of the upper boundary was a conductor, gen-
erating a fringing electric field to model the finite size ef-
fects of the electrodes in the experiment. With these bound-
ary conditions, flows with even numbers of cells (which
respect the symmetry about the vertical midplane) develop
continuously with quasistatic increase of the applied field,
i.e. the symmetry-breaking pitchfork bifurcation of the per-
fect system is disconnected by the imperfection introduced
by the fringing field. One of the two possible even-cell flows
arises with continuous increase in applied electric field and

Fig. 3. Streamfunctions of the critical flows: (a) four-cell flow at
(λ, r) = (320,2.335); (b) six-cell flow at(λ, r) = (320,2.325).

is termed the “primary flow”. The other possible even-cell
flow, (the mirror image of the “primary” flow) exists as a
disconnected state above a critical value of the electric field.
Streamfunctions of the four and six-cell flows involved in
the exchange are shown atλ = 320 and aspect ratiosr ≈
2.335 andr ≈ 2.325 in Fig. 3. These flows correspond to
the limit points at A and B, respectively inFig. 4.

The limit point above which the disconnected state exists
was determined in the following manner. At an aspect ratio
of two, a four-cell flow is expected to develop with contin-
uous increase in the applied electric field from zero, i.e. it
is found as the primary flow. This branch of solutions was
computed by performing arclength continuation[30] in λ,
starting from a very small value of the electric field. At the
fixed value ofλ = 350, the aspect ratio was then increased
until a limit point was detected at- ≈ 2.39. At this value of
the aspect ratio, continuous increase in the applied electric
field leads to a six-cell “primary” flow and the four-cell is
now secondary and terminated by a limit point. The path of
limit points in the(λ, r)-plane was then calculated using the
extended system technique developed by Moore and Spence
[35] for both four and six cells.

The paths of limit points are shown inFig. 4 and they
have the characteristic cusp shape, which in this instance
is aligned nearly parallel to theλ axis. For aspect ratios
larger than the cusp point, the primary flow has six-cells, but
four-cell flows also exist as a disconnected state for values
of the electric field exceeding those corresponding to the up-
per line of limit points TA, shown inFig. 4. For aspect ratios

Fig. 4. Cusp mediating exchange between four-cell and six-cell flows for
a small fringing field. ATCB is a path of limit points with a transcritical
bifurcation point atT and a hysteresis point atH .
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smaller than the cusp point, the primary flow is a four-cell
flow, but a six-cell flow exists as a disconnected flow for val-
ues of the electric field exceeding those of the lower path of
limit points, HB. The exchange of stabilities between the two
disconnected states takes place at a transcritical bifurcation
point which is not well resolved on the scale ofFig. 4. The
cusp is located at(λ, r) ≈ (316.5,2.3322) and the transcrit-
ical bifrucation point at(λ, r) ≈ (316.5,2.3322). The se-
quence is qualitatively the same as the exchange of stabilities
between 2n and 2(n + 1)-cell flows in the Taylor—Couette
flow, first described by Benjamin[2].

We will discuss below an experimentally determined cusp
from a nematic liquid crystal flow where the two parameters
used to explore it are the voltage and frequency of the applied
field.

5. Experiments

The liquid crystal cell used in all the experiments reported
here comprised a 46± 1.0�m thick layer of the nematic
liquid crystal BDH-17886 sandwiched between two opti-
cally flat glass plates. Indium-tin oxide line electrodes of
width ∼ 185�m were etched onto the inner surface of each
plate. The electrodes were arranges so that they overlapped
at right angles which created an active region of aspect ratio
4:4:1. Thus the entire cell was filled with nematic material
but only a small square region was electrically active rather
like a single pixcel on a computer display. The idea behind
using such small aspect ratio devices is to limit the num-
ber of steady solutions so that individual interactions can be
studied in detail.

The largest dimension of the active area was equivalent to
only 105 molecular lengths and comparable to the width of a
human hair, as illustrated inFig. 5(a). On such a small scale
inherent microscopic fluctuations are known to cause large
variation in continuum quantities such as the director[16].
Alignment of the material, which was parallel to the lower
electrode, was obtained using a rubbed layer of poly-vinyl
alcohol (PVA) spin coated on top of the electrodes. The cell
was mounted on a microscope translation stage and main-
tained at a constant temperature of 32.0± 0.02oC. Applied
ac voltages were of the order of 10 Vrms and had a frequency
of the order of 600 Hz. These parameters had a long term
stability of better than 0.5%. The results are presented in
terms of an nondimensionalised relative frequencyFn where
a well defined bifurcation point was used as the calibration
point. Details of this procedure can be found in[37]. Light
transmitted through the cell was imaged using a CCD cam-
era and the flow state was analysed using a computer imag-
ing system.

An image of eight-cell flow is presented inFig. 5(b). For
Fn > 0.995 this flow was primary[2,5], i.e. it smoothly
evolved from the undisturbed field as the frequency was
continuously reduced. In principle, the experiments could
be performed by varying either the frequency or the voltage

Fig. 5. (a) Image of the apparatus taken through a microscope with
a human hair placed directly above the active area. The out of focus
square shape beneath is made visible by the fluid motion inside the
active region. (b) An eight-cell primary flow. Bright lines indicate upward
convective flow and fainter lines indicate downward motion between a
pair of counter-rotating convection cells.

while keeping the other fixed. In practice, we found it to be
more convenient to perform the majority of the experiments
by fixing voltages at prescribed values and then varying the
frequency. At lower values of the frequency the primary
flow comprised six convection cells. Clearly the respective

Fig. 6. Experimental bifurcation set. Empty circles and squares are esti-
mates of the saddle nodes for the six and eight-cell modes, respectively.
The filled circles are measures for the onset of six cells. (Data supplied
by D.J. Binks)
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primary states will be disconnected secondary modes in
the neighbouring parameter ranges as discussed above. The
loci of the critical points of the saddle nodes associated
with the secondary modes were measured by observing the
catastrophic loss of stability of the disconnected state as the
frequency of the applied field was varied. These measured
critical points have been used to constructFig. 6. where the
lines have been added to guide the eye. WX is the path of
the six-cell secondary state and ZY that for the eight-cell.
The path XY corresponds to the fold in the development of
the six-cell flow and the transcritical bifurcation is near the
location lablled Y inFig. 6. This clearly identifiable feature
and the fact that the experimental cusp is not aligned with
either parameter axis suggests that the disconnection of the
pitchfork in the experiment is far greater than that which is
allowed by the fringing field model.

6. Conclusions

The qualitative nature of the primary flow exchange is the
same in the experimental and numerical results. The control
parameters available in the two systems are different as the
experiment is driven by an ac field whereas a dc field is as-
sumed in the numerical model. Nevertheless, the sequence
of nonlinear events are clearly the same in each study. This
demonstrates the robustness of Benjamin’s hypothesis that
the simplest way in which two smoothly developing cellular
flows can exchange priority in a fluid flow is via a cusp and
transcritical bifurcation. We have been able to confirm the
details of the procedure in the Ericksen–Leslie equations us-
ing numerical bifurcation techniques and demonstrate that
they are relevant to the physical system in our complimen-
tary experimental study. The results demonstrate the power
of our numerical methods which are capable of producing
significant results in complex nonlinear flows on physically
relevant boundary conditions.

Appendix A. Definitions

In Eqs. (30)and(31) the quantities̃gx, g̃z, g̃ini,x, g̃ini,z

are

g̃x = (α3 − α2)uθ,x sin θ + (α3 − α2)vθ,z sin θ

− (α2 + α3)u,x cosθ − α2u,z sin θ − α3v,x sin θ,

g̃z = (α2 − α3)uθ,x cosθ + (α2 − α3)vθ,z cosθ

− (α2 + α3)v,z sin θ − α3u,z cosθ − α2v,x cosθ,

g̃ini,x = (α2 − α3)uθ
2
,x sin2θ + (α2 − α3)vθ,xθ,z sin2θ

+ (α2 + α3)u,xθ,x sin θ cosθ + α2u,zθ,x sin2θ

+α3v,xθ,x sin2θ + (α2 − α3)uθ
2
,x cos2θ

+ (α2 − α3)vθ,xθ,z cos2θ

− (α2 + α3)v,zθ,x sin θ cosθ

−α3u,zθ,x cos2θ − α2v,xθ,x cos2θ,

g̃ini,z = (α2 − α3)uθ,xθ,z sin2θ + (α2 − α3)vθ
2
,z sin2θ

+ (α2 + α3)u,xθ,z sin θ cosθ + α2u,zθ,z sin2θ

+α3v,xθ,z sin2θ + (α2 − α3)uθ,xθ,z cos2θ

+ (α2 − α3)vθ
2
,z cos2θ − (α2 + α3)v,zθ,z sin θ cosθ

−α3u,zθ,z cos2θ − α2v,xθ,z sin θ cosθ,

In Eqs. (30)and(31) the components of the stress tensor
t̃xx, t̃xz, t̃zx, t̃zz are

t̃xx = (α4 + (α2 + α3 + 2α5)cos2θ)u,x

+α5u,z sin θ cosθ + (α2 + α3 + α5)v,x sin θ cosθ

− (α2 +α3)uθ,x sin θ cosθ−(α2 +α3)vθ,z sin θ cosθ,

t̃xz = (α3 cos2θ −α2 sin2θ)uθ,x + (α3 cos2θ − α2 sin2θ)vθ,z

+ 1
2(α2 + α4 + α5 + 2(α3 cos2θ − α2 sin2θ))u,z

+ 1
2(α2 + α4 + α5)v,x + α5u,x sin θ cosθ

+ (α2 + α3 + α5)v,z sin θ cosθ,

t̃zx = (α2 − α3 + α3 cos2θ − α2 sin2θ)uθ,x

+ (α2 − α3 + α3 cos2θ − α2 sin2θ)vθ,z

+ 1
2(α2 + α4 + α5)u,z + 1

2(−α2 + 2α3 + α4 + α5

− 2(α3 cos2θ − α2 sin2θ))v,x + α5v,z sin θ cosθ

+ (α2 + α3 + α5)u,x sin θ cosθ,

t̃zz = (α2 + α3)uθ,x sin θ cosθ

+ (α2 + α3)vθ,z sin θ cosθ

+ (α2 + α3 + α5)u,z sin θ cosθ + α5v,x sin θ cosθ

+ (α4 + (α2 + α3 + 2α5) sin2θ)v,z.

Appendix B. Weak form of the equilibrium equations

The weak form ofEqs. (29), (30), (31), (33), (34) and
(35) are∫
A

(u,x + v,z)w1 dx dz = 0 (B.1)

∫
S

(−p̃ + t̃xx)w2 dz −
∫
S

t̃xzw2 dx

+
∫
A

(−ρeφ,x + g̃ini,x)w2 dx dz

−
∫
A

(−p̃ + t̃xx)w2,x dx dz −
∫
A

t̃xzw2,z dx dz = 0 (B.2)
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∫
S

t̃zxw3 dz −
∫
S

(−p̃ + t̃zz)w3 dx

+
∫
A

(−ρeφ,z + g̃ini,z)w3 dx dz

−
∫
A

t̃zxw3,x dx dz −
∫
A

(−p̃ + t̃zz)w3,z dx dz = 0 (B.3)

−
∫
S

Kθ,xw4 dz +
∫
S

Kθ,zw4 dx

+
∫
A

(g̃x sin θ − g̃z cosθ + ε0 δε(φ
2
,x sin θ cosθ

−φ,xφ,z cos2θ − φ2
,z sin θ cosθ))w4 dx dz

+
∫
A

Kθ,xw4,x dx dz +
∫
A

Kθ,zw4,z dx dz = 0 (B.4)

∫
S

ε0(ε⊥φ,x + �ε(φ,x cosθ + φ,z sin θ)cosθ)w5 dz

−
∫
S

ε0(ε⊥φ,z + �ε(φ,x cosθ + φ,z sin θ) sin θ)w5 dx

+
∫
A

ρew5 dx dz

−
∫
A

ε0(ε⊥φ,x+�ε(φ,x cosθ+φ,z sin θ)cosθ)w5,x dx dz

−
∫
A

ε0(ε⊥φ,z + �ε(φ,x cosθ

+φ,z sin θ) sin θ)w5,x dx dz = 0 (B.5)

−
∫
S

(σ⊥φ,x + �σ(φ,x cosθ + φ,z sin θ)cosθ)w6 dz

+
∫
S

(σ⊥φ,z + �σ(φ,x cosθ + φ,z sin θ) sin θ)w6 dx

+
∫
A

(uρe,x + vρe,z)w6 dx dz + intS(σ⊥φ,x

+�σ(φ,x cosθ + φ,z sin θ)cosθ)w6,x dx dz

+
∫
A

(σ⊥φ,x + �σ(φ,zcosθ

+φ,z sin θ) sin θ)w6,x dx dz = 0

(B.6)
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