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In this paper, we analyze a multirate time integration method for systems of ordinary differential equa-
tions that present significantly different scales within the components of the model. The main purpose of
this paper is to present a hybrid a priori – a posteriori error analysis that accounts for the effects of pro-
jections between the coarse and fine scale discretizations, the use of only a finite number of iterations in
the iterative solution of the discrete equations, the numerical error arising in the solution of each com-
ponent, and the effects on stability arising from the multirate solution. The hybrid estimate has the form
of a computable a posteriori leading order expression and a provably-higher order a priori expression. We
support this estimate by an a priori convergence analysis. We present several examples illustrating the
accuracy of multirate integration schemes and the accuracy of the a posteriori estimate.

� 2012 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we analyze a multirate numerical method for a sys-
tem of ordinary differential equation that presents significantly dif-
ferent scales for the rate of change of individual components of the
model. A multirate method employs discretizations on significantly
different time scales for different components of the problem. For
simplicity, we consider a model that can be decomposed into two
vector-valued components: find y ¼ ðy1; y2Þ

> 2 Rn that satisfies

_y1 ¼ F1ðy1; y2Þ; t 2 ð0; T�;
_y2 ¼ F2ðy1; y2Þ; t 2 ð0; T�;
y1ð0Þ ¼ g1; y2ð0Þ ¼ g2;
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for a given initial condition g = (g1,g2) . Here, yi 2 R ; i ¼ 1;2;n ¼
n1 þ n2, and F ¼ ðF1; F2Þ> 2 Rn, with FiðyÞ ¼ Fiðy1; y2Þ 2 Rni ; i ¼ 1;2.
If F1 and F2 induce significantly different rates of change in the
respective solution components, then an heuristic consideration of
accuracy suggests that it is most efficient to solve (1) using small
time steps for the fast component and large time steps for the slow
component. While we have assumed the form of (1) in which the
slow and fast components are distinguished for the sake of exposi-
tion but we do not use knowledge of the slow and fast components
in the analysis. Indeed, the estimates we obtain can be used to
determine if a particular identification of fast and slow components
is correct. Also, the method and analysis extend to systems with
more than two scales in a straightforward way.

Such multiscale systems arise in a variety of applications, e.g.
fusion and fission, reacting flows, circuit analysis, convection prob-
lems, and mechanical systems. As a useful example, we consider a
discrete model consisting of a wire in a state of constant tension T
supporting N masses, see Fig. 1. The masses mi, i = 1, . . . ,N have hor-
izontal positions xi, i = 1, . . . ,N and vertical positions yi, i = 1, . . . ,N.
The horizontal spacing between masses is ar = xr � xr�1,
r = 1, . . . ,N. Applying Newton’s second law and assuming the ten-
sile forces are large compared with the gravitational forces, a linear
damping model and that the masses are free to move in the vertical
direction only, we have

mr
d2yr

dt2 ¼ �T sinðhrÞ þ T sinðhrþ1Þ � 2cr
dyr

dt
;
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Fig. 1. A model of masses connected by a wire under tension.
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where hr and hr+1 denote the angles (measured positive counter-
clockwise) between the horizontal and the wires connecting the
masses mr�1 and mr, and mr and mr+1 respectively as illustrated.

Without loss of generality we assume that T ¼ 1 and
y0 = yN+1 = 0. To create a system with two time scales, we consider
two heavy masses coupled to (N � 2) lighter masses with
m0 = m1 = M �m2 = � � � = mN = m, a1 = a2 = A� a3 = � � � = aN = aN+1 =
a, see Fig. 2(a), and define C = c1M�1 = c2M�1 and c = c2m�1 =
� � �cNm�1. Making the small angle approximation sin(h) � h �
tan(h)and introducing vr ¼ dyr

dt ; r ¼ 1; . . . ;N; and vN+r = yr,
r = 1, . . . ,N, we rewrite the system as a 2N-dimensional system of
first-order differential equations

dv
dt
¼

D A
IN�N 0N�N

� �
v ; ð2Þ

where

A¼

�2ðAMÞ�1 ðAMÞ�1 0 0 0

ðAMÞ�1 �ðAMÞ�1�ðaMÞ�1 ðaMÞ�1 0 0

0 ðamÞ�1 �2ðamÞ�1 ðamÞ�1 0

..

. . .
. . .

. . .
. ..

.

0 ðamÞ�1 �2ðamÞ�1 ðamÞ�1

0 ðamÞ�1 �2ðamÞ�1

0
BBBBBBBBBB@

1
CCCCCCCCCCA
;

D¼
�2CI2�2 0

0 �2cIN�2�N�2

� �
;

and In�n denotes the n � n identity matrix and 0n�n is the n � n zero
matrix. We set N = 7, A = .25, a = .1, M = 10, and m = .01 and plot a
typical solution in Fig. 2(b). The two scales for evolution are clear.
We also show the pointwise accuracy for several multirate numer-
ical solutions in Fig. 2(c). The accuracy gained by using smaller time
steps for the fine scale is displayed, as is the fact that there is a limit
to the accuracy that can be gained. Indeed, using a multirate ap-
proach affects both accuracy and stability. Consider the case of a
two-dimensional system (1) with scalar fast y1 and slow y2 compo-
nents. In this case, we can write

dy1

dy2
¼ f1

f2
ðy1; y2Þ
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Fig. 2. Typical simulations of the two scale system. Left: A solution at a fixed time. Cent
accuracy versus the fine scale time step for three coarse scale time steps.
and solving (1) amounts to tracing out a smooth curve with slope
f1/f2 at each point. Using a multirate method for approximating
the change (y1,y2) ? (y1 + Dy1,y2 + Dy2) amounts to replacing
the implicit slope f1

f2
ðy1 þ Dy1; y2 þ Dy2Þ at the new point by

f1
f2
ðy1 þ Dy1; y2Þ, which has been ‘‘frozen’’ at the previous y2 value.

Drawing a few examples provides convincing evidence that this
affects both accuracy and stability regardless of how well we
approximate the step between (y1,y2) and (y1 + Dy1,y2 + Dy2).

There is a significant literature on multirate numerical methods,
see for example [48,29,1,45,30,55,56,50,2,37,8,3,33,14,19,18,44,
15,38,32,5,51,36,40,41,46,11,49,57,42,60,13,58,61,54,52,53,34,10].
By and large, these references are focused on application and
standard a priori analysis issues, e.g. stability, accuracy, and
convergence properties. Such analysis is not generally useful for
estimating the error in specific numerical solutions. The main goal
of this paper is to derive a computable a posteriori error represen-
tation that accurately estimates the error in a specified quantity of
interest computed from a multirate solution of (1).

Our analysis adapts a well developed approach based on dual-
ity, adjoint operators, and variational analysis, see for example in
[43,39,22,20,21,26,7,31,4,6]. In order to use a variational frame-
work for analysis, we represent the numerical method as a finite
element method. In this paper, we consider the so-called discon-
tinuous Galerkin (dG) method [16,17,59,22] which employs piece-
wise polynomial shape functions. We can recover many standard
finite difference schemes by appropriate choice of quadrature ap-
plied to the integrals defining the finite element solution. Our anal-
ysis also applies to the so-called continuous Galerkin (cG) method,
which yields other families of difference schemes upon application
of quadrature [24].

Our approach is based on the observation that a multirate
method shares some features of multiscale operator decomposi-
tion methods for multiscale problems [43,9,27,28,25,23]. In partic-
ular, the need to project the approximate solutions between the
discretizations at different scales and the practical use of incom-
plete iteration when solving the discrete equations has effects on
accuracy and stability similar to those caused by operator decom-
position. Indeed, we adapt ideas used in the investigation of oper-
ator splitting for reaction-diffusion equations [25] to carry out the
analysis. In particular, we define adjoint operators for both the ori-
ginal nonlinear operator and the multirate-discretization operator
independently by linearization with respect to a solution that is as-
sumed to be common to both operators and obtain analogs of the
standard Green’s formula representing the quantity of interest rel-
ative to the common solution. We then carry out the a posteriori er-
ror analysis by comparing the resulting linear expressions. The fact
that multiscale operator decomposition affects stability is directly
reflected in the form of the estimate, which involves the difference
between certain adjoint operators associated with the solution
operator for the original problem and the multirate – operator
decomposition solution operator. A practical difficulty with such
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estimates is the fact that it is unlikely that the adjoint for the ori-
ginal problem is available since it poses the same multiscale chal-
lenge as solving the original forward problem. Therefore, we derive
an estimate expressed as a computable leading order expression
obtained using a posteriori arguments with remainder that cannot
be estimated but which is provably higher order. We call this a hy-
brid a priori – a posteriori estimate.

Our analysis shares some aspects of the results in the penetrat-
ing series of papers [40–42] by Logg. In those papers, he carries out
an a priori convergence analysis, an a posteriori error analysis, anal-
yses the convergence of a fixed point scheme for the numerical
method, and constructs an adaptive time stepping algorithm for
what is termed multiadaptive cG and dG methods. These methods
generalize the notion of multirate schemes to allow different time
steps for each individual component of a system of differential
equations of size N.

Our results differ from this work in two significant ways. First,
Logg does not consider the effects of projecting between the dis-
cretizations at different scales on the accuracy of the approxima-
tion. If projections are not employed, then the quadrature used
in the finite element formulation should be carried out on the fast-
est time scale in order to avoid integrating non-smooth discrete
approximations. However, this greatly increases the expense of a
multirate scheme. In practice, a projections are introduced in a
de facto fashion that is rarely arranged on the finest time scale,
which potentially has a significant effect on accuracy. In any case,
our analysis provides the means to quantify the effect of the dispa-
rate time scales in the discretizations on overall accuracy.

Secondly, Logg does not consider the effect of incomplete itera-
tion in the solution of the discrete equations. That is, the complete
convergence of the discrete system equations that must be solved
at each ‘‘synchronization time’’ is assumed. In practice, it is com-
mon to carry out only a few or fixed number of iterations (perhaps
only 1!), and the fewer iterations that are used, the more the dis-
cretization scheme behaves like an operator decomposition meth-
od. Our analysis of the effect of incomplete iteration provides the
means to strike a balance between the discretization and iteration
errors.

The rest of the paper is organized as follows. In Section 2, we
formulate multirate Galerkin finite element methods for (1). We
present some a priori convergence results in Section 3. The main
results on the a posteriori analysis of the multirate method are pre-
sented in Section 4 followed by several numerical examples in Sec-
tion 5. In Section 6, we give the details of proof of the a priori result.
Finally, in Section 7, we present a conclusion.

2. A multirate Galerkin finite element method

2.1. A fully implicit multirate Galerkin finite method

We discretize [0,T] into 0 = t0 < t1 < t2 < � � � < tN = T with time
steps Dtn = tn�tn�1, Dt = max16n6N{Dtn}, and time intervals
In = (tn�1, tn). Let Li,n, i = 1, 2 be two positive integers, where L1,n de-
notes the number of time steps used to solve the fast subsystem
and L2,n the number of steps used for the slow subsystem. We
denote time steps for each component in the Galerkin formulation
by Dsi,n = Dtn/Li,n, with Dsi = max16n6N{Dsi,n}. Within In we set
Il,n = (tl�1,n, tl,n) with tl,n = tn�1 + lDs1,n, for l = 0,1,2, . . . ,L1,n, and
Ik,n = (tk�1,n, tk,n) with tk,n = tn�1 + kDs2,n, for k = 0,1,2, . . . ,L2,n.

We use an extension of the discontinuous Galerkin method [26],
which is an appropriate method for dissipative problems. The
analysis naturally extends to the continuous Galerkin method,
which is more appropriate for problems with conserved quantities
[26]. The finite element approximate solutions are sought in piece-
wise polynomial spaces,
Vðq1ÞðInÞ ¼ fU : UjIl;n
2 Pðq1ÞðIl;nÞ;1 6 l 6 L1;ng;

Vðq2ÞðInÞ ¼ fU : UjIk;n
2 Pðq2ÞðIk;nÞ;1 6 k 6 L2;ng:

The multirate Galerkin finite element solution is to find Y = (Y1 Y2)>

with Y1jIn
2 Vðq1ÞðInÞ and Y2jIn

2 Vðq2ÞðInÞ satisfyingZ
Il;n

ð _Y1 � F1ðY1;Y2Þ;VÞdt þ ½Y1�l�1;n;V
þ
l�1

� �
¼ 0; 8V 2 Pðq1ÞðIl;nÞ;

ð3Þ

for l = 1,2, . . . ,L1,n, andZ
Ik;n

ð _Y2�F2ðPY1;Y2Þ;WÞdtþ ½Y2�k�1;n;W
þ
k�1

� �
¼0; 8W 2Pðq2ÞðIk;nÞ;

ð4Þ

for k = 1,2, . . . ,L2,n. Here P is a projection operator between the two
different meshes. In the simplest case, P = I implies that the integra-
tion in (4) is carried out on the finest mesh. As noted in [9] this pro-
jection can become a significant source of error whenever
information is transferred between two different discretizations
and its effects should be estimated separately as a potentially signif-
icant component of the total error. Eqs. (3) and (4) together comprise
a system of size L1,n(q1 + 1) + L2,n(q2 + 1) which is solved implicitly.

We note that many standard finite difference schemes can be
obtained by applying appropriate quadrature formulas to the inte-
grals defining the finite element approximation. A straightforward
modification of the analysis below extends the results to such dif-
ference schemes.

2.2. An iterative multirate Galerkin finite element method

Without loss of generality, we assume L1,n = dnL2,n for some po-
sitive integer dn, i.e., L1,n is divisible by L2,n. The iterative multirate

Galerkin finite element is to create a sequence Y ðmÞ ¼ Y ðmÞ1 Y ðmÞ2

� �>
with Y ðmÞ1 jIn

2 Vðq1ÞðInÞ and Y ðmÞ2 jIn
2 Vðq2ÞðInÞ determined by

Algorithm 1.

Algorithm 1: Iterative multirate Galerkin finite element
method

for n = 1 to N do

Set Y ð0Þ2 ¼ Y ðMn�1Þ
2 t�n�1

� �
for m = 1 to Mn do

Set YðmÞ t�n�1

� �
¼ YðMn�1Þ t�n�1

� �
.

for l = 1 to L1,n do

Compute Y ðmÞ1 ðtÞ for t 2 Il,n satisfying

Z
Il;n

_Y ðmÞ1 � F1ðY ðmÞ1 ;Y ðm�1Þ
2 Þ;V

� �
dt þ ½Y ðmÞ1 �l�1;n;V

þ
l�1

� �
¼ 0; ð5Þ

for all V 2 Pðq1ÞðIl;nÞ.
end for
for k = 1 to L2,n do

Compute Y ðmÞ2 ðtÞ satisfying

Z
Ik;n

_Y ðmÞ2 � F2ðPY ðmÞ1 ;Y ðmÞ2 Þ;W
� �

dt þ ½Y ðmÞ2 �k�1;n;W
þ
k�1

� �
¼ 0;

ð6Þ

for all W 2 Pðq2ÞðIk;nÞ.
end for

end for
end for
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3. A priori theory

Under appropriate assumptions, the solution of (1) exists and is
unique in [0,T], see [12,47]. An a priori analysis for a multi-adaptive
Galerkin solution of (3), (4) is provided in [42]. For completeness,
we present a short a priori convergence analysis that is required
for the hybrid a posteriori-a priori estimate for the iterative approx-
imation produced by Algorithm 1.

3.1. An analytic iterative method

As a tool for analysis, we consider a theoretical approximation
obtained by iterating analytic solutions of the fast and slow com-

ponents. Specifically, we let yðmÞ ¼ yðmÞ1 yðmÞ2

� �>
denote the analytic

approximation of (1) at iteration level m obtained using the itera-
tive procedure defined in Algorithm 2.

Algorithm 2: Analytic fixed point iteration

for n = 1 to N do

Set yð0Þ2 ¼ yðMn�1Þ
2 ðtn�1Þ

for m = 1 to Mn do

Compute yðmÞ1 ðtÞ for t 2 In satisfying

_yðmÞ1 ¼ F1 yðmÞ1 ; yðm�1Þ
2

� �
yðmÞ1 ðtn�1Þ ¼ yðMn�1Þ

1 ðtn�1Þ

8<
: ð7Þ

Compute yðmÞ2 ðtÞ for t 2 In satisfying

_yðmÞ2 ¼ F2 yðmÞ1 ; yðmÞ2

� �
yðmÞ2 ðtn�1Þ ¼ yðMn�1Þ

2 ðtn�1Þ:

8<
: ð8Þ

end for
end for

We begin the a priori analysis by analyzing the convergence
of the method in Algorithm 2 over In = [tn�1, tn]. The analysis is
focused on determining a time interval In over which the itera-
tion converges to the correct solution. For this purpose, we as-
sume that the solution from previous time level In�1 has been
obtained exactly, i.e., y(m)(tn�1) = y(tn�1). Following the classic
method of successive approximations, we integrate (7) and (8)
to get

yðmÞ1 ðtÞ ¼ y1ðtn�1Þ þ
Z t

tn�1

F1 yðmÞ1 ; yðm�1Þ
2

� �
ds;

yðmÞ2 ðtÞ ¼ y2ðtn�1Þ þ
Z t

tn�1

F2 yðmÞ1 ; yðmÞ2

� �
ds;

ð9Þ

Any continuous functions satisfying (9) also satisfies (7) and (8).
Hence, the goal is to first show that each of the integral equa-
tions in (9) has a solution for a fixed m. We then proceed to
show that the iteration solving (9) (and thus (7) and (8)) con-
verges to the exact solution of (1). Details of this investigation
are presented in Section 6. The main result is the following
theorem.

Theorem 3.1. There exists a time tn > tn�1 such that the sequence of

functions yðmÞ1

n o
and yðmÞ2

n o
produced by the integral Eq. (9) converge

to the exact solution of (1) on time interval In = [tn�1, tn].
3.2. Convergence of the iterative multirate Galerkin finite element
method

We now turn to the a priori error analysis of the numerical solu-
tion described in Algorithm 1. An unusual feature of this problem is
the numerical solution involves an alternating sequence of Y ðmÞ1 and
Y ðmÞ2 , which result from consistent numerical discretizations of (7)
and (8) respectively. The analysis is carried out using the analog
of the standard local error analysis for a finite difference scheme.
For each component solution on each interval, we decompose the
error into a sum of the error in the initial condition inherited from
the previous component solution and the error of the numerical
solution of the component assuming exact initial conditions on
the current interval. We describe the main result below and give
the detailed proof in Section 6.

Theorem 3.2. Let yðmÞ1 and yðmÞ2 be the solution of analytic fixed point
iteration governed by (7) and (8), respectively, and YðmÞ1 and YðmÞ2 be
their dG finite element approximation with P= the identity. Then the
finite element error at the final time for q1 = 0, 1 and q2 = 0, 1 is
bounded, and

jeðMN Þ t�N
� �
j � O Dsq1þ1

1

� �
þ O Dsq2þ1

2

� �
þ Oðjr2jÞ;

where r2 ¼max16n6N rðMnÞ
2

��� ���
In

, and rðmÞ2

��� ���
In

is the iteration residual writ-
ten in Lemma 6.3.

Notice that there is a term quantifying the iteration residual,
namely rðmÞ2 . Provided the sequence of solutions are driven to pro-
duce small iteration residual relative to the errors produced by the
finite element solution, then this term is negligible.

4. A posteriori analysis

It turns out that is feasible to treat the effects of projecting be-
tween the discretizations at different scales and the use of finite
iterations in the iterative solution of the discrete equations sepa-
rately, and doing so greatly simplifies notation.

4.1. Analysis for the implicit multirate method

To define the adjoint, we set z = s y + (1 � s)Y, with s 2 [0,1] and
then let F 0ðzÞ be a matrix whose entries are

F 0ðzÞij ¼
Z 1

0

@Fi

@yj
ðzÞds:

Consequently, FðyÞ � FðYÞ ¼ F 0ðzÞðy� YÞ. We note that

� _eþ F 0ðzÞe ¼ ð� _yþ FðyÞÞ þ ð _Y � FðYÞÞ ¼ _Y � FðYÞ:

Furthermore, using continuity of y,

eþl�1;n ¼ yþl�1;n � Yþl�1;n ¼ y�l�1;n � Y�l�1;n

� �
� Yþl�1;n � Y�l�1;n

� �
¼ e�l�1;n � ½Y �l�1;n:

Associated with the finite element solution, we denote by # the gen-
eralized Green’s function that satisfies an adjoint problem

� _# ¼ F 0ðzÞ>#; tn > t P tn�1

#ðtnÞ ¼ wn;

(
ð10Þ

On time interval Il,n, l = 1,2, . . . ,L1,n,

0 ¼
Z

Il;n

e; _#þ F 0ðzÞ>#
� �

dt

¼ e�l;n; #l;n

� �
� eþl�1;n; #l�1;n

� �
þ
Z

Il;n

� _eþ F 0ðzÞe; #
� �

dt: ð11Þ
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Combining all these expressions yields the recursive relation

e�l;n; #l;n

� �
¼ e�l�1;n; #l�1;n

� �
�
Z

Il;n

ð _Y � FðYÞ; #Þdt

� ð½Y�l�1;n; #l�1;nÞ ð12Þ
Theorem 4.1. The implicit multirate Galerkin finite element solution
satisfies the error equation over one time step In:

e�n ;wn

� �
¼ e�n�1; #n�1
� �

þQ1;n þQ2;n þQP;n

where

Q1;n ¼ �
XL1;n

l¼1

Z
Il;n

_Y1 � F1ðY1; Y2Þ; #1

� �
dt þ ½Y1�l�1;n; #1;l�1;n

� �( )
;

Q2;n ¼ �
XL2;n

k¼1

Z
Ik;n

_Y2 � F2ðPY1;Y2

� �
; #2Þdt þ ½Y2�k�1;n; #2;k�1;n

� �( )
;

QP;n ¼
XL2;n

k¼1

Z
Ik;n

F2ðY1;Y2Þ � F2ðPY1;Y2Þ; #2ð Þdt:

Furthermore, by setting wN = w for a given w and wn�1 = #n�1 for n = N,
N � 1, . . . , 2, the error of implicit multirate Galerkin finite element
method at final time tN = T can be expressed as

ðe�N ;wÞ ¼
XN

n¼1

ðQ1;n þQ2;n þQP;nÞ: ð13Þ

The term Q1;n represents the finite element residual associated
with the fast time scale subsystem, while Q2;n represents the finite
element residual associated with the slow time scale. The term
QP;n represents the effect of projection of Y1 from the fast to the
slow time scale. We use Q1;n;Q2;n;QP;n to distinguish these terms
from the closely related but distinct terms Q1,n, Q2,n, QP,n appearing
in Theorems 4.2, 4.3, and 4.4 below.
4.2. Analysis for the iterative multirate method

To simplify notation, we now assume that the projection P= the
identity. As discussed above, a key feature of the analysis is the
realization that the analytic fixed point iteration is naturally asso-
ciated with a different adjoint operator than the original problem.
Our approach [25] to overcome this issue is to use a different lin-
earization than commonly used for nonlinear problems. We as-
sume that the operators for the original problem and the analytic
fixed point iteration share a common solution, and use that as a
linearization point. The simplest example of such a solution is a
steady-state solution, which can be guaranteed to exist by assum-
ing homogeneity in the right-hand side, i.e.,

Fð0Þ ¼ 0:

This is generally not restrictive in practice, but this assumption can
be generalized (see [25]). We let

F 0ijðyÞ ¼
Z 1

0

@Fi

@yj
ðsyÞds; i; j ¼ 1;2; ð14Þ

and F 0 denotes the square matrix whose entries are (14). Then
FðyÞ ¼ F 0ðyÞy and so _y ¼ F 0ðyÞy. Associated with this linearized form,
we denote by u the generalized Green’s function satisfying the fol-
lowing adjoint problem:

� _u ¼ F 0ðyÞ>u; t 2 ðT;0�;
uðTÞ ¼ w:

(
ð15Þ

On subinterval In = (tn�1, tn), we define the solution operators Un

associated with the Green’s function,
uðtÞ ¼ UnðtÞwn;

for tn > t P tn�1 and some initial data wn. We can obtain a solution
representation using the Green’s functions, by multiplying y with
the adjoint Eq. (15) and integrating in time, integrating by parts,

ðyn;wnÞ ¼ ðyn�1;Unðtn�1ÞwnÞ: ð16Þ
4.2.1. Analysis of the analytic fixed point iteration
To simplify presentation, we express the analytic fixed point

iteration in Algorithm 2 in a more compact format. In particular,
for any iteration index m, we write (7) and (8) as

_yðmÞ ¼ F yðmÞ
� �

þ dðmÞy ; ð17Þ
where

dðmÞy ¼ � F1 yðmÞ1 ; yðmÞ2

� �
� F1 yðmÞ1 ; yðm�1Þ

2

� �
0

h i>
: ð18Þ

The vector dðmÞy can be interpreted as a residual at the iteration level
m.

To define an adjoint for the analytic fixed point iteration in
Algorithm 2, we let uðkÞi denote the generalized Green’s function
that satisfies an adjoint problem on time interval In as given in
Algorithm 3.

Algorithm 3: Adjoint for the analytic fixed point iteration

Set uð0Þ1 ¼ w1;n

for k = 1 to Kn do

Compute uðkÞ2 satisfying

� _uðkÞ2 ¼ F 022 yðmÞð Þ>uðkÞ2 þ F 012 yðmÞð Þ>uðk�1Þ
1 ; tn > t P tn�1

uðkÞ2 ðtnÞ ¼ w2;n;

(

ð19Þ

Compute uðkÞ1 satisfying

� _uðkÞ1 ¼ F 011 yðmÞð Þ>uðkÞ1 þ F 021 yðmÞð Þ>uðkÞ2 ; tn > t P tn�1

uðkÞ1 ðtnÞ ¼ w1;n;

(

ð20Þ

end for

Notice that the adjoint problems are solved backward in time

and in the reverse order to that of the forward problem, starting
with uðkÞ2 followed by uðkÞ1 . These generalized Green’s functions
are an iterative approximation of (15). As in the forward problem,
we can also rewrite this last algorithm into a compact form

� _uðkÞ ¼ F 0 yðmÞð Þ>uðkÞ þ nðkÞ; ð21Þ

for adjoint iteration level k. Here

nðkÞ ¼ � 0; F 012 yðmÞð Þ> uðkÞ1 �uðk�1Þ
1

� �h i>
;

is the residual of the adjoint at iteration level k. We also introduce
the solution operators UðkÞn , with uðkÞðtÞ ¼ UðkÞn ðtÞwn, for tn > t P tn�1.
To get a representation of the iterative implicit solution, we follow a
similar derivation as for the forward problem. Multiplying y(m) with
(21), integrating each over In, and applying integration by parts, we
obtain

yðmÞn ;wn

� �
¼ yðmÞn�1;U

ðkÞ
n ðtn�1Þwn

� �
�
Z

In

� _yðmÞ þ F 0 yðmÞð ÞyðmÞ;uðkÞ
� �

dt

�
Z

In

yðmÞ; nðkÞ
� �

dt:
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Using (17), we obtain the solution representation of the analytic
iterative implicit method

yðmÞn ;wn

� �
¼ yðmÞn�1;U

ðkÞ
n ðtn�1Þwn

� �
þ
Z

In

dðmÞy ;uðkÞ
� �

dt�
Z

In

yðmÞ;nðkÞ
� �

dt: ð22Þ

We note that this representation is not in the standard format (in
which the solution at the current time level solely depends on the
previous time level values). It contains artifacts arising from the
iterative procedure used to compute both forward and backward
problems. The second term can be interpreted as the weighted aver-
age of the forward problem residual over a time step. The third
term, on the other hand, is the weighted average of the backward
problem residual over a time step. Thus, the iterative nature of solu-
tion procedure is reflected in this representation. Once convergence
is reached both on forward and backward problems, then the stan-
dard convention of solution representation using the adjoint tech-
nique is recovered.

We are now able to express the error representation of the iter-
ative implicit method. First, we state a lemma concerning an error
equation over one time step.
Lemma 4.1. The analytic fixed point iteration satisfies the following
error equation over one time step:

yn � yðmÞn ;wn

� �
¼ yn�1;DUðkÞn ðtn�1Þwn

� �
�
Z

In

dðmÞy ;uðkÞ
� �

dt

þ
Z

In

yðmÞ; nðkÞ
� �

dt

where DUðkÞn ¼ Un �UðkÞn .

Proof. This lemma is derived by subtracting (22) from (16) and
setting yðmÞn�1 ¼ yn�1. h

Note that there are terms that are not computable in this
expression. The term DUðkÞn is definitely not computable, though
when convergence in the adjoint computation is reached, this term
vanishes. Nevertheless, in the context of finite number of itera-
tions, we desire to quantify DUðkÞn . This is made more precise below.

4.2.2. Analysis of the iterative multirate Galerkin finite element
method

To setup the adjoint, let z(m) = sy(m) + (1 � s)Y(m), with s 2 [0,1].
Then let F 0ðzðmÞÞ be a matrix whose entries are

F 0ðzðmÞÞij ¼
Z 1

0

@Fi

@yj
zðmÞ
� �

ds:

Consequently, F yðmÞ
� �

� FðY ðmÞÞ ¼ F 0ðzmÞðyðmÞ � Y ðmÞÞ. Associated

with the finite element solution, we denote by #ðkÞ ¼ #
ðkÞ
1 #

ðkÞ
2

h i>
, a

sequence of generalized Green’s function that satisfies an adjoint
problem

Algorithm 4: Adjoint for the iterative multirate Galerkin
finite element method

Set #ð0Þ1 ¼ w1;n

for k = 1 to Kn do

Compute #ðkÞ2 satisfying

� _#
ðkÞ
2 ¼ F 022ðzðmÞÞ>#

ðkÞ
2 þ F 012ðzðmÞÞ>#

ðk�1Þ
1 ; tn > t P tn�1

#
ðkÞ
2 ðtnÞ ¼ w2;n;

(

ð23Þ

Compute #ðkÞ1 satisfying
� _#
ðkÞ
1 ¼ F 011ðzðmÞÞ>#

ðkÞ
1 þ F 021ðzðmÞÞ>#

ðkÞ
2 tn > t P tn�1

#
ðkÞ
1 ðtnÞ ¼ w1;n;

(
ð24Þ

end for
As was the case in the adjoint formulation associated with ana-
lytic fixed point iteration, this algorithm can be expressed as a
compact form

� _#ðkÞ ¼ F 0ðzðmÞÞ>#ðkÞ þ gðkÞ; ð25Þ

where

gðkÞ ¼ � 0F 012ðzðmÞÞ> #
ðkÞ
1 � #

ðk�1Þ
1

� �h i>
;

is the residual of the adjoint at iteration level k.
At this stage, we are in position to derive an error equation asso-

ciated with the numerical discretization of the analytic fixed point
iteration. Let e(m) = y(m) � Y(m). On time interval Il,n, l = 1,2, . . . ,L1,n,

0 ¼
Z

Il;n

eðmÞ; _#ðkÞ þ F 0ðzðmÞÞ>#ðkÞ þ gðkÞ
� �

dt

¼ eðmÞ�l;n ; #
ðkÞ
l;n

� �
� eðmÞþl�1;n; #

ðkÞ
l�1;n

� �
þ
Z

Il;n

� _eðmÞ þ F 0ðzðmÞÞeðmÞ; #ðkÞ
� �

dt þ
Z

Il;n

eðmÞ;gðkÞ
� �

dt: ð26Þ

We note that

� _eðmÞ þ F 0 zðmÞð ÞeðmÞ ¼ � _yðmÞ þ F yðmÞ
� �� �

þ _Y ðmÞ � F Y ðmÞ
� �� �

¼ �dðmÞy þ _Y ðmÞ � F Y ðmÞ
� �

:

Furthermore, using continuity of y(m),

eðmÞþl�1;n ¼ yðmÞþl�1;n � Y ðmÞþl�1;n ¼ yðmÞ�l�1;n � Y ðmÞ�l�1;n

� �
� Y ðmÞþl�1;n � Y ðmÞ�l�1;n

� �
¼ eðmÞ�l�1;n � Y ðmÞ

h i
l�1;n

:

Inserting these expressions into (26) yields the recursive relation

eðmÞ�l;n ; #
ðkÞ
l;n

� �
¼ eðmÞ�l�1;n; #

ðkÞ
l�1;n

� �
�
Z

Il;n

_Y ðmÞ � FðY ðmÞÞ; #ðkÞ
� �

dt

� ½Y ðmÞ�l�1;n; #
ðkÞ
l�1;n

� �
þ
Z

Il;n

dðmÞy ; #ðkÞ
� �

dt

�
Z

Il;n

eðmÞ;gðkÞ
� �

dt: ð27Þ

This is the basis for the equation for the error at time tn stated in the
following lemma.

Lemma 4.2. The iterative multirate finite element method satisfies an
error equation over one time step:

eðmÞ�n ;wn

� �
¼ eðmÞ�n�1 ; #

ðkÞ
n�1

� �
þ Q1;n þ Q 2;n

þ
XL1;n

l¼1

Z
Il;n

dðmÞy þ dðmÞY ; #ðkÞ
� �

dt �
XL1;n

l¼1

Z
Il;n

eðmÞ;gðkÞ
� �

dt;

where

Q 1;n¼�
XL1;n

l¼1

Z
Il;n

_Y ðmÞ1 �F1 Y ðmÞ1 ;Y ðm�1Þ
2

� �
;#
ðkÞ
1

� �
dtþ Y ðmÞ1

h i
l�1;n

;#
ðkÞ
1;l�1;n

� �( )
;

Q 2;n¼�
XL1;n

l¼1

Z
Il;n

_Y ðmÞ2 �F2 Y ðmÞ1 ;Y ðmÞ2

� �
;#
ðkÞ
2

� �
dtþ Y ðmÞ2

h i
l�1;n

;#
ðkÞ
2;l�1;n

� �( )
;

and dðmÞY is defined analogously to dðmÞy .
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Proof. This is obtained by using the recursive relation (27). h

We note that this equation reflects the error arising from the
consistent finite element numerical discretization of the analytical
fixed point iteration. Similar to Lemma 4.1, this error contains the
iteration residuals weighted by the adjoint #(k). The last term is not
computable since it contains the error e(m) weighted by the itera-
tion residual in the adjoint computation. Again provided that an
a priori estimate on e(m) is available, we can bound this term as
higher order due the fact that the residual can be made as small
as needed when the adjoint computation is driven to convergence.

We now collect all the resulting estimates and obtain an error
estimate of the finite element multiscale iterative implicit method
by setting y � Y(m) = (y � y(m)) + (y(m) � Y(m)).

Theorem 4.2. Set wN = w and wn�1 ¼ #
ðKnÞ
n�1 for n = N, N � 1, . . . , 2.

Then the error of iterative multirate Galerkin finite element method at
final time tN = T can be expressed as

yN � Y ðMNÞ�
N ;w

� �
¼
XN

n¼1

ðQ1;n þ Q 2;n þ Q3;n þ Q 4;n þ Q 5;n þ Q 6;nÞ;

ð28Þ

Q1,n and Q2,n are given in Lemma 4.2 with m replaced by Mn and k re-
placed by Kn, and

Q 3;n ¼
XL1;n

l¼1

Z
Il;n

dðMnÞ
Y ; #ðKnÞ

� �
dt

Q 4;n ¼
XL1;n

l¼1

Z
Il;n

dðMnÞ
y ; #ðKnÞ �uðKnÞ

� �
dt

Q 5;n ¼ yðMnÞ
n�1 ;DUðKnÞ

n wn

� �
þ
Z

In

yðMnÞ; nðKnÞ
� �

dt

Q 6;n ¼ yn�1 � yðMnÞ
n�1 ;DUðKnÞ

n wn

� �
�
XL1;n

l¼1

Z
Il;n

eðMnÞ;gðKnÞ
� �

dt;
Proof. Denote e(m) = y � Y(m). First we need to get the total error
over one time step. We set yðmÞn�1 ¼ yn�1 in Lemma 4.2 and combine
it with Lemma 4.1 to get

eðMnÞ�
n ;wn

� �
¼ eðMnÞ�

n�1 ; #
ðKnÞ
n�1

� �
þ Q 1;n þ Q 2;n þ Q3;n þ Q 4;n

þ yn�1;DUðKnÞ
n wn

� �
þ
Z

In

yðMnÞ; nðKnÞ
� �

dt

�
XL1;n

l¼1

Z
Il;n

eðMnÞ;gðKnÞ
� �

dt: ð29Þ

We note that since Y ðMnÞ�
n�1 ¼ Y ðMn�1Þ�

n�1 (see Algorithm 1), we have

eðMnÞ�
n�1 ¼ eðMn�1Þ�

n�1 . Furthermore, by adding and subtracting

yðMnÞ
n�1 ;DUðKnÞ

n wn

� �
, we get

yn�1;DUðKnÞ
n wn

� �
þ
Z

In

yðMnÞ;nðKnÞ
� �

dt�
XL1;n

l¼1

Z
Il;n

eðMnÞ;gðKnÞ
� �

dt¼Q 5;nþQ6;n:

Combining all this expressions in (29) yield a recursive relation for
the total error over one time step. The error at the final time is ob-
tained from undoing this relation. h

Theorem 4.2 has decomposed the total error at the final time
into several components. The term Q1,n represents the finite ele-
ment residual associated with the fast time scale subsystem, while
Q2,n represents the finite element residual associated with the slow
time scale. The term Q3,n represents the iteration error quantified
by the iteration residual dðMnÞ

Y . It is expected that once convergence
is reached this component should vanish. The term Q4,n also con-
tains the iteration residual, so when convergence is reached, this
component vanishes as well. Moreover, we note that in this term,
the iteration residual is weighted by #ðKnÞ �uðKnÞ. Recall that the
adjoints # and u differ in the functions which are used for linear-
ization. Thus, the term Q4,n also vanishes when #(k) = u(k), which
may be true if, for example, the system (1) is linearly coupled,
i.e, if Fi(y1,y2) = Ai1y1 + Ai2y2 for some matrix Ai1 and Ai2.

The term Q5,n and Q6,n contains DUðkÞn wn which is not comput-
able. As has been mentioned, provided an a priori estimate regard-
ing the error of y and Y is available, Q6,n is of higher order in the
asymptotic limit. All these issues are addressed in the next section.

4.2.3. A computable error estimate
The following lemma shows that if the analytic fixed point iter-

ation has small residual, then DUðkÞn wn can be written as a sum of
the residuals of the adjoint iterations and some higher order terms.

Lemma 4.3. If F0 is Lipschitz continuous and yðMnÞ is sufficiently close
to y in In,

DUðKnÞ
n wn ¼ �

Z
In

nðKnÞ dt þ h:o:t:

Proof. We denote by û function that satisfy

� _̂u ¼ F 0ðyðMnÞÞ>û; t 2 ðtn; tn�1Þ;
ûðtnÞ ¼ wn:

(
ð30Þ

Using this equation we write u�uðKnÞ ¼ ðu� ûÞ þ ðû�uðKnÞÞ ¼
Aþ B, where A satisfies

� _A ¼ F 0ðyðMnÞÞAþ F 0ðyÞ � F 0ðyðMnÞÞ
h i

u; t 2 ðtn; tn�1Þ
AðtnÞ ¼ 0:

(

Using a standard technique for system of ordinary differential equa-
tions, we get

AðtÞ ¼
Z tn

t
F 0ðyÞ � F 0ðyðMnÞÞ
h i

udsþ O Dt2
n F 0ðyÞ � F 0ðyðMnÞÞ
��� ���� �

:

If F0 is Lipschitz continuous,

jAðtÞj 6 CDtnjy� yðMnÞj juj;

and thus, when yðMnÞ is sufficiently close to y in In, A(t) is of higher
order. Using (21), B satisfies

� _B ¼ F 0ðyðMnÞÞB� nðKnÞ t 2 ðtn; tn�1Þ;
BðtnÞ ¼ 0;

(

with solution expressed in similar fashion as A(t),

BðtÞ ¼ �
Z tn

t
nðKnÞ dsþ O nðKnÞDt2

n

� �
:

Computing B(tn�1) completes the proof. h

Once this is in place, we may verify that
PN

n¼1Q5;n and
PN

n¼1Q 6;n

are of higher order. These are stated in the following lemma.

Lemma 4.4. When nðKnÞ and gðKnÞ are sufficiently small, the termsPN
n¼1Q5;n and

PN
n¼1Q6;n are of higher order.
Proof. Using Lemma 4.3 we get

Q5;n ¼
Z

In

yðMnÞ � yðMnÞ
n�1 ; n

ðKnÞ
� �

dt þ h:o:t:

Since jyðMnÞ � yðMnÞ
n�1 j 6 CDtn;Q5;n � OðnðKnÞDt2

nÞ which for sufficiently
small nðKnÞ makes

PN
n¼1Q5;n a higher order term. Similarly, for

sufficiently small nðKnÞ and gðKnÞ,
PN

n¼1Q6;n is also a higher order term,
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because both these residuals are weighted by the numerical solu-
tion errors. h

Based on Theorem 4.2 and incorporating the two lemmas above,
we may now write a computable error estimator for the iterative
multirate Galerkin finite element method.

Theorem 4.3. The computable error of iterative multirate Galerkin
finite element method at final time tN = T is

yN � Y ðMNÞ�
N ;w

� �
� Q 1 þ Q 2 þ Q3 þ Q4

¼
XN

n¼1

ðQ1;n þ Q 2;n þ Q3;n þ Q 4;nÞ; ð31Þ

where

Q 1;n¼�
XL1;n

l¼1

Z
Il;n

_Y ðMnÞ
1 �F1 Y ðMnÞ

1 ;Y ðMn�1Þ
2

� �
;#
ðKnÞ
1

� �
dtþ Y ðMnÞ

1

h i
l�1;n

;#
ðKnÞ
1;l�1;n

� �( )
;

Q 2;n¼�
XL1;n

l¼1

Z
Il;n

_Y ðMnÞ
2 �F2 Y ðMnÞ

1 ;Y ðMnÞ
2

� �
;#
ðKnÞ
2

� �
dtþ Y ðMnÞ

2

h i
l�1;n

;#
ðKnÞ
2;l�1;n

� �( )

Q 3;n¼
XL1;n

l¼1

Z
Il;n

dðMnÞ
Y ;#ðKnÞ

� �
dt

Q 4;n¼
XL1;n

l¼1

Z
Il;n

dðMnÞ
y ;#ðKnÞ �uðKnÞ

� �
dt:
Remark 4.1. Notice that Q4,n contains dðMnÞ
y which is an expression

that is dependent on yðMnÞ, the analytic fixed point iteration solu-
tion of (1). By adding and subtracting dðMnÞ

Y to Q4,n we get

Q 4;n ¼
XL1;n

l¼1

Z
Il;n

dðMnÞ
Y ; #ðKnÞ �uðKnÞ

� �
dt

þ
XL1;n

l¼1

Z
Il;n

dðMnÞ
y � dðMnÞ

Y ; #ðKnÞ �uðKnÞ
� �

dt: ð32Þ

The second term in the last equation is higher order because it in-
volves the difference between two residuals.
4.3. A computable error estimate including projection

Relaxing our assumption in Section 4.2 and allowing for a pro-
jection other than the identity, we may write a computable error
estimate for the iterative multirate Galerkin finite element method
including projection.
Theorem 4.4. The computable error of iterative multirate Galerkin
finite element method including projection at final time tN = T is

yN � Y ðMNÞ�
N ;w

� �
� Q 1 þ Q 2 þ Q3 þ Q4 þ QP

¼
XN

n¼1

ðQ1;n þ Q 2;n þ Q3;n þ Q 4;n þ QP;nÞ; ð33Þ
where

Q1;n ¼�
XL1;n

l¼1

Z
Il;n

_Y ðMnÞ
1 �F1 Y ðMnÞ

1 ;Y ðMn�1Þ
2

� �
;#
ðKnÞ
1

� �
dtþ Y ðMnÞ

1

h i
l�1;n

;#
ðKnÞ
1;l�1;n

� �( )
;

Q2;n ¼�
XL1;n

l¼1

Z
Il;n

_Y ðMnÞ
2 �F2 PY ðMnÞ

1 ;Y ðMnÞ
2

� �
;#
ðKnÞ
2

� �
dtþ Y ðMnÞ

2

h i
l�1;n

;#
ðKnÞ
2;l�1;n

� �( )

Q3;n ¼
XL1;n

l¼1

Z
Il;n

dðMnÞ
Y ;#ðKnÞ

� �
dt

Q4;n ¼
XL1;n

l¼1

Z
Il;n

dðMnÞ
Y ;#ðKnÞ �uðKnÞ

� �
dt

QP;n ¼
XL2;n

k¼1

Z
Ik;n

F2 Y ðMnÞ
1 ;Y ðMnÞ

2

� �
�F2 PY ðMnÞ

1 ;Y ðMnÞ
2

� �
;#
ðKnÞ
2

� �
dt:
5. Numerical experiments

In this section, we present several numerical examples that
show the performance of the error estimates. All forward problems
are solved using the lowest order, piecewise constant dG method,
which is equivalent to backward Euler scheme. In particular, for
iteration level m, the scheme is

Y ðmÞ1;j;n � Y ðmÞ1;j�1;n ¼ Ds1F1 Y ðmÞ1;j;n;Y
ðm�1Þ
2;k;n

� �
; j ¼ 1;2; . . . ; L1;n

Y ðmÞ2;k;n � Y ðmÞ2;k�1;n ¼ Ds1
Pdn

j¼1
F2 PY ðmÞ1;lj ;n

;Y ðmÞ2;k;n

� �
;

k ¼ 1;2; . . . ; L2;n; lj ¼ ðk� 1Þdn þ j:

8>>>>>><
>>>>>>:
When nonlinear, the individual component equations are solved
using Newton’s Method. The adjoint solutions are computed using
a second order, piecewise linear, continuous Galerkin method,
which is equivalent to the second order Crank–Nicolson scheme.

In order to illuminate the behavior of the error, we take the
quantity of interest to be the individual error in each component
at the final time. We point out that the choice of the quantity of
interest has a significant impact on the behavior of the error in
general [26,23]. This is even more significant in a multiscale
problem.

We demonstrate the robustness of the proposed error estimator
through several examples below. These examples also show the
potential for using an accurate estimate to adaptively determine
the parameters controlling accuracy. Since the error estimate is
written as a sum of contributing components, we can determine
the largest source of error and adjust the corresponding parameter.

In the first example in Section 5.1, we illustrate the conse-
quences of projections between scales. The rest of the examples
illustrate the consequences of incomplete iterations, and in those
examples we assume P = the identity.

5.1. Numerical example illustrating discretization and projection error

To illustrate the performance of the error estimator provided by
Theorem 4.1 (fully implicit multirate Galerkin finite element meth-
od), we consider the numerical solution of a 3 � 3 system

_x ¼ 100yþ z; xð0Þ ¼ 9001
10001

_y ¼ �100x; yð0Þ ¼ 105

10001

_z ¼ � z
10001 ðð10001xþ zÞ2 þ ð10001yþ 100zÞ2Þ; zð0Þ ¼ 1000;

8>><
>>:

ð34Þ

which has fast and slow equations coupled nonlinearly. In particu-
lar, the equation determining z(t) contains nonlinear coupling to the
fast scale components x(t) and y(t). The true solution is

xðtÞ ¼ cosð100tÞ � 1000
10001 e�t , yðtÞ ¼ � sinð100tÞ � 105

10001 e�t , and z(t) =

1000e�t. There are two distinct time scales, fast O(2p/100) and slow

O(1). We set y1 = [x y]> (associated with the fast time scale) and
y2 = z (associated with the slow time scale). A typical solution is
depicted in Fig. 3.

The multirate finite element solution is constructed on the
piecewise constant finite element space, i.e., with q1 = q2 = 0. The
system is solved until T = 0.5. We use Dt = 0.5/10, Ds1 = Dt/800,
and Ds2 = Dt/10 and examine three different projections; (i) P1:
the identity operator, (ii) P2: averaging over (tk�1,n, tk,n) (i.e., over
a subinterval of length Ds2), and (iii) P3: averaging over (tn�1, tn).
Fig. 4 compares the exact errors of the multirate solutions when
solved employing these three different projections. As expected,
the multirate solutions exhibit the best performance when the
identity operator is used. In all subsequent examples we shall as-
sume that the projection is the identity operator and thus QP = 0.
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Fig. 3. Typical solution of (34).

Fig. 4. Comparison of exact errors for multirate solution of (34) with various projection. P1: identity (solid lines), P2: local average over Ik,n (dotted lines), and P3: average
over In (dashed lines).

Table 1
Performance of error estimator at T = 0.5 for P1, the identity operator.

Error for x(t) Error for y(t) Error for z(t)

Exact error 0.124 0.569 �48.92
Error estimate 0.126 0.535 �46.11

Q1 0.123 0.500 �43.63
Q2 0.003 0.035 �2.48
QP 0 0 0

Table 2
Performance of error estimator at T = 0.5 for P2, averaging over Ik,n.

Error for x(t) Error for y(t) Error for z(t)

Exact error 0.126 0.665 �57.31
Error estimate 0.128 0.541 �46.81

Q1 0.123 0.499 �43.66
Q2 �0.014 �0.144 10.79
QP 0.019 0.186 �13.94

Table 3
Performance of error estimator at T = 0.5 for P3, averaging over In.

Error for x(t) Error for y(t) Error for z(t)

Exact error 0.161 3.775 �370.03
Error estimate 0.194 0.970 �87.64

Q1 0.111 0.540 �48.63
Q2 0.004 0.018 �1.64
QP 0.079 0.412 �37.37
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Tables 1–3 show the performance of error estimator when solv-
ing the system employing the three different projections. As ex-
pected, the estimator performs reasonably well when P1 and P2,
the identity and local averaging operators respectively, are used
and it breaks down when P3, the averaging operator over In, is
used. Nevertheless, the estimator still gives a hint of what is actu-
ally happening in terms of the relative size of the projection error
QP compared to the total estimated error for all three components.

5.2. A one-way system with the fast variables coupled into the slow
equation

We consider the 3 � 3 system

_x ¼ �50y; xð0Þ ¼ 1
_y ¼ 50x; yð0Þ ¼ 0
_z ¼ �zþ xþ y; zð0Þ ¼ 2;

8><
>: ð35Þ

in which the fast variables are coupled into the equation for the
slow subsystem. The true solution is x(t) = cos(50t), y(t) = sin(50t),
and zðtÞ ¼ 5051

2501 e�t � 49
2501 cosð50tÞ þ 51

2501 sinð50tÞ. We set y1 = [x y]>
(associated with the fast time scale) and y2 = z (associated with
the slow time scale). Since the coupling is one way, there is no iter-
ation needed when solving the system, i.e. we solve for y1 and use
the solution to solve for y2. The same holds for the associated ad-
joint computation. Thus, the error arises solely from the numerical
solution of the fast and slow subsystems. Note however that the
numerical error of the fast component affects the accuracy of the
slow component. We plot the typical behavior of the error in
Fig. 5. The accuracy of the method deteriorates for longer times,
however the estimator can accurately predict the error dynamics.



Time

E
rr

o
r

in
x

(t
)

Time

E
rr

o
r

in
z(

t)

Fig. 5. Time history of the error for solving (35). Left: x(t). Right: z(t). The time steps Dt = 0.05, Ds1 = Dt/128, Ds2 = Dt.
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Fig. 6. Error for component z(t) in (35) at T = 1 plotted against Ds2.
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Only the terms Q1 and Q2 contribute to the error estimate (31),
and in fact, the error is dominated by the finite element residual
from the fast scale Q1. Fig. 6 shows the error in component z(t) at
the final time T = 1 when the system is solved using Dt = 0.05,
Ds1 = Dt/128, and decreasing Ds2. The slow scale finite element
residual Q2 decreases linearly as Ds2 decreases. On the other hand,
the fast scale finite element residual Q1 does not exhibit significant
change. Apparently, decreasing Ds2 yields improved accuracy only
until a certain stage, after which the error is dominated by the fast
scale residual. In terms of adaptivity, this example emphasizes the
potential of the error estimator to provide criteria for time step
refinement specific to the dominant error component.

5.3. A system with a slow variable coupled into the fast equations

Next, we consider the 3 � 3 system

_x ¼ 100yþ z; xð0Þ ¼ 9001
10001

_y ¼ �100x; yð0Þ ¼ 105

10001

_z ¼ �z; zð0Þ ¼ 1000;

8><
>: ð36Þ
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Fig. 7. Error for components x(t) and y(t) in (36) at T
in which the slow variable enters into the fast equations. In fact, this
system has the same solution as (34) in Section 5.1. As in that sub-
section, we set y1 = [x y]> and y2 = z. Because the slow scale equa-
tion does not involve the fast scale variables, two iterations are
sufficient to reduce the iteration error. Also, the slow scale finite
element residual component of the error Q1 is zero for component
y2. For all components, the iteration residual component Q4 is zero
because the adjoints u and # are equal, which is a consequence of
the fact that @Fi

@yj
is a constant independent of the solution.

Fig. 7 shows the error components in the fast scale components
x(t) and y(t) as a function of the fast time step Ds1. Here (36) is
solved until T = 2 with Dt = 0.2 and Ds2 = Dt/20. The method uses
only one iteration in each of the coarse time steps Dt. The slow
scale component z(t) has been solved accurately with error about
0.5%. Moreover, the difference between estimated and exact errors
is about 0.08%. As shown in the figure, the error estimator gives an
accurate prediction despite the inaccuracy of the method. Each
component exhibits a different error behavior in terms of the dom-
inant component. For component x(t), the dominant component is
Q3, i.e. the iteration error. Obviously decreasing Ds1 does not help
improving the method’s accuracy. The fast scale finite element
residual Q1 does seem to decrease linearly with respect to D s1.
By contrast, the error in component y(t) is dominated by Q1, and
thus decreasing Ds1 would result in smaller Q1 and hence reducing
the error for this component. Moreover, when Ds1 is sufficiently
small, the contribution of error from all components becomes rel-
atively comparable.

Fig. 8 shows the error components in the fast scale components
x(t) and y(t) when two iterations are used to solve the system. In
this case, the iteration error component Q3 is essentially zero and
the dominant component is Q1 for both x(t) and y(t). As Ds1 is de-
creased, this term decreases as does the total error. Both compo-
nents exhibit similar behavior and the error estimator predicts
the exact error accurately.
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= 2. Solutions are obtained using one iteration.
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Fig. 8. Error for components x(t) and y(t) in (36) at T = 2. Solutions are obtained using two iterations.
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Fig. 9. Error for components y1(t) and y2(t) at T = 1 in (37) as a function of number of iterations.

Time

E
rr

or
in

x
(t

)

Time

E
rr

or
in

x
(t

)

Fig. 10. Time history of error in x for solving (34). Left: Dt = 0.05,Ds1 = Dt/1600, Ds2 = Dt/32. Right: Dt = 0.00625, Ds1 = Dt/200, Ds2 = Dt/4.
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5.4. A nonlinearly coupled system with one scale

We consider

_x ¼ ey1 þ ey2 � 2; y1ð0Þ ¼ �1;
_y ¼ �ey1 � ey2 þ 2; y2ð0Þ ¼ 1:

	
ð37Þ

The exact solution is y1(t) = ln((e � 1)t + 1) � ln((e � 1)t + e), and
y2(t) = �y1(t). This system is not multiscaled, however the two equa-
tions are coupled in nonlinear fashion and we can investigate the
behavior of the error as the iterations increase. Fig. 9 shows the
behavior of the error over [0,1] with Dt = 1, and Ds1 = Ds2 = Dt/4.
At the first iteration, all error components are relatively comparable
to each other. As the iterations increase, the components Q3 and Q4

are reduced. However, the overall error fails to continue to improve
significantly as the iterations increase because the error is eventually
dominated by the finite element residuals Q1 and Q2. We can see also
that in each iteration the error estimator is in good agreement with
the exact error.

5.5. A nonlinearly coupled multiscale system

Next, we reconsider the 3 � 3 system in (34) described in Sec-
tion 5.1. Figs. 10–12 shows the time history of the error for the
three components. The system is solved until T = 2. The plots on
the left are for Dt = 0.05 and on the right for Dt = 0.00625. We
maintain the absolute size of the other time steps, resulting in
Ds1 = 0.05/1600 for the left column plots, and Ds1 = 0.00625/200
for the right columns plots. The error in all plots are shown for
the solutions obtained after convergence is reached. It requires 5
iterations to reach convergence for the solution with Dt = 0.05
(lefthand plots), and only 2 iterations for the solution with
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Fig. 11. Time history of error in y for solving (34). Left: Dt = 0.05, Ds1 = Dt/1600, D s2 = Dt/32. Right: Dt = 0.00625, Ds1 = Dt/200, Ds2 = Dt/4.
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Dt = 0.00625 (righthand plots). The dominant error is always the
fast scale finite element residual Q1. The estimator predicts the er-
ror with �2% difference for x(t), and �11% for y(t) and z(t).

5.6. A two-scale system of wire suspended masses

We return to the two-scale version of the mass-wire system (2)
described in the introduction. We set M = 10, m = 0.1, A = 0.25,
a = 0.1, and C = c = 0.

Fig. 13–16 show the time history of the error of three compo-
nents of the solution, the slow component/heavy mass at location
x1, the light mass at x3 (the so-called ‘‘bridge’’ mass) that is con-
nected to a heavy mass on one side and a light mass on the other,
and the fast component/light mass at location x7. Even when the
error is very large, the error estimate gives an accurate picture of
the error. The figures also indicate the dominant component in
each case. For example, when only one iteration is used, the itera-
tion error is dominant, while when three iterations is used, the fi-
nite element residual is the dominating component.

6. Details of the a priori analysis

6.1. Convergence of the analytic fixed point iteration

As with the standard local analysis for ordinary differential
equations, the solution of (9) is sought in a neighborhood of the ini-
tial condition y(tn�1). Because F 2 C1(E), it is locally Lipschitz in E. In
particular, for y(tn�1) 2 E, there exists an � neighborhood
B�ðyðtn�1ÞÞ in E and a positive constant L such that
jFðuÞ � FðvÞj 6 Lju� v j, for all u and v in B�ðyðtn�1ÞÞ. In addition,
with b = �/2, the function F is continuous and bounded with bound
M in the compact set B ¼ fu 2 R2; such that ju� yðtn�1Þj 6 bg. We
claim that the solution of (9) is unique in B. It is obvious that the
argument employed to achieve this is exactly the same for each
integral equation because for fixed m, each integral equation is
solved independently of each other. The following lemma can be
applied appropriately to each of the integral equations in (9).

Lemma 6.1. Assume that ða; bÞ 2 B. Then the integral equation

nðtÞ ¼ aþ
Z t

tn�1

Fiðn;bÞds; ð38Þ

admits a unique solution with ðn;bÞ 2 B.
Proof. Part of the proof closely follows standard arguments for
existence and uniqueness (see [47]). We set n(0) = a and compute

nðjÞðtÞ ¼ aþ
Z t

tn�1

Fi nðj�1Þ;b
� �

ds; ð39Þ

for j = 1,2, . . . . For j = 1, this gives jnð1ÞðtÞ � aj 6Mðt � tn�1Þ 6MDtn.
Then by choosing Dtn 6 b=M (and thus tn 6 tn�1 þ b=M) we have
ðnð1Þ; bÞ 2 B. By induction, ðnðjÞ;bÞ 2 B. We proceed to show that
the sequence {n(j)} converges an element of B. Using the Lipschitz
condition, jnð1ÞðtÞ � nð0Þj 6 ðt � tn�1ÞM, and induction gives

jnðjÞðtÞ � nðj�1ÞðtÞj 6ML
ðLDtnÞj

j!
6
M
L ðLDtnÞj;

for j P 2. As long as DtnL < 1, we know that for l > k > N

jnðlÞðtÞ � nðkÞðtÞj 6
Xl

j¼kþ1

jnðjÞðtÞ � nðj�1ÞðtÞj 6ML
ðLDtnÞN

1� LDtn
:

By choosing Dtn < minfb=M;1=Lg; jnðlÞðtÞ � nðkÞðtÞj vanishes as
N ?1. This implies that n(j)(t) is a Cauchy sequence of continuous
functions in In = [tn�1, tn] which converges uniformly to an element
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Fig. 14. Time history of error for solving (2) using three iterations. Left: M1 (slow). Middle: m3 (‘‘bridge’’). Right: m7 (fast). Q3 and Q4 are essentially zero and are not shown.
Time steps: Dt = 0.02, Ds1 = Dt/32, Ds2 = Dt.
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Fig. 13. Time history of error for solving (2) using one iteration. Left: M1 (slow). Middle: m3 (‘‘bridge’’). Right: m7 (fast). Time steps: Dt = 0.02, Ds1 = Dt/32, Ds2 = Dt.
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Fig. 15. Time history of error for solving (2) using one iteration. Left: M1 (slow). Middle: m3 (‘‘bridge’’). Right: m7 (fast). Time steps: Dt = 0.02, Ds1 = Dt/32, Ds2 = Dt/8.
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Fig. 16. Time history of error for solving (2) using three iterations. Left: M1 (slow). Middle: m3 (‘‘bridge’’). Right: m7 (fast). Q3 and Q4 are essentially zero and are not shown.
Time steps: Dt = 0.02, Ds1 = Dt/32, Ds2 = Dt/8.
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in C(In). We pass to the limit in (39), so that this limit satisfies (38).
The uniqueness of this limit is established by contradiction using
DtnL < 1. h

Now we can use this lemma to prove Theorem 3.1.

Proof of Theorem 3.1. As in Algorithm 2, yð0Þ1 ¼ y1ðtn�1Þ and
yð0Þ2 ¼ y2ðtn�1Þ. We choose Dtn < minfb=M;1=Lg, where all the
constants are as in the paragraph preceeding Lemma 6.1. The
existence of the sequences are established by repeated application
of Lemma 6.1. For m = 1, we designate a = y1(tn�1) and b ¼ yð0Þ2 . Then
by Lemma 6.1, the integral equation governing yð1Þ1 admits a unique

solution with yð1Þ1 ; yð0Þ2

� �
2 B. Similarly, witha = y2(tn�1) and b ¼ yð1Þ1 ,

Lemma 6.1 guarantees that yð1Þ2 is unique with yð1Þ1 ; yð1Þ2

� �
2 B. We

can repeatedly apply this lemma and use induction argument to

show that the sequences yðmÞ1 ; yðmÞ2

� �
2 B. Our next task is to

establish the convergence of the sequences. Note that

yð1Þ2 ðtÞ � yð0Þ2 ðtÞ
��� ��� ¼ yð1Þ2 ðtÞ � y2ðtn�1Þ

��� ��� 6Mðt � tn�1Þ 6MDtn:

Then by adding and subtracting F1 yð1Þ1 ; yð1Þ2

� �
and applying the

Lipschitz condition for F

yð2Þ1 ðtÞ � yð1Þ1 ðtÞ
��� ��� 6 Z t

tn�1

F1 yð2Þ1 ; yð1Þ2

� �
� F1 yð1Þ1 ; yð1Þ2

� ���� ����
þ F1 yð1Þ1 ; yð1Þ2

� �
� F1 yð1Þ1 ; yð0Þ2

� ���� ����ds

6 L
Z t

tn�1

yð2Þ1 ðsÞ � yð1Þ1 ðsÞ
��� ���dsþ 1

2
MLðt � tn�1Þ2:

Setting sn ¼ LDtn expðLDtnÞ, we apply a Gronwall’s inequality to
obtain,

yð2Þ1 ðtÞ � yð1Þ1 ðtÞ
��� ��� 6 1

2
MLðt � tn�1Þ2 expðLDtnÞ 6

M
L expðLDtnÞ

s2
n:

Similarly,

yð2Þ2 ðtÞ � yð1Þ2 ðtÞ
��� ��� 6 M

L expðLDtnÞ
s2

n:

By induction,

yðmÞ1 ðtÞ � yðm�1Þ
1 ðtÞ

��� ��� 6 Cnsm
n and yðmÞ2 ðtÞ � yðm�1Þ

2 ðtÞ
��� ��� 6 Cnsm

n :

where Cn ¼M=ðL expðLDtnÞÞ. As long as sn < 1, we know that for
l > k > N

yðlÞ1 ðtÞ � yðkÞ1 ðtÞ
��� ��� 6 Xl

m¼kþ1

yðmÞ1 ðtÞ � yðm�1Þ
1 ðtÞ

��� ���
6

X1
m¼N

yðmÞ1 ðtÞ � yðm�1Þ
1 ðtÞ

��� ��� 6 CnsN
n

1� sn
:

In other words, enforcing sn < 1 insures that yðmÞ1 ðtÞ is a Cauchy se-
quence of continuous function that converges uniformly to an ele-
ment in C(In). This is also true for yðmÞ2 . We pass to the limit in (9),
so that this limit satisfies (1) in In. Uniqueness is again established
by contradiction. h
6.2. Convergence analysis for the iterative multirate Galerkin finite
element method

The errors are denoted by eðmÞi ¼ yðmÞi � Y ðmÞi for i = 1, 2. It is obvi-
ous from the description of the method that the finite element solu-
tion Y(m) is a consistent numerical discretization of the differential
equations governing y(m). Thus intuitively we expect that the error
resulting from this discretization can be bounded by some power of
the time steps Dsi,n. Standard analysis of time discontinuous finite
element for solving system of ordinary differential equations have
been performed by many authors, see for example [16,17,35,22].
In general, one initiates a local analysis within a time sub-interval
under the assumption that the initial condition in this interval is ex-
act. Then some form of recursive formulae is derived which is used
to accumulate the contribution from each time sub-interval to yield
an error estimate at the final time.

Similar arguments can be employed to bound the errors of Y ðmÞ1

and Y ðmÞ2 separately. However, there are complications that need to
be addressed appropriately. Firstly, one or both of the differential
equations may be solved by lagging one component an iterate be-
hind the current one, e.g. in Algorithms 1 and 2, we have chosen to
lag Y ðm�1Þ

2 . Secondly, the dependence of function F on both Y ðmÞ1 and
Y ðmÞ2 dictates that the accuracy of one component affects the other.

This is reflected in the following two lemmas. Lemma 6.2 com-
pares the numerical solution of component Y ðmÞ2 in time interval In

with a similar finite element solution with exact initial condition
at tn�1 (i.e., it is equal to yðmÞ2 ðtn�1Þ). As expected, this comparison
depends upon both the error in the initial condition at tn�1 and
on the error in the approximation Y ðmÞ1 . Accumulation of local error
in each Ik,n with k = 1, . . . ,L2,n gives the quantification of accuracy of
component Y ðmÞ1 . Furthermore, with slight modification of the proof
to take account of the fact that the approximate solution Y2 is
known at the previous, rather than the current iteration (at
m � 1 rather than m), a similar estimate is also true for Y ðmÞ1 which
we state in Lemma 6.3. In what follows, we set jujIl;n

¼ supt2Il;n
juðtÞj,

and similarly for In.

Lemma 6.2. Let Z 2 Vðq2ÞðInÞ satisfyZ
Ik;n

_Z � F2 yðmÞ1 ; Z
� �

;W
� �

dt þ ½Z�k�1;n;W
þ
k�1

� �
¼ 0 ð40Þ

for all W 2 Pðq2ÞðIk;nÞ; k ¼ 1;2; . . . ; L2;n, and Z t�0;n
� �

¼ yðmÞ2 ðtn�1Þ. With
/ ¼ Z � Y ðmÞ2 ,

j/j2Ik;n
6 10 expð24LDtnÞ eðmÞ2 t�n�1

� ���� ���2 þ 5LDtn

2
eðmÞ1

��� ���2
In

� �
;

for sufficiently small Ds2,n, where jeðmÞ1 jIn
¼max16k6L2;n je

ðmÞ
1 jIk;n

n o
.

Proof. We know that for / 2 Pðq2ÞðIk;nÞ with q2 = 0, 1,

j/j2Ik;n
¼max j/þk�1;nj

2
; j/�k;nj

2
n o

6 j/þk�1;nj
2 þ j/�k;nj

2
: ð41Þ

Subtracting (6) from (40) givesZ
Ik;n

_/þ F2 Y ðmÞ1 ;Y ðmÞ2

� �
� F2 yðmÞ1 ; Z

� �
;W

� �
dt þ ½/�k�1;n;W

þ
k�1

� �
¼ 0

ð42Þ
for every W 2 Pðq2ÞðIk;nÞ. With W = / in (42) and using the Lipschitz
condition of F, we find that

1
2
j/�k;nj

2 þ 1
2
j/þk�1;nj

2
6
L
2

Z
Ik;n

3j/j2 þ jeðmÞ1 j
2

� �
dt

þ j/�k�1;nj j/
þ
k�1;nj: ð43Þ

This in turn gives

j/�k;nj
2
6 j/�k�1;nj

2 þ L
Z

Ik;n

3j/j2 þ jeðmÞ1 j
2

� �
dt: ð44Þ

Using W ¼ ðt � tk�1;nÞ _/ in (42) and estimating yield

1
2

Ds2
2;nj _/j

2
6 L2

Z
Ik;n

j/j2 þ jeðmÞ1 j
2

� �
ðt � tk�1;nÞdt

þ 1
2
j _/j2

Z
Ik;n

ðt � tk�1;nÞdt;
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from which we get

1
4

Ds2
2;nj _/j

2
Ik;n
6 L2Ds2;n

Z
Ik;n

j/j2 þ eðmÞ1

��� ���2� �
dt:

Because
R

Ik;n
j/j2dt 6 2Ds2;nj/�k;nj

2 þ 2
3 Ds3

2;nj _/j
2
Ik;n

, combining this with
the last inequality yields

1�2
3
ð2LDs2;nÞ2

� �Z
Ik;n

j/j2dt6 2Ds2;nj/�k;nj
2þ2

3
ð2LDs2;nÞ2

Z
Ik;n

eðmÞ1

��� ���2dt:

Provided that 1� 2
3 ð2LDs2;nÞ2

� �
> 2=3 (which is equivalent to

having ð2LDs2;nÞ2 < 1=2), we getZ
Ik;n

j/j2dt 6 3Ds2;nj/�k;nj
2 þ ð2LDs2;nÞ2

Z
Ik;n

eðmÞ1

��� ���2dt

6 3Ds2;nj/�k;nj
2 þ 1

2

Z
Ik;n

eðmÞ1

��� ���2dt: ð45Þ

Substitution of (45) to (44) gives

j/�k;nj
2
6 j/�k�1;nj

2 þ 9LDs2;nj/�k;nj
2 þ 5

2

Z
Ik;n

eðmÞ1

��� ���2 dt:

Provided that 1� 9LDs2;n > 1=10 (which is equivalent to having
LDs2;n < 1=10), then this last inequality yields

j/ðt�k;nÞj
2
6 expð24LDs2;nÞ j/ðt�k�1;nÞj

2 þ 5L
2

Z
Ik;n

eðmÞ1

��� ���2 dt

 !
:

We can now undo the recursive relation to get

j/ t��k;n
� �

j2 6 expð24L�kDs2;nÞ jeðmÞ2 t�n�1

� �
j2 þ 5L

2

X�k

k¼1

Z
Ik;n

eðmÞ1

��� ���2 dt

 !

ð46Þ

for �k ¼ 1;2; . . . ; L2;n. Furthermore, using (41) in (43) and estimating
we get

j/j2Ik;n
6 4j/ðt�k�1;nÞj

2 þ 2L
Z

Ik;n

3j/j2 þ eðmÞ1

��� ���2� �
dt;

which gives

ð1� 6LDs2;nÞj/j2Ik;n
6 4j/�k�1;nj

2 þ 2L
Z

Ik;n

eðmÞ1

��� ���2 dt;

and thus

j/j2Ik;n
6 10j/�k�1;nj

2 þ 5L
Z

Ik;n

eðmÞ1

��� ���2 dt;

Using (46) with �k ¼ k� 1 in the last inequality, we get

j/j2Ik;n
6 10 expð24Lðk� 1ÞDs2;nÞ eðmÞ2 t�n�1

� ���� ���2 þ 5L
2

Xk�1

j¼1

Z
Ij;n

eðmÞ1

��� ���2 dt

 !

þ 5L
Z

Ik;n

eðmÞ1

��� ���2 dt

6 10 expð24Lðk� 1ÞDs2;nÞ eðmÞ2 t�n�1

� ���� ���2 þ 5L
2

Xk

j¼1

Z
Ij;n

eðmÞ1

��� ���2 dt

 !

6 10 expð24LDtnÞ jeðmÞ2 t�n�1

� �
j2 þ 5LDtn

2
eðmÞ1

��� ���2
In

� �
�

Lemma 6.3. Let X 2 Vðq1ÞðInÞ satisfy

Z
Il;n

_X � F1 X; yðm�1Þ
2

� �
;V

� �
dt þ ½X�l�1;n;V

þ
l�1

� �
¼ 0 ð47Þ
for all V 2 Pðq1ÞðIl;nÞ; l ¼ 1;2; . . . ; L1;n, and X t�0;n
� �

¼ yðmÞ1 ðtn�1Þ. With
n ¼ X � Y ðmÞ1 ,

jnj2Il;n
6 10 expð24LDtnÞ je1 t�n�1

� �
j2 þ 5LDtn

2
je2j2In

þ 5LDtn

2
rðmÞ2

��� ���2
In

� �

for sufficiently small Ds1,n, where rðmÞ2 ¼ yðmÞ2 � yðm�1Þ
2

� �
�

Y ðmÞ2 � Y ðm�1Þ
2

� �
.

Proof. This is obtained using the same argument as in
Lemma 6.2. h

The two lemmas above are true for any iteration m within a
time interval In. Not only is it apparent that the accuracy of one
component affects the other, but as stated in Lemma 6.3, the error
also depends upon the accuracy of the previous iteration. Thus, in
addition to the numerical discretization, the iteration residuals
would also influence the accuracy of the overall solution. The fol-
lowing lemma states this fact about the error eðmÞ ¼ eðmÞ1 eðmÞ2

h i>
.

Lemma 6.4. For sufficiently small Dtn, the error of the finite element
solutions at iteration level m over time interval In satisfies

jeðmÞðt�n Þj
2
6 expðCDtnÞ jeðmÞ t�n�1

� �
j2 þDt2

n C1Ds2ðq1þ1Þ
1;n þ C2Ds2ðq2þ1Þ

2;n

� ��
þ C3Dtn rðmÞ2

��� ���2
In

�
:

Proof. Given the finite element solutions Y ðmÞ1 and Y ðmÞ2 over time
interval In, we use X and Z in Lemmas 6.2 and 6.3, to write

eðmÞ1 ¼ yðmÞ1 � X
� �

þ n and eðmÞ2 ¼ yðmÞ2 � Z
� �

þ /;

where n and / are as in those two lemmas. Moreover, it has been
established ([17,35,22]) that

yðmÞ1 � X
��� ���

In

6 CDtnDsq1þ1
1;n and yðmÞ2 � X

��� ���
In

6 CDtnDsq2þ1
2;n :

Using Lemmas 6.2 and 6.3, we get

eðmÞ1

��� ���2
In

þ eðmÞ2

��� ���2
In

6 CDt2
nDs2ðq1þ1Þ

1;n þ C Dt2
nDs2ðq2þ1Þ

2;n

þ 10 expð24LDtnÞ eðmÞ1 t�n�1

� ���� ���2 þ 5LDtn

2
eðmÞ2

��� ���2
In

�

þ 5LDtn

2
rðmÞ2

��� ���2
In

�
þ 10 expð24LDtnÞ

� eðmÞ2 t�n�1

� ���� ���2 þ 5LDtn

2
eðmÞ1

��� ���2
In

� �
:

Arguing as in Lemma 6.2, for sufficiently small D tn, there are con-
stants C, C1, C2, and C3 such that

eðmÞ1

��� ���2
In

þ eðmÞ2

��� ���2
In

6 expðCDtnÞ jeðmÞ t�n�1

� �
j2

�
þ Dt2

n C1Ds2ðq1þ1Þ
1;n þ C2Ds2ðq2þ1Þ

2;n

� �
þ C3Dtnjr2j2In

�
:

Because eðmÞ t�n
� ��� ��2 6 eðmÞ1

��� ���2
In

þ eðmÞ2

��� ���2
In

, this last inequality gives the

desired estimate. h

Finally, we have the proof of Theorem 3.2.

Proof. Lemma 6.4 in Section 6 is a recursive relation for the error
within time interval In. With m = Mn, this recursive relation is
unwound to obtain the error estimate at the final time tN = T. h
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7. Summary

In this paper, we carry out an a priori analysis and derive a hy-
brid a posteriori – a priori error estimate for a multirate numerical
method for an ordinary differential equation that presents signifi-
cantly different scales within the components of the model. We
formulate an iterative multirate Galerkin finite element method
then employ adjoint operators and variational analysis. The a priori
analysis uses the fact that iterative multirate Galerkin finite ele-
ment method is a consistent approximation of the analytic fixed
point iteration we construct. The hybrid estimate has the form of
a computable leading order expression plus uncomputable quanti-
ties that are provably higher order in an asymptotic sense. These
higher order terms vanish when the convergence in both the solu-
tion and adjoint are reached. The computable expression repre-
sents the error in terms of contributions from the numerical
error arising in the solution of each component, the iteration error,
and the error in the adjoint arising from the analytic fixed point
iteration. The a posteriori analysis takes into account the fact that
the original problem and an analytic fixed point iteration are asso-
ciated with different adjoint problems. We conclude with some
examples that demonstrate the accuracy of the computable parts
of the hybrid a posteriori – a priori estimate.
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