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Abstract

We consider the -ow in a symmetric two-dimensional channel with an expanded section. By examining the
e1ect of varying the ratio of the inlet and outlet channel widths, we are able to place the earlier results of
Mizushima et al. (Phys. Fluids 8 (1996) 2933) within an entire spectrum of nonlinear phenomena. Laboratory
experiments support predicted behaviour in two regions of parameter space and highlight the importance of
imperfections in the experimental apparatus.
c© 2003 Published by The Japan Society of Fluid Mechanics and Elsevier B.V. All rights reserved.
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1. Introduction

The two-dimensional -ow in a channel with a sudden symmetric expansion has attracted consid-
erable interest as it provides an example of symmetry breaking and multiplicity in an open -ow
=eld. Asymmetric -ows in an expanding channel were =rst recorded in experiments by Durst et
al. (1974) and Cherdron et al. (1978). In a combined laboratory and =nite-element study, Fearn
et al. (1990) established that the asymmetric -ows arise at a pitchfork bifurcation point. They fo-
cussed on the symmetry breaking in a 1:3 expansion and further considered the important e1ects of
physical imperfections on the bifurcation structure. Allenborn et al. (2000), Battaglia et al. (1997)
and Drikakis (1997) all investigated the e1ect of varying the expansion ratio and showed that the
critical Reynolds number decreases as the expansion ratio increases. Hawa and Rusak (2000, 2001)
proposed a detailed instability mechanism and used both asymptotic and simulation techniques to
investigate the e1ect of symmetry-breaking perturbations in their model.
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Symmetry-breaking bifurcations are also found in expanding geometries which are not abrupt.
Shapira et al. (1990) performed a numerical investigation of the -ow in a channel where the ex-
panding section had a constant slope other than 90◦. They showed that the shallower the slope in
the expansion zone, the larger the critical Reynolds number at which the symmetry-breaking bifur-
cation occurred. Further, Cli1e and Green=eld (1982) showed the existence of a symmetry-breaking
bifurcation in a smoothly expanding channel.
Recent interest in the suddenly expanding channel has centered on three-dimensional e1ects whose

presence has been noted in all experiments, and whose in-uence and importance increases with
Reynolds number. Computational studies have been performed by Chiang et al. (1999, 2001) and
Schreck and SchHafer (2000), provide numerical evidence for breaking of the re-ectional symme-
try about a plane parallel to the plane of the expansion. This possibility has yet to be con=rmed
experimentally.
Mizushima et al. (1996) and Mizushima and Shiotani (2000, 2001) were the =rst to consider

an interesting extension to the simple expansion geometry by studying the e1ect of a downstream
contraction on the bifurcation set. Since expansions in many -ow devices are followed by a con-
traction, it is of considerable practical bene=t to consider the e1ect of a contraction downstream.
Mizushima et al. found that, provided the expanded section of the channel is longer than a critical
minimum value, the addition of a downstream contraction channel restabilizes the symmetric state
above a critical -ow rate. Speci=cally, the pitchfork bifurcation which gives rise to asymmetric -ows
is followed by a subcritical bifurcation which restabilizes the symmetric state. They also showed the
intriguing possibility of Hopf bifurcations at larger -ow rates. Mizushima et al., however, restricted
their attention to the case in which the outlet channel is the same width as the inlet channel. We
now explore the e1ects of varying the ratio of the outlet and inlet channel widths and uncover a
systematic set of behaviours which involve multiple bifurcations. These are of interest for further
study since they are known to provide organizing centres for global dynamical behaviour including
chaos as discussed by Abshagen et al. (2001).
We =rst consider a perfectly symmetric geometry to establish the bifurcation set. It is known

that physical imperfections have a surprisingly large e1ect on the disconnection of the pitchfork
bifurcation in the simple expansion (Fearn et al., 1990). Here we perform a numerical study of
the e1ects of geometric perturbations on the multiple bifurcation set of the symmetric model, and
compare the results of computations with those obtained in our laboratory experiments. In general,
good agreement is obtained.

2. Equations of motion

We consider the steady -ow of an incompressible, Newtonian -uid in the domain shown in
Fig. 1. Let ∗ denote dimensional quantities and de=ne

x =
x∗

�h
and y =

y∗

h
; (2.1)

u=
u∗

U0
and v=

�v∗

U0
; (2.2)
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Fig. 1. The basic geometry.

where U0 is the maximum inlet velocity and aspect ratio

�=
l
2d
: (2.3)

We used this non-dimensionalization of the cross-stream velocity so that the equation of conser-
vation of mass remains independent of the aspect ratio �, i.e.
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The momentum equations are then
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where the Reynolds number is Re=U0h=�. This non-dimensionalization allows the aspect ratio � to
be used as a continuously variable parameter in the computation of symmetry-breaking bifurcation
points or other singularities.
The two remaining geometric parameters are the expansion ratio E and outlet ratio �, where

E =
d
h
and �=

b
h
: (2.7)

The expansion ratio was =xed at E = 3 for the entire study.

2.1. Numerical methods

The two-dimensional steady Navier–Stokes equations were discretized using the =nite-element
method and all computations were performed using the numerical bifurcation code ENTWIFE (Cli1e,
1996), which has been used to study bifurcation phenomena in a range of -uid -ows, for example,
in the Taylor–Couette problem. The numerical techniques implemented within ENTWIFE to compute
paths of limit points, symmetry-breaking bifurcation points and Hopf bifurcation points, as well
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Fig. 2. Schematic diagram of the experimental apparatus.

as their convergence properties, are discussed in the recent review article by Cli1e et al. (2000).
Higher-order singularities, speci=cally coalescence and quartic bifurcation points were computed
using the techniques described in Cli1e and Spence (1984). Quadrilateral elements with biquadratic
velocity interpolation and discontinuous linear pressure interpolation were used throughout. Numerical
experiments were performed in order to ensure that the results reported here are independent of the
details of the mesh and the lengths of the inlet and outlet channels.

3. Experimental apparatus

The -ow rig is shown schematically in Fig. 2. It is essentially the same as the apparatus of the
earlier study performed by Fearn et al. (1990) but with new test sections added such that the 1:3
expansion was followed by a contraction of ratio 3:2.
The working -uid was distilled water, which was continuously pumped from a lower holding

container to a constant head tank approximately 2 m above the channel. A series of di1users,
corner vanes, screens, a honeycomb and a machined contraction was used to provide a steady
well-conditioned -ow upstream of a long entry section for Reynolds numbers up to 400. The entry
section was 60 channel heights long, which was suLciently long to allow a parabolic -ow pro=le
to develop upstream of the expansion for all -ow rates reported here.
The height and width of the inlet channel were 4 and 96 mm, respectively. The side walls of

the inlet channel and expanded section were constructed of ground glass plate. Selected pieces of
10-mm-thick Perspex were used for the top and bottom plates. Machined spacers were used to bolt
the top and bottom plates together with slicone sealant to =ll the milled slots which held the side
walls. The expanded section had a height of 12 mm and a width of 96 mm which previous work of
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Fig. 3. Symmetry-breaking bifurcation points and limit points for E=3 and �=1:5. ARQE is a path of symmetry-breaking
bifurcations. Q and R are quartic bifurcation points and PQ and RS are paths of limit points. C+ and C− are coalescence
points.

Cherdron et al. (1978) indicates is adequate for nominally two-dimensional -ow for the Reynolds
number range studied here. The outlet section had a height of 8 mm and was followed by a di1user
and corner vanes downstream which further conditioned the -ow and reduced any upstream in-uence
e1ects. Fine control of the -ow rate was achieved using a needle bypass valve and the -ow rate
was measured using a Pelton wheel -ow meter.
Mearlmaid AA particles were introduced into the -uid for both the -ow visualization and particle

tracking experiments. A projector and mask consisting of two razor blades mounted in a slide case
was used to create a thin light sheet and a Cohu 4910 monochrome video camera was used to
capture images. The particle tracking software, Digimage (Dalziel, 1992) was used to obtain the
two-dimensional velocity =elds.

4. Results

4.1. Symmetric computations

We =rst show the results of numerical calculations of the bifurcation set for expansion ratio E=3
and outlet ratio � = 1:5 in Fig. 3. The corresponding sequence of qualitatively di1erent bifurcation
diagrams is shown in Fig. 4. These were calculated at the given =xed values of �, and Re was used as
the bifurcation parameter. The cross-stream velocity v at a location �h downstream of the expansion
along the centreline of the channel is used as a measure of the -ow. The cross-stream velocity along
the centreline is zero for symmetric -ows and non-zero otherwise. Solid lines indicate solutions that
are stable with respect to two-dimensional disturbances and dashed lines indicate unstable solutions.
At very small aspect ratios, the expanded section has little impact on the -ow and the -ow is

dominated by the inlet to outlet expansion. In the limiting case as � → 0, a single supercritical
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Fig. 4. Bifurcation diagrams for E=3, �=1:5 and �=2:1; 2:3; 4:0; 4:78 and 4.85. The ordinate axis is v along the centreline
at a distance �h downstream of the expansion. Solid lines indicate stable solutions, dashed lines are unstable solutions.

symmetry-breaking bifurcation occurs, since in this limit a simple expanding channel with expansion
ratio �= 1:5 is recovered. The bifurcation diagram shown in Fig. 4(a) for an aspect ratio of 2.1 is
qualitatively similar to this limiting case. The locus of this bifurcation is from A to C− in Fig. 3.
At very large aspect ratios, the width of the outlet channel plays a minor role and the behaviour is
dominated by the expanded part. The single supercritical symmetry-breaking bifurcation point that
occurs in an expanding channel with expansion ratio E = 3 is recovered at large aspect ratios as
shown in Fig. 4(e). Its path corresponds to the locus connecting C+ to E in Fig. 3. The sequence
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Fig. 5. Symmetry-breaking bifurcation points for E = 3 and � = 1:5; 1:6; 1:7; 1:8; 1:9; 2:0 from top to bottom. Limit points
are not shown for simplicity.

Fig. 6. Locus of codimension-one points in the (�; �) plane. The paths of quartic bifurcation points and hysteresis points
are not shown.

of bifurcation diagrams 4(b)–(e) show how these two limiting cases are connected as the aspect
ratio is varied.
The point labelled C+ in Fig. 3 is a coalescence point at which a closed loop of asymmetric

solutions is created as the aspect ratio is increased. A typical bifurcation diagram highlighting this
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Fig. 7. The imperfection introduced into the computational domain as an approximation of the physical imperfection that
must be present in the experiment.

Fig. 8. Streakline and streamline plots for Re = 16 and E = 3, � = 2, �= 2: (a) experimental streaklines; (b) streamlines
assuming a symmetric domain; and (c) streamlines for a perturbed domain, �= 0:05.
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Fig. 9. Same as Fig. 8 except for Re = 32:2.

behaviour is given in Fig. 4(b) for �=2:3, where it may be seen that the initial pitchfork bifurcation
is followed by its mirror image as Re is increased. For Re exceeding the value which corresponds
to the subcritical pitchfork bifurcation, the symmetric -ow regains stability for a range of Re before
losing stability to asymmetric -ows at a third symmetry-breaking bifurcation point which occurs
along the curve joining A and C− in Fig. 3.
The point labelled Q in Fig. 3 is a quartic bifurcation point at which the second symmetry-breaking

bifurcation changes from sub- to supercritical as the aspect ratio is increased, as shown in Fig. 4(c)
corresponding to � = 4. Hence, a pair of fold bifurcations are created at this point and their path
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Fig. 10. Same as Fig. 8 except for Re = 60:3.

is labelled QP in Fig. 3. The paths are superposed because perfect symmetry is assumed in these
calculations. Yet further increase in � causes the second pitchfork bifurcation to pass through a
second quartic bifurcation point labelled R in Fig. 3. The corresponding bifurcation diagram is given
in Fig. 4(d) for �=4:78. At the point R, a second pair of folds are created and their locus is labelled
RS in Fig. 3. Increase in � causes the second and third pitchforks to merge at the C− coalescence
point labelled C− in Fig. 3 and the corresponding bifurcation diagram is given in Fig. 4(e). The
bifurcation diagram given in Fig. 4(e) will remain qualitatively the same for further increases in �.
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Fig. 11. Same as Fig. 8 except for Re = 94:7.

The solution branches arising at the =rst pitchfork will be folded, although both folds occur at values
of Re which are far above practically relevant values.
We will now focus on the e1ect of varying the outlet ratio on the sequence of symmetry-breaking

bifurcations. The numerical results are presented in Fig. 5, where paths of symmetry-breaking bi-
furcation points are plotted for outlet ratios between 1.5 and 2.0. The paths of limit points are
not shown for reasons of clarity. For larger values of �, the C+ and C− merge and the locus of
symmetry-breaking bifurcation points is unfolded.
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Fig. 12. Bifurcation diagram for E=3, �=2, �=2. The ordinate axis is v along the centreline at a distance �h downstream
of the expansion. Solid lines indicate stable solutions, dashed lines are unstable solutions. s: computations performed on
a symmetric grid; 0.01: computations performed using �= 0:01; 0.05: computations performed using �= 0:05.

Another way of viewing the emergence of the two coalescence points is given in Fig. 6, where
we plot the loci of the coalescence points in the (�; �) plane for the =xed expansion ratio E = 3.
This locus partitions the parameter space into regions of qualitatively distinct behaviour, although the
full division would require us to include paths of quartic bifurcation and hysteresis points. We have
also marked with a dashed line the outlet ratio �= 1 which is clearly a critical case as it delineates
between an overall expansion and contraction. Inside the two paths of coalescence points there are
two pairs of asymmetric solution branches, one of which forms a closed, possibly folded, loop.
Outside the two paths of coalescence points there is a single pair of, possibly folded, asymmetric
branches. The sequence of bifurcation diagrams shown in Fig. 4 can be considered as a horizontal
slice across this =gure. For �=1:5, an aspect ratio of 2.1 lies outside the cusped region and there is
a single symmetry-breaking bifurcation point. Aspect ratios of 2:3; 4:0 and 4.78 lie inside the cusped
region and, consequently, bifurcation diagrams have three symmetry-breaking bifurcation points. An
aspect ratio of 4.85 once again lies outside the cusp-shaped region.
The upper coalescence point moves to large Reynolds number and large aspect ratio as � ap-

proaches one from above. As the outlet ratio increases, the two coalesence points get closer and
eventually merge at a codimension-two singularity D with normal form x3− �3x+ �x+��x=0. For
�¿�D, or alternatively �¡�D, the expanded part is inconsequential and the -ow behaves as if it
were an expanding channel with expansion ratio �. For �¡ 1 the =rst symmetry breaking can still
occur, provided the expanded part is long enough, i.e. provided � is suLciently large.

4.2. Experimental results

The results shown in Fig. 6 and the associated discussion provide motivation for an experimental
investigation. Practical limitations preclude continuous variation of the three geometric parameters
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Fig. 13. Streakline and streamline plots for Re = 11:8 and E = 3, � = 7
3 , � = 2. Connected branch: (a) experimental

streaklines; (b) streamlines assuming a symmetric domain; and (c) streamlines for a perturbed domain, �= 0:05.

and so experiments were planned for =xed values of the expansion ratio E = 3, and outlet ratio
�=2, while two values of �=2 and 73 were chosen. While both choices lie outside the cusp-shaped
region, the value of the aspect ratio at the codimension-two point �D lies between 2 and 7

3 .
An essential consideration for any experimental study of bifurcation events is the role of im-

perfections. It was shown by Fearn et al. (1990) that small geometrical imperfections disconnect
the pitchfork of a simple expansion by a surprisingly large amount when compared with internal
-ows such as those found in the Taylor–Couette problem. Therefore, we expect that imperfections
will play a signi=cant role in the observed behaviour associated with the more complex bifurcation
studied here.
Any imperfection will break the re-ectional symmetry about the midplane and therefore discon-

nect the symmetry-breaking bifurcation points. Imperfections in the experimental apparatus which
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Fig. 14. Same as Fig. 13 except for Re = 38:1.

break the midplane symmetry may arise in a number of di1erent ways and we chose to assume the
imperfection of the type sketched in Fig. 7, where � is the non-dimensional size of the imperfection.
Singularity theory suggests that this is a reasonable assumption to make for steady bifurcation phe-
nomena and, further, we obtained good agreement with experimental measurements for a perturbation
which was in accord with our physical estimates.
Comparisons of experimental streaklines and streamlines computed using both symmetric and the

perturbed computational domains are shown in Figs. 8–12 and 13–18 for �=2 and �=73 , respectively.
The corresponding bifurcation diagrams are shown in Figs. 12 and 19.
The results displayed in Fig. 8 for Re=16 show good agreement between experimental streakline

plot, and both sets of numerical symmetric and perturbed streamline results. Thus, the -ow is
e1ectively symmetric in practice. However, the situation is very di1erent at Re=32:2 as may be seen
in Fig. 9. The symmetric -ow is stable with respect to 2D disturbances, but when the re-ectional
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Fig. 15. Same as Fig. 13 except for Re = 56:4.

symmetry is broken by inclusion of the small imperfection in Fig. 9(c), an obvious asymmetric -ow
exists. This is in good agreement with the experimental streakline plot shown in Fig. 9(a).
An asymmetric -ow is even more evident at Re = 60:3 as shown in Fig. 10. However, the com-

parison between the streaklines (a) and perturbed streamlines (c) is not so favourable. It should
be noted that a -ow with the opposite asymmetry was not observed. This point will be com-
mented upon further below. Three-dimensional computations by Chiang et al. (1999) at this Re
indicate that three-dimensional e1ects become important near the walls, although the -ow is nom-
inally two-dimensional across 90% of the channel width. We suspect that these may be present in
the experimental results presented here, although three-dimensional e1ects were not obvious in the
-ow =eld.
For Reynolds numbers exceeding 60.3, three-dimensional e1ects became more evident in the -ow,

though the -ow remained steady, and the comparisons at Re = 94:7 in Fig. 11 are correspondingly
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Fig. 16. Streakline and streamline plots for Re = 56:1 and E = 3, � = 7
3 , � = 2. Disconnected branch: (a) experimental

streaklines; (b) streamlines assuming a symmetric domain; and (c) streamlines for a perturbed domain, �= 0:01.

less good. However, details such as the weak ‘Mo1att’ eddy (Mo1att, 1964) in the bottom right-hand
corner of the streakline photograph (a) were present in both experiment and asymmetric calculation.
Recall from the discussion of the results presented in Fig. 5 that for aspect ratio �= 2 there is a

single bifurcation point at which the instability is associated with the inlet to outlet expansion ratio.
We show a comparison between the experimental and numerical results for this bifurcation diagram
in Fig. 12. As with the earlier results we present numerical results for both the symmetric and
imperfect cases. It may be clearly seen that the perturbation produces strong asymmetry within the
expanded section and reasonable agreement is achieved when perturbation �= 0:05 was introduced
into the computational domain. Most importantly, the perturbed bifurcation diagram clearly indicates
that a -ow in which the symmetry was broken in the opposite sense exists for Re¿ 130. This -ow
is likely to be three dimensional or even time dependent and was not observed.
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Fig. 17. Streakline and streamline plots for E = 3, � = 7
3 , � = 2: (a) experimental streaklines at Re = 107:3. Connected

branch; (b) experimental streaklines at Re = 109:3. Disconnected branch; and (c) streamlines for a perturbed domain.
Disconnected branch �= 0:01.

A di1erent range of behaviour was observed for aspect ratio �= 7
3 and this is to be expected from

the above discussion. At this increased value of the aspect ratio, there is a single symmetry-breaking
bifurcation point, but now, the instability is associated with the expansion from the inlet chan-
nel to the expanded section. Therefore, the symmetry-breaking bifurcation occurs at much lower
Reynolds number, i.e. well before three-dimensional e1ects become important. Hence, both asym-
metric branches should be observed above a Reynolds number of approximately 50.
At Re = 11:8, the results presented in Fig. 13 provide evidence that the observed -ow is essen-

tially symmetric. In Fig. 14, we show experimental streaklines and computed streamlines at Re=38:1
which is below the symmetry-breaking bifurcation point. The e1ect of imperfections may clearly be
seen with pronounced asymmetry in the experimental streakline plot and asymmetric streamline
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Fig. 18. Streakline and streamline plots for Re=140 and E=3, �= 7
3 , �=2. Connected branch: (a) experimental streaklines;

(b) streamlines assuming a symmetric domain; and (c) streamlines for a perturbed domain, �= 0:05.

calculation. The results presented in Fig. 15 were obtained at Re = 56:4 which lies above the
symmetry-breaking point of the symmetric system. The -ow =elds shown in (a) and (c) corre-
spond to the connected branch of the perturbed system and now the stable -ow computed on a
symmetric domain (b) is also asymmetric. Interestingly, the degree of asymmetry is similar in all
three cases.
A state with the opposite symmetry was also realizable at the nearby Re=56:1. For the imperfection

applied here, the Reynolds number exceeds that at the limit point on the disconnected branch. These
-ows are shown in Figs. 16(a) and (c) which lie on the disconnected branch, while the appropriate
asymmetric -ow on a symmetric domain is shown in (b). Again, the e1ect of the domain imperfection
does not appear to be signi=cant in these representations.
Streakline plots are shown in Fig. 17 for -ows along the connected (a) and disconnected

(b) branches at similar -ow rates. These -ows are at a signi=cant distance in Re above the
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Fig. 19. Bifurcation diagram for E=3, �= 7
3 , �=2. The ordinate axis is v along the centreline at a distance �h downstream

of the expansion. Solid lines indicate stable solutions, dashed lines are unstable solutions. s: computations performed on
a symmetric grid; 0.01: computations performed using �= 0:01; 0.05: computations performed using �= 0:05.

symmetry-breaking bifurcation point and the two -ows are mirror images of each other. This further
suggests that the e1ects of imperfections play a relatively minor role. The =nal set of -ow visual-
ization and streamline plots are presented in Fig. 18. Agreement between all three is surprisingly
good despite three-dimensional e1ects which were evident in the experiment.
An experimental and numerical bifurcation diagram is presented in Fig. 19, where both connected

and disconnected branches may be clearly seen. An imperfection of size 0.05 predicts that the branch
of disconnected solutions ought to be broken into two parts, with an isola (see e.g. Golubitsky and
Schae1er 1985, p. 133) of disconnected solutions at lower Reynolds number. However, no experi-
mental evidence for a gap in the disconnected solutions was found. Hence, either three-dimensional
e1ects became important or an imperfection of size 0.01 which does not produce this split is more
appropriate.

5. Conclusions

The e1ect of a downstream contraction on the -ow in a channel with an expanded section can be
understood on simple physical grounds. There is a competition between the instability associated with
the expansion from the inlet to the expanded section, and the instability associated with the expansion
from the inlet to the outlet. The length of the expanded section plays a critical role in determining
the outcome of this competition. We provide =nite-element computations and experimental evidence
which underlies this argument. It is also interesting to note the very much greater sensitivity to
imperfections for the case which the symmetry-breaking bifurcation is associated with the outlet.
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