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This paper is concerned with the accurate computational error estimation of numerical
solutions of multi-scale, multi-physics systems of reaction–diffusion equations. Such sys-
tems can present significantly different temporal and spatial scales within the components
of the model, indicating the use of independent discretizations for different components.
However, multi-discretization can have significant effects on accuracy and stability. We
perform an adjoint-based analysis to derive asymptotically accurate a posteriori error esti-
mates for a user-defined quantity of interest. These estimates account for leading order
contributions to the error arising from numerical solution of each component, an error
due to incomplete iteration, an error due to linearization, and for errors arising due to
the projection of solution components between different spatial meshes. Several numerical
examples with various settings are given to demonstrate the performance of the error
estimators.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

This paper is concerned with the accurate computational error estimation of numerical solutions of multi-scale, multi-
physics systems of reaction–diffusion equations. The components of solutions of such multi-scale, multi-physics models typ-
ically exhibit spatial and temporal behavior occurring over a significant range of scales. For example, consider the well-
known Brusselator model for chemical dynamics [25,1]. This is a system of reaction–diffusion equations whose separate
components can behave over different spatial and temporal scales for particular choices of parameters. The model is
_u1 � �1Du1 ¼ a� ðbþ 1Þu1 þ u2
1u2; x 2 X � R2; t > 0;

c _u2 � �2Du2 ¼ bu1 � u2
1u2; x 2 X; t > 0;

u1ðx; tÞ ¼ a; u2ðx; tÞ ¼ b=a; x 2 @X; t > 0;
u1ðx;0Þ ¼ u1;0ðxÞ; u2ðx;0Þ ¼ u2;0ðxÞ; x 2 X;

ð1Þ
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Fig. 1. Brusselator: Color contour plots of the solution at T ¼ 1:0. (a) u1ðxÞ. (b) u2ðxÞ.
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where u1 and u2 are concentrations of species 1 and 2, respectively. We assume that 0 < �0 < �i; i ¼ 1;2, for some
positive constant �0. The solutions are multi-scale in time and space for a wide range of parameter values. In Fig. 1 we show
the solution at t ¼ 1:0 corresponding to a ¼ 2; b ¼ 5:45; �1 ¼ 0:008; �2 ¼ 0:08; c ¼ 20 and initial conditions
u1;0ðxÞ ¼ aþ 0:1 sinðpx1Þ sinðpx2Þ and u2;0ðxÞ ¼ b=aþ 0:1 sinðpx1Þ sinðpx2Þ. We plot a cross section of the numerical solution
at x2 ¼ 0:25 in Fig. 2. There are sharp spatial gradients for the component u1, while u2 shows relatively less spatial variation,
suggesting that we might use an relatively finer mesh to resolve u1. The time evolution of the solution at the point
x ¼ ð0:25;0:25Þ is also shown in Fig. 2 and indicates the multirate nature of the solutions in which u1 is a faster component
than u2 and requires relatively fine time steps for accurate resolution.

In practical situations, the error of approximate solutions of multi-scale, multi-physics evolution models is always
significant. Simply providing an a priori analysis of convergence and an assertion that the error is small for sufficiently
refined discretizations that cannot be achieved in practice is inadequate for scientific purposes. Hence, application of
numerical solution to predictive science and engineering applications requires accurate estimation of information com-
puted from numerical solution as part of the overall uncertainty quantification critical to scientific and engineering
needs.

For multi-scale problems, the demands of computational efficiency (or simple necessity) suggests a multi-discretization
approach that involves solving the distinct components of a multi-physics model using independent meshes and time steps
chosen to resolve behavior on the pertinent scales. A multi-discretization strategy often has significant effects on the
accuracy and stability of the numerical solution. Indeed, such multi-discretization methods fall into the general class of
multi-scale operator decomposition methods [11], that typically employ some form of projection to link solutions computed
on different spatial and temporal meshes and necessarily ‘‘synchronize’’ solutions that have been decoupled during an iter-
ative solution process. Since these practices can have a complex effect on accuracy and stability, there has been a steady
development of a posteriori error estimates for a wide range of multi-scale operator decomposition methods in recent years
[13,12,16,18,6,7,22,21,23] extending earlier work on a posteriori error analysis employing computable residuals and adjoint
problems, see e.g. [10,8,9,15,19,5,3,4]. While the primary purpose of such estimates is to quantify the contributions of
various sources of discretization error on accuracy and stability, the estimates can also provide guidance as to the choice
of numerical parameters needed to obtain a desired accuracy.

The analysis of multi-discretization numerical methods for multi-scale systems of partial differential equations in this
paper extends earlier results for multi-rate time integration schemes for initial value problems for ordinary differential equa-
tions in [14]. For simplicity, we consider a system comprised of two reaction–diffusion equations: Find u ¼ ðu1u2Þ> that
satisfies
_u1 �r � ð�1ru1Þ ¼ f1ðu1; u2Þ; ðx; tÞ 2 X� ð0; T�;
_u2 �r � ð�2ru2Þ ¼ f2ðu1; u2Þ; ðx; tÞ 2 X� ð0; T�;

uiðx; tÞ ¼ 0; ðx; tÞ 2 @X� ð0; T�; i ¼ 1;2;

uiðx;0Þ ¼ giðxÞ; x 2 X; i ¼ 1;2;

ð2Þ
where X is a convex polygonal domain with boundary @X; ffig are differentiable functions of their arguments, f�ig and fgig
are smooth functions in X, and there is a constant �0 > 0 such that �i P �0 > 0 on X. Finally, we also assume that
fið0Þ ¼ 0; i ¼ 1;2: ð3Þ
The latter assumption is used to define the adjoint problems employed for the a posteriori error analysis carried out in Sec-
tion 4. The ideas and results extend to systems consisting of more than two equations in a straightforward way. Condition (3)
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Fig. 2. Brusselator. (a) Spatial cross section of the solution at x2 ¼ 0:25 and T ¼ 1:0. (b) Temporal cross section of the solution at x ¼ ð0:25;0:25Þ.
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can also be generalized, see Section 4. Finally, neglecting the vastly more difficult questions of existence, uniqueness, and
regularity for the problem, the analysis also extends to problems with nonlinear diffusion constants, and we show the formal
result in Section 7.

Whenever appropriate, we write the differential equations in a compact form
_u�r � ð�ruÞ ¼ f ðuÞ;
where � ¼ diagð�1; �2Þ,ru ¼ ½ru1 ru2�>, and f ðuÞ ¼ ½f1ðuÞ f 2ðuÞ�
>. The diffusion coefficients, �1 and �2, and reaction terms

f1 and f2 may induce different spatial and temporal properties for u1 and u2. We adopt a multi-discretization approach in
which each component model is solved on its own scale. In order to facilitate this approach, we compute the solution using
a common iterative approach in which each component model is solved while fixing the other component solutions. The
individual component solves are synchronized by exchanging information at designated ‘‘synchronization’’ times. At each
synchronization time, component exchanges are iterated a specified number of times before the solution proceeds to the
next synchronization time.

In this paper, we derive accurate a posteriori error estimates for a quantity of interest obtained from a numerical solu-
tion computed using the iterative multi-discretization scheme. The estimates account for leading order contributions to the
error arising from numerical solution of each component, multi-discretization, and iterative solution. The estimates quan-
tify the relative size of the various contributions to the error. We demonstrate the accuracy of the estimates on a variety of
examples.

The rest of the paper is organized as follows. In Section 2, we formulate an iterative multi-discretization Galerkin finite
element method for (2). In Section 3, we formulate an analytic version of (2) that we use for the purpose of analysis. We pres-
ent the first results of an analysis for the multi-discretization solution method in Section 4 followed by numerical examples
in Section 5. In Section 6, we expand the analysis to include the effects of using different space meshes for the two compo-
nents. We also give numerical results for the Brusselator problem in this section. Finally, in Section 7 we consider the anal-
ysis for systems in which the diffusion coefficient may depend on the solution.
2. An iterative multi-discretization Galerkin finite element method

In Algorithm 1 we formulate the iterative multi-discretization Galerkin finite element method for (2). We first discretize
½0; T� into 0 ¼ t0 < t1 < t2 < � � � < tN ¼ T with time steps Dtn ¼ tn � tn�1f gN

n¼1; Dt ¼max16n6NfDtng and time intervals
In ¼ ½tn�1; tn�. We think of ftng as synchronization times during which information between the two component solves inte-
rior to the nodes is exchanged iteratively. To each tn, we assign a positive integer Mn which is the number of iterations to be
used when synchronizing the fast and slow components.

To solve the components over each synchronization interval, we divide the intervals fIng into a number of smaller time
steps. We let Li;n; i ¼ 1;2 be two positive integers, where L1;n denotes the number of time steps used to solve the subsystem 1
and L2;n the number of steps used for subsystem 2 on each synchronization interval. Without loss of generality, we assume
L1;n ¼ dnL2;n for some positive integer dn, i.e., L1;n is divisible by L2;n. We denote time steps for each component in the Galerkin
formulation by Dsi;n ¼ Dtn=Li;n, with Dsi ¼ max16n6NfDsi;ng. We use an extension of the discontinuous Galerkin method [15].
The method naturally extends to the continuous Galerkin method [15].
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To construct the finite dimensional spaces, we first discretize X into triangulations T hi
, where hi denotes the maximum

diameter of the elements of T hi
; i ¼ 1;2, i.e., each equation has different triangulation. Each of these triangulations is

arranged in such a way that the union of the elements of T hi
is X, and the intersection of any two elements is either a com-

mon edge, node, or is empty.
The approximations are polynomials in time and continuous piecewise polynomials in space on each space–time slab

Sl;n ¼ X� Il;n, for l ¼ 1; . . . ; L1;n and Sk;n ¼ X� Ik;n, for k ¼ 1; . . . ; L2;n. Here Il;n ¼ ½tn�1 þ ðl� 1ÞDs1;n; tn�1 þ lDs1;n� and
Ik;n ¼ ½tn�1 þ ðk� 1ÞDs2;n; tn�1 þ kDs2;n� are the smaller time intervals. In space, we let Vhi

� H1
0ðXÞ denote the space of contin-

uous piecewise polynomial functions vðxÞ 2 R defined on T hi
. (For simplicity we confine our attention to problems with

homogeneous Dirichlet boundary conditions). On each slab, we define
Wq1
l;n ¼ wðx; tÞ : wðx; tÞ ¼

Xq1

j¼0

tjv jðxÞ;v j 2 Vh1
; ðx; tÞ 2 Sl;n

( )
;

Wq2
k;n ¼ wðx; tÞ : wðx; tÞ ¼

Xq2

j¼0

tjv jðxÞ; v j 2 Vh2
; ðx; tÞ 2 Sk;n

( )
:

We denote the jump across tn by ½w�n ¼ wþn �w�n , where w�n ¼ lims!t�n
wðsÞ. We let P1!2 : Wq1

l;n !Wq2
k;n;P2!1 : Wq2

k;n !Wq1
l;n

denote projections between the two spaces. The iterative discontinuous Galerkin dG (q) finite element approximation is
written down in Algorithm 1. In the algorithm, UðmÞ ¼ ½UðmÞ1 ;UðmÞ2 �

>
2Wq1

l;n �Wq2
k;n are the finite element solutions, defined

locally on time intervals Il;n and Ik;n. The notation ða; bÞ denotes the L2 inner product, or simply the spatial integral,R
X abdx.

Algorithm 1. Iterative multi-discretization Galerkin finite element method

Set UðM0Þð�; t�0 Þ ¼ uð�; t0Þ
for n ¼ 1 to N do

Set Uð0Þ2 ¼ UðMn�1Þ
2 ð�; tn�1Þ

for m ¼ 1 to Mn do

Set UðmÞð�; t�n�1Þ ¼ UðMn�1Þð�; t�n�1Þ
for l ¼ 1 to L1;n do

Compute UðmÞ1 2Wq1
l;n satisfying
Z
Il;n

_UðmÞ1 � f1ðUðmÞ1 ;P2!1Uðm�1Þ
2 Þ;V

� �
dt þ

Z
Il;n

�1rUðmÞ1 ;rV
� �

dt þ ½UðmÞ1 �l�1;n;V
þ
l�1

� �
¼ 0 ð4Þ
for all V 2Wq1
l;n

end for
for k ¼ 1 to L2;n do

Compute UðmÞ2 2Wq2
k;n satisfying
Z
Ik;n

_UðmÞ2 � f2ðP1!2UðmÞ1 ;UðmÞ2 Þ; Z
� �

dt þ
Z

Ik;n

�2rUðmÞ2 ;rZ
� �

dt þ ½UðmÞ2 �k�1;n; Z
þ
k�1

� �
¼ 0 ð5Þ
for all Z 2Wq2
k;n

end for
end for

end for
3. An analytic iterative method

The approach to the a posteriori analysis of the multi-discretization finite element approximation in Algorithm 1 we use in
this paper starts with defining an iterative method to determine an analytic solution of (2) obtained via a sequence of func-
tions fuðmÞi ðtÞg that map the time intervals to the Banach space X ¼ L2ðXÞ, i.e., uðmÞi ðtÞ : ½tn�1; tn� � X ! X for i ¼ 1;2. The iter-
ative method defining fuðmÞi g is given in Algorithm 2.
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Algorithm 2. Analytic iterative method

for n ¼ 1 to N do

Set uð0Þ2 ¼ uðMn�1Þ
2 ð�; tn�1Þ

for m ¼ 1 to Mn do

Compute uðmÞ1 ðx; tÞ in X� In satisfying� �8

_uðmÞ1 �r � �1ruðmÞ1 ¼ f1ðuðmÞ1 ;uðm�1Þ

2 Þ; ðx; tÞ 2 X� In;

uðmÞ1 ðx; tÞ ¼ 0; ðx; tÞ 2 @X� In;

uðmÞ1 ðx; tn�1Þ ¼ uðMn�1Þ
1 ðx; tn�1Þ; x 2 X:

>><>>: ð6Þ
Compute uðmÞ2 ðx; tÞ in X� In satisfying� � � �8

_uðmÞ2 �r � �2ruðmÞ2 ¼ f2 uðmÞ1 ;uðmÞ2 ; ðx; tÞ 2 X� In;

uðmÞ2 ðx; tÞ ¼ 0; ðx; tÞ 2 @X� In;

uðmÞ2 ðx; tn�1Þ ¼ uðMn�1Þ
2 ðx; tn�1Þ; x 2 X:

>><>>: ð7Þ
end for
end for
The accuracy of the computational error estimate derived below assumes that the analytic iteration has converged to a
sufficient extent and the discretization error is sufficiently small. The following assumptions provide sufficient general con-
ditions to guarantee convergence of uðmÞi to ui; i ¼ 1;2:

Assumption A.1. Assume that f ðt;uÞ : ½tn�1; tn� � X � X ! X � X is uniformly Lipschitz continuous with constant L, i.e.
kf ðt;uÞ � f ðt; vÞkX�X 6 Lku� vkX�X 8t P 0: ð8Þ
Similarly, we assume that f 0ðuÞ is uniformly Lipschitz continuous with constant L0.’
Assumption A.2. Let M be the bound on the semigroup G associated with (2) (defined in Appendix). We assume that the
time steps Dtn satisfy the inequality,
MLDtn expðMLDtnÞ < 1: ð9Þ

The convergence proof is given in the Appendix. We note that these are sufficient conditions to guarantee convergence of

the iteration. They are not necessary and the iteration may converge in specific cases without satisfying these assumptions.
Our a posteriori analysis assumes the iteration is convergent and employs the Lipschitz assumptions, but does not specifically
depend on the bound on the semigroup.

The motivation for introducing the analytic iterative solution method is the realization that the iterative multi-discreti-
zation Galerkin finite element method in Algorithm 1 is a consistent finite element space–time discretization of Algorithm 2.
In particular, in (4) and (5) we have chosen piecewise space–time polynomials that solve the weak or variational formulation
of (6) and (7) respectively. The variational formulation is obtained by multiplying each (6) and (7) by appropriate test func-
tions, integrating over space and time, and using Green’s formula on the elliptic part. In practice, we evaluate the finite ele-
ment function using quadrature to approximate the associated integral, which results in a set of discrete equations.

4. A posteriori analysis of the iterative multi-discretization Galerkin finite element method

We derive computational a posteriori error estimates based on variational analysis, residuals of the finite element approx-
imation, and the generalized Green’s function solving the adjoint problem [8,10,9,15,19,5,3,11,4]. We first develop the anal-
ysis assuming the same spatial meshes for both components. We relax this restriction in Section 6 where we include the
effect of projection between different spatial meshes.

A key feature of the analysis is the realization that the iterative multi-discretization approximation is naturally associated
with a different adjoint operator than that for the original problem. For this reason, we use a different linearization than
commonly employed for nonlinear problems [13]. We assume that the operators for the original problem and the analytic
operator decomposition version share a common solution, and use that as a linearization point for determining the stability
properties of solutions in the neighborhood of the linearization point. The simplest example is to assume a common steady-
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state solution such as 0, which is guaranteed by the homogeneity assumption (3), i.e., f ð0Þ ¼ 0. This assumption is employed
in many standard analyses of the model (2) and it is satisfied in a great many cases. The condition can be generalized (see
[13]), e.g. to other steady state solutions or to a given function of time. We give an example of a system (Brusselator) that
uses an alternative condition in Section 6 [13]. We let
f 0ijðuÞ ¼
Z 1

0

@fi

@uj
ðsuÞds; i; j ¼ 1;2 ð10Þ
and f 0ðuÞ denotes the square matrix whose entries are (10). Then f ðuÞ ¼ f 0ðuÞu. Associated with this linearized form, we de-
note by u, the generalized Green’s function satisfying the following adjoint problem:
� _u�r � ð�ruÞ ¼ f 0ðuÞ>u; ðx; tÞ 2 X� ðT; 0�;

uðx; tÞ ¼ 0; ðx; tÞ 2 @X� ðT; 0�; �ru ¼
�1ru1

�2ru2

� �
:

uðx; TÞ ¼ wðxÞ; x 2 X;

8>>><>>>: ð11Þ
On subinterval In ¼ ðtn�1; tnÞ, we define the solution operators Un associated with the Green’s function,
uðx; tÞ ¼ UnðtÞwnðxÞ
for tn > t P tn�1 and some initial data wn. To get solution representation using the Green’s functions, we multiply u with (11),
integrate in time and space, resulting in
ðun;wnÞ ¼ ðun�1;un�1Þ þ
Z

In

_u�r � ð�ruÞ � f 0ðuÞu;u
� �

dt ¼ ðun�1;un�1Þ þ
Z

In

_u�r � ð�ruÞ � f ðuÞ;uð Þdt: ð12Þ
Because u solves (2), this last equality gives
ðun;wnÞ ¼ ðun�1;UnwnÞ: ð13Þ
4.1. Analysis of the analytic iterative method

To simplify presentation, we express the analytic iterative method in Algorithm 2 in a more compact format. In particular,
for any iteration index m, we write (6) and (7) as
_uðmÞ � r � �ruðmÞ
� �

¼ f uðmÞ
� �

þ dðmÞR ; dðmÞR ¼ � f1 uðmÞ1 ;uðmÞ2

� �
� f1 uðmÞ1 ;uðm�1Þ

2

� �� �
0

 !
: ð14Þ
The vector dðmÞR can be interpreted as residuals at the iteration level m.
To define an adjoint for the approximation in Algorithm 2, we let ui denote the generalized Green’s function that satisfies

an adjoint problem on time interval In as given in Algorithm 3. Here Kn refers to the number of iterations to be used when
synchronizing the two components of the adjoint.

Algorithm 3. Adjoint for the analytic iterative method

Set uð0Þ1 ¼ w1;n

for k ¼ 1 to Kn do

Compute uðkÞ2 ðx; tÞ in X� ðtn; tn�1�, satisfying8

� _uðkÞ2 �r � ð�2 � ruðkÞ2 Þ ¼ f 022ðuðmÞÞu

ðkÞ
2 þ f 012ðuðmÞÞu

ðk�1Þ
1 ; ðx; tÞ 2 X� ðtn; tn�1�;

uðkÞ2 ðx; tÞ ¼ 0; ðx; tÞ 2 @X� ðtn; tn�1�;
uðkÞ2 ðx; tnÞ ¼ w2;nðxÞ; x 2 X:

>><>>: ð15Þ
Compute uðkÞ1 ðx; tÞ in X� ðtn; tn�1�, satisfying� �8

� _uðkÞ1 �r � �1ruðkÞ1 ¼ f 011ðuðmÞÞu

ðkÞ
1 þ f 021ðuðmÞÞu

ðkÞ
2 ; ðx; tÞ 2 X� ðtn; tn�1�;

uðkÞ1 ðx; tÞ ¼ 0; ðx; tÞ 2 @X� ðtn; tn�1�;
uðkÞ1 ðx; tnÞ ¼ w1;nðxÞ; x 2 X:

>>><>>>: ð16Þ
end for



Notice that the adjoint problems are solved backward in time and in the reverse order to that of the forward problem,

starting with u2 followed by u1. These generalized Green’s functions are an iterative approximation of (11). We note that

the coefficients f 0ijðuðmÞÞ are linearized around uðmÞ. As in the forward problem, we can also rewrite this last algorithm into
a compact form
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� _uðkÞ � r � ð�ruðkÞÞ ¼ f 0ðuðmÞÞ>uðkÞ þ nðkÞR ; nðkÞR ¼
0

� f 012ðuðmÞÞ uðkÞ1 �uðk�1Þ
1

� �� � !
ð17Þ
for adjoint iteration level k. Here, nðkÞR is the residual of the adjoint at iteration level k. We also introduce the solution oper-
ators UðkÞn , with uðkÞðx; tÞ ¼ UðkÞn ðtÞwnðxÞ, for tn > t P tn�1. To get a representation of the iterative solution, we follow a similar
derivation for the fully coupled problem (see (12)). Multiplying Eq. (17) by uðmÞ, integrating each over X� In and applying
integration by parts in time, and Green’s Theorem in space and using (14), we obtain the solution representation of the ana-
lytic iterative method
ðuðmÞn ;wnÞ ¼ ðu
ðmÞ
n�1;U

ðkÞ
n wnÞ þ

Z
In

dðmÞR ;uðkÞ
� �

dt �
Z

In

uðmÞ; nðkÞR

� �
dt: ð18Þ
We note that this representation is not in the standard format (in which the solution at the current time level solely depends
on the previous time level values). It contains remnants arising from the iterative procedure used to compute both forward
and backward problems. The second term can be interpreted as the weighted average of the forward problem residual over a
time step. The third term, on the other hand, is the weighted average of the backward problem residual over a time step.
Thus, the iterative nature of solution procedure is reflected in this representation. Once convergence is reached both on for-
ward and backward problems, then the standard convention of solution representation using the adjoint technique is
recovered.

We are now able to express the error representation of the iterative implicit method. Let êðmÞn ¼ un � uðmÞn . Now, we state a
lemma concerning an error equation over one time step.

Lemma 4.1. The analytic iterative method satisfies the following error equation over one time step:
êðmÞn ;wn

� �
¼ un � uðmÞn ;wn

� �
¼ êðmÞn�1;U

ðkÞ
n wn

� �
þ êðmÞn�1;DUnwn

� �
þ uðmÞn�1;DUnwn

� �
�
Z

In

dðmÞR ;uðkÞ
� �

dt þ
Z

In

uðmÞ; nðkÞR

� �
dt;
where DUn ¼ ðUn �UðkÞn Þ.
Proof. Subtracting (18) from (13), and adding and subtracting ðuðmÞn�1;UnwnÞ,
êðmÞn ;wn

� �
¼ un � uðmÞn ;wn

� �
¼ un�1;Unwnð Þ � uðmÞn�1;Unwn

� �
þ uðmÞn�1;Unwn

� �
� uðmÞn�1;U

ðkÞ
n wn

� �
�
Z

In

dðmÞR ;uðkÞ
� �

dt þ
Z

In

uðmÞ; nðkÞR

� �
dt

¼ un�1 � uðmÞn�1;Unwn

� �
þ uðmÞn�1;DUnwn

� �
�
Z

In

dðmÞR ;uðkÞ
� �

dt þ
Z

In

uðmÞ; nðkÞR

� �
dt:
Adding and subtracting êðmÞn�1;U
ðkÞ
n wn

� �
to above equation completes the proof. h

4.2. Analysis of the iterative multi-discretization Galerkin finite element method

To construct the adjoint, let zðmÞ ¼ suðmÞ þ ð1� sÞUðmÞ, with s 2 ½0;1�. Then let f 0ðzðmÞÞ be a matrix whose entries are
f 0ðzðmÞÞij ¼
Z 1

0

@fi

@uj
ðzðmÞÞds:
Consequently, f ðuðmÞÞ � f ðUðmÞÞ ¼ f 0ðzðmÞÞ ðuðmÞ � UðmÞÞ.

Associated with the finite element solution, we denote by # the generalized Green’s function that satisfies the adjoint
problem in Algorithm 4.
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Algorithm 4. Adjoint for the iterative multi-discretization Galerkin finite element method

Set #ð0Þ1 ¼ w1;n

for k ¼ 1 to Kn do

Compute #ðkÞ2 ðx; tÞ in X� ðtn; tn�1� satisfying
� _#
ðkÞ
2 �r � �2r#ðkÞ2

� �
¼ f 022ðzðmÞÞ#

ðkÞ
2 þ f 012ðzðmÞÞ#

ðk�1Þ
1 ; ðx; tÞ 2 X� ðtn; tn�1�;

#
ðkÞ
2 ðx; tÞ ¼ 0; ðx; tÞ 2 @X� ðtn; tn�1�;
#
ðkÞ
2 ðx; tnÞ ¼ w2;nðxÞ; x 2 X:

8>>><>>>: ð19Þ
Compute #ðkÞ1 ðx; tÞ in X� ðtn; tn�1� satisfying
� _#
ðkÞ
1 �r � �1r#ðkÞ1

� �
¼ f 011ðzðmÞÞ#

ðkÞ
1 þ f 021ðzðmÞÞ#

ðkÞ
2 ; ðx; tÞ 2 X� ðtn; tn�1�;

#
ðkÞ
1 ðx; tÞ ¼ 0; ðx; tÞ 2 @X� ðtn; tn�1�;
#
ðkÞ
1 ðx; tnÞ ¼ w1;nðxÞ; x 2 X:

8>>><>>>: ð20Þ
end for

As was the case in the adjoint formulation associated with analytic iterative method, this algorithm can be expressed as a
compact form
� _#ðkÞ � r � ð�r#ðkÞÞ ¼ f 0ðzðmÞÞ>#ðkÞ þ gðkÞR ; gðkÞR ¼
0

� f 012ðzðmÞÞ #
ðkÞ
1 � #

ðk�1Þ
1

� �� � !
: ð21Þ
Here, gðkÞR is the residual of the adjoint at iteration level k.
At this stage, we are in position to derive an error equation associated with the iterative multi-discretization Galerkin

finite element method. Let ~eðmÞ ¼ uðmÞ � UðmÞ. First notice that using integration by parts,
�ruðmÞ � �rUðmÞ;r#ðkÞ
� �

¼ �r~eðmÞ;r#ðkÞ
� �

¼ ~eðmÞ;�r � �r#ðkÞ
� �� �

:

Similarly,
f uðmÞ
� �

� f UðmÞ
� �

; #ðkÞ
� �

¼ f 0ðzðmÞÞ~eðmÞ; #ðkÞ
� �

¼ ~eðmÞ; f 0 zðmÞð Þ>#ðkÞ
� �

:

Furthermore, using continuity of uðmÞ,
~eðmÞþl�1;n ¼ uðmÞþl�1;n � UðmÞþl�1;n ¼ uðmÞ�l�1;n � UðmÞ�l�1;n

� �
� UðmÞþl�1;n � UðmÞ�l�1;n

� �
¼ ~eðmÞ�l�1;n � UðmÞ

h i
l�1;n

:

We use these three expressions on time interval Il;n; l ¼ 1;2; . . . ; L1;n, to obtain
0 ¼
Z

Il;n

~eðmÞ; _#ðkÞ þ r � �r#ðkÞ
� �

þ f 0ðzðmÞÞ>#ðkÞ þ gðkÞR

� �
dt

¼ ~eðmÞ�l;n ; #
ðkÞ
l;n

� �
� ~eðmÞþl�1;n; #

ðkÞ
l�1;n

� �
þ
Z

Il;n

� _~eðmÞ þ f uðmÞ
� �

� f UðmÞ
� �

; #ðkÞ
� �

dt þ
Z

Il;n

�rUðmÞ � �ruðmÞ;r#ðkÞ
� �

dt

þ
Z

Il;n

~eðmÞ;gðkÞR

� �
dt:
Hence,
0 ¼ ~eðmÞ�l;n ; #
ðkÞ
l;n

� �
� ~eðmÞ�l�1;n � UðmÞ

h i
l�1;n

; #
ðkÞ
l�1;n

� �
þ
Z

Il;n

_UðmÞ � f UðmÞ
� �

; #ðkÞ
� �

dt þ
Z

Il;n

�rUðmÞ;r#ðkÞ
� �

dt

þ
Z

Il;n

~eðmÞ;gðkÞR

� �
dt þ

Z
Il;n

� _uðmÞ þ r � �ruðmÞ
� �

þ f uðmÞ
� �

; #ðkÞ
� �

dt: ð22Þ
Rearranging the terms in (22) and using (14) we obtain a recursive relation
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~eðmÞ�l;n ; #
ðkÞ
l;n

� �
¼ ~eðmÞ�l�1;n; #

ðkÞ
l�1;n

� �
� UðmÞ

h i
l�1;n

; #
ðkÞ
l�1;n

� �
�
Z

Il;n

_UðmÞ � f UðmÞ
� �

; #ðkÞ
� �

þ �rUðmÞ;r#ðkÞ
� �h i

dt

þ
Z

Il;n

dðmÞR ; #ðkÞ
� �

dt �
Z

Il;n

~eðmÞ;gðkÞR

� �
dt: ð23Þ
This is the basis for the equation for the error at time tn stated in the following lemma.

Lemma 4.2. The iterative multi-discretization finite element solution satisfies an error equation over one time step:
~eðmÞ�n ;wn

� �
¼ ~eðmÞ�n�1 ; #

ðkÞ
n�1

� �
þ Q̂1;n þ Q̂ 2;n �

XL1;n

l¼1

Z
Il;n

~eðmÞ;gðkÞR

� �
dt þ

XL1;n

l¼1

Z
Il;n

dR uðmÞ
� �

� dR UðmÞ
� �

; #ðkÞ
� �

dt
where
Q̂ 1;n ¼
XL1;n

l¼1

Z
Il;n

� _UðmÞ1 þ f1 UðmÞ1 ;Uðm�1Þ
2

� �
; #
ðkÞ
1

� �
� �1rUðmÞ1 ;r#ðkÞ1

� �h i
dt � UðmÞ1

h i
l�1;n

; #
ðkÞ
1;l�1;n

� �( )
; ð24Þ

Q̂ 2;n ¼
XL1;n

l¼1

Z
Il;n

� _UðmÞ2 þ f2 UðmÞ1 ;UðmÞ2

� �
; #
ðkÞ
2

� �
� �2rUðmÞ2 ;r#ðkÞ2

� �h i
dt � UðmÞ2

h i
l�1;n

; #
ðkÞ
2;l�1;n

� �( )
: ð25Þ
Proof. This is obtained by using the recursive relation (23) and applying integration by parts. h

We note that this equation reflects the error arising from the consistent finite element numerical discretization of the
analytical iterative method. Similar to Lemma 4.1, this error contains the iteration residuals weighted by the adjoint #ðkÞ.
The last term cannot be approximated easily since it involves the error ~eðmÞ weighted by the iteration residual in the adjoint
computation. However, provided that an a priori estimate on ~eðmÞ is available, we can control this term to be relatively small
due the fact that the residual can be made as small as needed when the adjoint computation is driven to convergence.

We now collect all the results above and obtain an error representation of the finite element multi-scale iterative implicit
method by setting eðmÞ ¼ u� UðmÞ ¼ ðu� uðmÞÞ þ ðuðmÞ � UðmÞÞ ¼ êðmÞ þ ~eðmÞ.

Theorem 4.1. Set wN ¼ w and wn�1 ¼ #
ðKnÞ
n�1 in Algorithm 4 and wn�1 ¼ uðKnÞ

n�1 in Algorithm 3, for n ¼ N;N � 1; . . . ;1. Then the error
of iterative multi-discretization finite element solution at final time tN ¼ T can be expressed as
eðMnÞ�
N ;wN

� �
¼ uN � UðMNÞ�

N ;w
� �

¼
XN

n¼1

Q̂ 1;n þ Q̂2;n þ Q̂ 3;n þ Q̂ 4;n þ Q̂ 5;n þ Q̂ 6;n

� �
; ð26Þ
Q̂1;n and Q̂2;n are given in Lemma 4.2 with m ¼ Mn and
Q̂ 3;n ¼
XL1;n

l¼1

Z
Il;n

�dRðUðMnÞÞ; #ðKnÞ
� �

dt

Q̂ 4;n ¼
XL1;n

l¼1

Z
Il;n

dRðuðMnÞÞ; #ðKnÞ �uðKnÞ
� �

dt

Q̂ 5;n ¼ uðMnÞ
n�1 ;DUnwn

� �
þ
Z

In

uðMnÞ; nðKnÞ
R

� �
dt

Q̂ 6;n ¼ êðMnÞ
n�1 ;DUnwn

� �
�
XL1;n

l¼1

Z
Il;n

~eðMnÞ;gðKnÞ
R

� �
dt;
Proof. First we estimate the error over one time step. Combining Lemma 4.2 and with Lemma 4.1 we get,
eðMnÞ�
n ;wn

� �
¼ ~eðMnÞ�

n�1 ; #
ðKnÞ
n�1

� �
þ êðMnÞ

n�1 ;/
ðKnÞ
n�1

� �
þ Q̂ 1;n þ Q̂2;n þ Q̂ 3;n þ Q̂4;n þ Q̂ 5;n þ Q̂ 6;n: ð27Þ
We note that since UðMnÞ�
n�1 ¼ UðMn�1Þ�

n�1 and uðMnÞ
n�1 ¼ uðMn�1Þ

n�1 (see Algorithm 1), we have ~eðMnÞ�
n�1 ¼ ~eðMn�1Þ�

n�1 and êðMnÞ
n�1 ¼ êðMn�1Þ

n�1 . This
yields a recursive relation in terms of ~eðMnÞ� and êðMnÞ for the total error over one time step. The error at the final time is ob-
tained from undoing this relation and assuming ~eM0�

0 ¼ êM0
0 ¼ 0. h

The terms Q̂ 5;n and Q̂6;n are not easy to approximate. However, provided the discretization error and the iteration error are
sufficiently small, Q̂ 5;n and Q̂ 6;n are asymptotically small compared with Q̂1;n; . . . ; Q̂4;n.
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Theorem 4.2. The terms
PN

n¼1Q̂5;n and
PN

n¼1Q̂6;n are asymptotically small compared with
PN

n¼1Q̂1;n; . . . ;
PN

n¼1Q̂4;n in the limit of
iteration errors kuðMnÞ � ukL1ðIn ;L2ðXÞÞ and kuðKnÞ �ukL1ðIn ;L2ðXÞÞ tending to zero for all n.
Proof. Of the two, Q̂ 5;n is more difficult to estimate. Let û be the solution of
� _bu �r � ð�r buÞ ¼ f 0ðuðMnÞÞ> bu; ðx; tÞ 2 X� ðtn; tn�1�;buðx; tÞ ¼ 0; ðx; tÞ 2 @X� ðtn; tn�1�;buðx; tnÞ ¼ wnðxÞ; x 2 X:

8><>: ð28Þ
Notice that (28) and (11) differ only in terms of linearization point for f 0. Now we write
u�uðKnÞ ¼ ðu� buÞ þ bu �uðKnÞ
� �

¼ aþ b;
where a and b satisfy, respectively
� _a�r � ð�raÞ ¼ f 0ðuðMnÞÞ>aþ d>f 0u; ð29Þ

� _b�r � ð�rbÞ ¼ f 0ðuðMnÞÞ>b� nðKnÞ
R ; ð30Þ
with zero initial and boundary conditions, and we designate the 2� 2 matrix df 0 ¼ f 0ðuÞ � f 0ðuðMnÞÞ. Multiplying (29) by a, and
following by integration over ðt; tnÞ �X yields
kaðtÞk2
6 kaðtÞk2 þ 2

Z tn

t
ð�ra;raÞds ¼ 2

Z tn

t
a; f 0ðuðMnÞÞa
� �

dsþ 2
Z tn

t
u; df 0a
� �

ds

6 2L
Z tn

t
kak2 dsþ 2

Z tn

t

Z
X
juj jdf 0 j jajds; ð31Þ
where k � k is the norm in L2ðXÞ � L2ðXÞ, and j � j is understood as the usual Euclidean vector norm for u and a, or its corre-
sponding matrix norm for df 0 . There is a constant Cu <1 such that kuikL1ðt;tn ;L2ðXÞÞ < Cu, see for example [20]. We apply the
Cauchy–Schwarz and arithmetic–geometric mean inequalities to the last term on the right hand side of (31) to get
kaðtÞk2
6 2L

Z tn

t
kak2 dsþ

Z tn

t
kdf 0 k2 dsþ C2

u

Z tn

t
kak2 ds ¼

Z tn

t
kdf 0 k2 dsþ ð2Lþ C2

uÞ
Z tn

t
kak2 ds: ð32Þ
Gronwall’s inequality then implies
kaðtÞk2
6 exp ð2Lþ C2

uÞðtn � tÞ
� � Z tn

t
kdf 0 k2 ds: ð33Þ
Similarly, we get
kbðtÞk2
6 exp ð2LÞðtn � tÞð Þ

Z tn

t
knðKnÞ

R k2 ds: ð34Þ
Next, we multiply uðMnÞ to (29) and (30), respectively, integrate each of them over In, and apply integrations by parts, and use
(14) to get
uðMnÞ
n�1 ;an�1

� �
�
Z

In

uðMnÞ; d>f 0u
� �

dt ¼
Z

In

a; dðMnÞ
R

� �
dt;

uðMnÞ
n�1 ; bn�1

� �
þ
Z

In

uðMnÞ; nðKnÞ
R

� �
dt ¼

Z
In

b; dðMnÞ
R

� �
dt

ð35Þ
and thus
Q̂5;n ¼
Z

In

uðMnÞ; d>f 0u
� �

dt þ
Z

In

a; dðMnÞ
R

� �
dt þ

Z
In

b; dðMnÞ
R

� �
dt

6

Z
In

df 0uðMnÞ;u
� �

dt þ 1
2

Z
In

ðkak2 þ kbk2Þdt þ 1
2

Z
In

kdðMnÞ
R k2 dt

6

Z
In

f 0ðuÞuðMnÞ � f ðuðMnÞÞ;u
� �

dt þ 1
2

Z
In

exp Cðtn � tÞð Þ
Z tn

t
kdf 0 k2 þ knðKnÞ

R k2
� �

dsdt þ 1
2

Z
In

kdðMnÞ
R k2 dt: ð36Þ
Notice that the second term and third terms in (36) involve integration of the square of residuals. Thus these terms are
asymptotically small compared to Q̂ j;n; j ¼ 1; . . . ;4 as uðMnÞ converges to u. Moreover, the first integral in (36) dominates
the other terms. We show this term is asymptotically small compared to Q̂3;n as uðMnÞ converges to u.

First we bound the term Q̂3;n. From Assumption A.1 we have,
Q̂3;n ¼
XL1;n

l¼1

Z
Il;n

f1 UðMnÞ
1 ;UðMnÞ

2

� �
� f1 UðMnÞ

1 ;UðMn�1Þ
2

� �
; #
ðKnÞ
1

� �
dt 6 L

XL1;n

l¼1

Z
Il;n

kUðMnÞ
2 � UðMn�1Þ

2 k k#ðKnÞ
1 kdt: ð37Þ
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Now,
XL1;n

l¼1

Z
Il;n

kUðMnÞ
2 � UðMn�1Þ

2 kdt 6
XL1;n

l¼1

Z
Il;n

kUðMnÞ
2 � uðMnÞ

2 kdt þ
XL1;n

l¼1

Z
In

kuðMnÞ
2 � uðMn�1Þ

2 kdt þ
XL1;n

l¼1

Z
Il;n

kuðMn�1Þ
2 � UðMn�1Þ

2 kdt: ð38Þ
Now, the first and the third terms are discretization errors, and depend on the order of the numerical method, say qðDt;hÞ for
some homogeneous function q. From (68) in the proof of Theorem A.1, kuðMnÞ

2 � uðMn�1Þ
2 k ¼ OðsMn Þ, for some s < 1, and
Z

In

kuðMnÞ
2 � uðMn�1Þ

2 kdt ¼ OðsMnþ1Þ: ð39Þ
Combining this with (37) and (38), we have,
Q̂ 3;n ¼ OðqðDt; hÞ þ sMnþ1Þ: ð40Þ
We now return to estimate the first term in (36). Noting that f 0ðuðMnÞÞuðMnÞ ¼ f ðuðMnÞÞ and by the assumption that f 0 is Lips-
chitz continuous with constant L0, we have,
Z

In

f 0ðuÞuðMnÞ � f ðuMn Þ;u
� �

dt ¼
Z

In

f 0ðuÞ � f 0 uðMnÞð Þ
� �

uðMnÞ;u
� �

dt 6
Z

In

L0ku� uðMnÞk k/kdt: ð41Þ
An analysis of the semigroup associated with the problem similar to that used in the Appendix to derive (68) yields
ku� uðMnÞk ¼ OðsMnþ1Þ. Combining this with (41) and using appropriate scaling we have,
Z

In

f 0ðuÞuðMnÞ � f uMn
� �

;u
� �

dt ¼ OðsMnþ2Þ: ð42Þ
Hence, Q̂5;n is asymptotically smaller than Q̂ 3;n as uðMnÞ converges to u.
Turning to Q̂6;n, we note that it is a sum of two terms. The first term is a product of iteration errors for the forward and

adjoint problems, and is straightforward to bound as smaller than Q̂ j;n; j ¼ 1; . . . ;4 as the iterations converge. The second
term in Q̂ j;n; j ¼ 1; . . . ;4 is a product of discretization error and iteration residual in the adjoint. This is bounded smaller than
Q̂ j;n; j ¼ 1; o;4 by an argument similar to that used for analogous expressions in Q̂5;n. h
4.3. A computational error estimate

The error representation in Theorem 4.1 contains terms involving the true continuum solution uðMnÞ as well as the true
adjoint solutions uðKnÞ and #ðKnÞ. We form a computational error estimate by approximating the adjoint solutions, uðKnÞ;h

and #ðKnÞ;h, in a finite dimensional space. These adjoint problems are approximated by substituting the finite element solution
UðMnÞ for uðMnÞ, as is common in adjoint based error estimation literature. Further, the term Q̂ 4;n is expressed as,
Q̂ 4;n ¼
XL1;n

l¼1

Z
Il;n

dR UðMnÞ
� �

; #ðKnÞ �uðKnÞ
� �

dt þ dRðuðMnÞÞ � dR UðMnÞ
� �

; #ðKnÞ �uðKnÞ
� �

dt ð43Þ
Here the term dR uðMnÞ
� �

� dRðUðMnÞÞ; #ðKnÞ �uðKnÞ
� �

is a product of difference of two residuals, and hence we drop it in the
computational error estimate. This leads to the following computational error estimate.

Theorem 4.3. The error of the iterative multi-discretization finite element solution at final time tN ¼ T can be approximated as,
eðMnÞ�
N ;wN

� �
¼ uN � UðMNÞ�

N ;w
� �

�
XN

n¼1

ðQ1;n þ Q 2;n þ Q3;n þ Q 4;nÞ; ð44Þ
where,
Q 1;n ¼
XL1;n

l¼1

Z
Il;n

� _UðmÞ1 þ f1ðUðmÞ1 ;Uðm�1Þ
2 Þ; #ðKNÞ;h

1

� �
� �1rUðmÞ1 ;r#ðKnÞ;h

1

� �h i
dt � ½UðmÞ1 �l�1;n; #

ðKnÞ;h
1;l�1;n

� �( )
;

Q 2;n ¼
XL1;n

l¼1

Z
Il;n

� _UðmÞ2 þ f2ðUðmÞ1 ;UðmÞ2 Þ; #
ðKnÞ;h
2

� �
� �2rUðmÞ2 ;r#ðKnÞ;h

2

� �h i
dt � ½UðmÞ2 �l�1;n; #

ðKnÞ;h
2;l�1;n

� �( )
;

Q 3;n ¼
XL1;n

l¼1

Z
Il;n

�dRðUðMnÞÞ; #ðKnÞ;h
� �

dt

Q 4;n ¼
XL1;n

l¼1

Z
Il;n

dRðUðMnÞÞ; #ðKnÞ;h �uðKnÞ;h
� �

dt



Table 1
Error contributions and their interpretations.

Notation Contribution

Q1 Discretization error in component U1

Q2 Discretization error in component U2

Q3 Iteration error for the numerical solution
Q4 Error due to linearization in the computed adjoint problem

(a) (b)

Fig. 3. Example 5.2: T ¼ 0:2. (a) Dt ¼ Ds2 ¼ 0:4; M ¼ 2. Error contributions as Ds1 is varied. (b) Dt ¼ 0:04; Ds1 ¼ Dt=32; Ds2 ¼ Dt=16. Error contributions as
M is varied.
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We present interpretations of the computational error contributions in Table 1. Note that we have dropped Q̂ 5;n and Q̂ 6;n

to obtain (44). As explained, this is reasonable provided the iteration has converged to a sufficient degree and the discret-
ization is sufficiently refined. The examples below demonstrate the estimate (44) provides a reasonably accurate approxima-
tion of the true error.
Remark 4.1. We note that computing the error estimate (44) involves the cost of solving the adjoint problem in addition
to computing the original approximation. The computational cost depends on how the numerical adjoint problem is
solved, however the adjoint problem is at least linear, and hence often involves less iteration than solving the original
problem.

On this issue, it is important to note that if the practical application requires an accurate error estimate to accompany a
numerical solution, then the issue of cost of the error estimate has to be related to the cost of alternative approaches to error
estimation. There are other ways to treat numerical solutions of coupled systems involving iteration, e.g. [18,17,16,7]. Some
of these approaches provide for direct estimation of the effect of finite iteration on accuracy, at the cost of greatly increasing
the number of adjoint problems that must be solved. The estimate in Theorem 4.1 is thus relatively inexpensive at the cost of
assuming that the iteration has converged to a sufficient degree.
Remark 4.2. Standard adaptive error control strategies based on the Principle of Equidistribution applied to ‘‘dual-
weighted’’ a posteriori estimates, [8,9,5,19,3], can be extended to (44) in a straightforward way to balance all sources of error.
For example, if the component Q1 is large, then refining the spatial and temporal mesh for the first component may lead to a
more accurate solutions. A similar conclusion follows for Q 2. The terms Q3 and Q 4 reflect errors incurred due to finite iter-
ations, and these errors may be reduced by increasing the number of iterations. However, we note that many application
codes for multi-physics problems eschew adaptive computation.
5. Numerical experiments using equal spatial meshes

In this section, we present numerical examples to illustrate the performance of the error estimates. For various problems,
we show plots of the error estimate and true error accompanied by plots of the individual contributions to the error estimate,
Q1;n; Q 2;n; Q3;n; Q 4;n as defined in Lemma 4.2 and Theorem 4.3. A comparison of the relative sizes of the different contribu-
tions to the error is often illuminating.

All forward problems are solved using continuous piecewise linear functions in space and using the piecewise con-
stant discontinuous Galerkin method in time. The piecewise constant discontinuous Galerkin method, or dG (0), is



Table 2
Effectivity ratios for the experiment in Fig. 3. (a) Effectivity ratios as Ds1 is varied. (b) Effectivity ratios as M is varied.

Ds1 Effectivity ratio

(a) Effectivity ratios as Ds1 is varied
0.4 1.12
0.1 1.11
0.05 1.12
0.025 1.12

M Effectivity ratio

(b) Effectivity ratios as M is varied
1 1.06
2 1.09
3 1.09
4 1.09

Fig. 4. Example 5.3: T ¼ 0:2; Dt ¼ 0:04; Ds1 ¼ Dt=16; Ds2 ¼ Dt=2. Error contributions as the number of iterations M is varied.
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equivalent to the backward Euler scheme. The nonlinear equations are solved using Newton’s Method. The adjoint
solutions are approximated using continuous piecewise quadratic functions in space and piecewise linear continuous
Galerkin method in time. The piecewise linear continuous Galerkin method, or cG (1), is equivalent to the second order
Crank–Nicholson scheme. All problems are posed on the unit square, i.e., on X ¼ ½0;1� � ½0;1� and solved using a
uniform mesh containing ð20� 20� 2Þ triangular elements. The initial conditions at time t ¼ 0 are u ¼ ðsinðpx1Þ
sinðpx2Þ; sinðpx1Þ sinðpx2ÞÞ>.

The quantity of interest in all cases is given by the globally supported function w ¼ ðsinðpx1Þ sinðpx2Þ; sinðpx1Þ sinðpx2ÞÞ>.
We compare the performance of estimators using either the analytical solution when available. Otherwise we use a ‘‘refer-
ence solution’’ using a higher order spatial discretization and a finer time step. In our numerical results, we plot the different
error components and tabulate the effectivity ratio of the estimator. The effectivity ratio is defined as the ratio of the esti-
mated error to the true error in the quantity of interest, provided the true error is not zero. An accurate error estimator has
effectivity ratio close to one.
5.1. An equal rate one-way coupled linear system

We consider the system,
_u1 � Du1 ¼ p2u1;

_u2 � Du2 ¼ p2ð0:5u2 þ u1Þ:

(

Notice that this is a one-way coupled system in which the variable of subsystem 1, u1, is coupled to the variable of subsystem
2, but u1 can be solved independently of u2. The exact solution is u1 ¼ e�p2t sinðpx1Þ sinðpx2Þ and u2 ¼ 2e�p2t sinðpx1Þ sinðpx2Þ,
hence there is not a significant difference in spatial or temporal scales. Since the system is only coupled in one direction there
is no need to iterate to solve the system and there is no iteration error, i.e., Q3 ¼ 0. Moreover, for linearly coupled systems
/ ¼ #, and hence Q 4 ¼ 0. The system is solved until T ¼ 0:2 with Dt ¼ Ds1 ¼ Ds2 ¼ 0:02. The error estimate was �0:0177161,
as compared to the true error of �0:0169774 for an effectivity ratio of 1.04.



Table 3
Effectivity ratios for the experiment in Fig. 4.

M Effectivity ratio

1 1.08
2 1.09
3 1.09

(a) (b)

Fig. 5. Example 5.4: T ¼ 0:2; Dt ¼ 0:01; Ds1 ¼ Ds2 ¼ Dt=2. Error contributions as the number of iterations M is varied. (a) True and estimated errors. (b) Q3

and Q4 only.

Table 4
Effectivity ratios for the experiment in Fig. 5(a).

M Effectivity ratio

1 1.10
2 1.09
3 1.09
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5.2. A multirate coupled linear system

We consider the system,
_u1 � Du1 ¼ �1000u1 þ u2;

_u2 � Du2 ¼ 999u1 � 2u2:

�
ð45Þ
Here, u1 is a fast variable and u2 is a slow variable. We solve until T ¼ 0:2 and plot the error components as a function of Ds1

in Fig. 3(a) while fixing Dt ¼ Ds2 ¼ 0:4. We use two iterations at each of the time steps Dt. As expected, the error in the com-
ponent Q1 decreases as Ds1 is reduced. In Fig. 3(b) we plot the effect of employing different number of iterations to solve the
system at each time step Dt. In this case, we use Dt ¼ 0:04; Ds1 ¼ Dt=32 and Ds2 ¼ Dt=16. The iteration error decreases as the
number of iterations is increased. Except in the extreme case of just one iteration, the contribution to the error from iteration
is relatively small. In all cases, the error estimator provided an accurate prediction of the exact error. We recall that for linear
systems, / ¼ #, and hence Q4 ¼ 0. The accuracy of the estimator is also illustrated in Tables 2, which show effectivity ratios
close to the ideal value of 1.0.

5.3. A coupled nonlinear system using different time steps

We consider the system,
_u1 � Du1 ¼ u4
1 þ u2

2;

_u2 � Du2 ¼ u1 � u3
2:

(
ð46Þ
The system is solved until T ¼ 0:2, with Dt ¼ 0:04; Ds1 ¼ Dt=16 and Ds2 ¼ Dt=2. In Fig. 4 the result of increasing the number
of iterations is demonstrated. The component Q 3 is initially large, but decays to a small value after two iterations. The com-
ponent Q 4 is nonzero for this problem, since the adjoints # and / differ from one another. However, it is quite small com-
pared to other components. Again, we obtained very accurate error estimates. Once again, the effectivity ratios, shown in
Table 3 are close to the ideal value of 1:0.



Fig. 6. Example 6.1: T ¼ 0:2; Dt ¼ Ds1 ¼ Ds2 ¼ 0:01. Error contributions versus ratio of mesh sizes.
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5.4. A coupled nonlinear system using equal time steps

We consider the system,
_u1 � Du1 ¼ expðu1Þ þ expðu2Þ � 2;
_u2 � Du2 ¼ � expðu1Þ � expðu2Þ þ 2:

�
ð47Þ
The system is solved until T ¼ 0:2, with Dt ¼ 0:01; Ds1 ¼ Ds2 ¼ Dt=2. The effect of increasing the number of iterations is
shown in Fig. 5. The component Q 3 is large after just one iteration, but contributes relatively little after two iterations.
The component Q4 is nonzero for this problem since the adjoints # and / differ from one another. The effectivity ratios
for this experiment are shown in Table 4. The effectivity ratios are quite close to 1:0, indicating the accuracy of our estimator.

6. A posteriori analysis of the iterative multi-discretization Galerkin finite element method for different spatial meshes

In this section, we derive an estimate for the case in which the two subsystems in Algorithm 2 are solved on different
space meshes. For such systems, we can further decompose the error components to reflect the projection errors. Solution
of (4) involves the projection of Uðm�1Þ

2 , denoted as P2!1Uðm�1Þ
2 , from Wq1

l;n to Wq2
k;n. If the number of time steps are the same for

the two subsystems, then P2!1 is the projection of functions from the mesh for subsystem 1 to functions on the mesh for
subsystem 2. Similarly, solution to (5) involves the projection, P1!2UðmÞ1 , of UðmÞ1 on the space of functions on the mesh of
subsystem 2. With these projections we have the following error representation.

Theorem 6.1. Set wN ¼ w and wn�1 ¼ #Kn
n�1 for n ¼ N;N � 1; . . . ;1. Then, with Assumptions A.1 and A.2, the error of iterative

multi-discretization finite element solution at final time tN ¼ T can be expressed as
uN � UðMNÞ�
N ;w

� �
¼
XN

n¼1

Q̂ 1b;n þ Q̂ 1c;n þ Q̂2b;n þ Q̂ 2c;n þ Q̂ 3;n þ Q̂ 4;n þ Q̂ 5;n þ Q̂ 6;n

� �
; ð48Þ
where Q̂ 3;n; Q̂4;n; Q̂ 5;n; Q̂6;n are as given in Theorem 4.3 and
Q̂ 1b;n ¼
XL1;n

l¼1

Z
Il;n

� _UðmÞ1 þ f1ðUðmÞ1 ;P2!1Uðm�1Þ
2 Þ; #ðkÞ1

� �
� �1rUðmÞ1 ;r#ðkÞ1

� �h i
dt þ ½UðmÞ1 �l�1;n; #

ðkÞ
1;l�1;n

� �( )
;

Q̂ 1c;n ¼ f1ðUðmÞ1 ;Uðm�1Þ
2 Þ � f1ðUðmÞ1 ;P2!1Uðm�1Þ

2 Þ; #ðkÞ1

� �
Q̂ 2b;n ¼

XL1;n

l¼1

Z
Il;n

� _UðmÞ2 þ f2ðP1!2UðmÞ1 ;UðmÞ2 Þ; #
ðkÞ
2

� �
� �2rUðmÞ1 ;r#ðkÞ1

� �h i
dt þ ½UðmÞ2 �l�1;n; #

ðkÞ
2;l�1;n

� �( )
;

Q̂ 2c;n ¼ f2ðUðmÞ1 ;UðmÞ2 Þ � f2ðP1!2UðmÞ1 ;UðmÞ2 Þ; #
ðkÞ
2

� �
:

Proof. Adding and subtracting f1ðUðmÞ1 ;P2!1Uðm�1Þ
2 Þ; #ðkÞ1

� �
to (24),



(a) (b)

Fig. 7. Brusselator: T ¼ 0:7; Dt ¼ Ds2 ¼ 0:001. (a) M ¼ 2. Error contributions as Ds1 is varied. (b) Ds1 ¼ 0:001. Error contributions as M is varied.

(a) (b)

Fig. 8. Brusselator: T ¼ 0:7; Dt ¼ Ds1 ¼ Ds2 ¼ 0:001; M ¼ 2. (a) Error contributions versus ratio of mesh sizes. (b) Refined mesh used to produce error
contributions provided in row 3 of Table 5.

Table 5
Brusselator: T ¼ 0:7; Dt ¼ Ds2 ¼ 0:001; Ds1 ¼ Dt=4 ¼ 0:00025; M ¼ 2. Error components for two uniform and one non-uniform mesh 1. Here Dofi refers to
degrees-of-freedom for the component ui .

Mesh Elements Dof1 Dof2 Estimate Q1b Q2b Q2c Q3 Q4

Coarse uniform 800 441 441 �0.1509 �0.2139 0.0618 0.0000 0.0003 0.0008
Fine uniform 3200 1681 441 0.0644 �0.0358 0.0377 0.0614 0.0002 0.0007
Non-uniform 2320 1241 441 0.0600 �0.0511 0.0398 0.0704 0.0003 0.0007
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Q̂1;n ¼
XL1;n

l¼1

Z
Il;n

� _UðmÞ1 þ f1 UðmÞ1 ;P2!1Uðm�1Þ
2

� �
; #
ðkÞ
1

� �
� �1rUðmÞ1 ;r#ðkÞ1

� �h i
dt þ UðmÞ1

h i
l�1;n

; #
ðkÞ
1;l�1;n

� �
þ f1 UðmÞ1 ;Uðm�1Þ

2

� ��(
�f1 UðmÞ1 ;P2!1Uðm�1Þ

2

� �
; #
ðkÞ
1

�

Similarly, adding and subtracting f1 P1!2UðmÞ1 ;UðmÞ2

� �
; #
ðkÞ
1

� �
to (25) leads to,
Q̂2;n ¼ Q̂2b;n þ Q̂ 2c;n:
Combining these with (26) leads to (48). h

For simplicity in our examples, one mesh will always be a refinement of the other mesh. Nodal projection for the space
meshes is employed for the operators P1!2 and P2!1. Further, we form a computational error estimate in the manner out-
lined in Section 4.3, representing the approximations of the terms Q̂ i;n as Q i;n. We recall Table 1 that describes the contribu-
tions to the error.



(a) (b)

Fig. 9. Brusselator: Time derivative at tD ¼ 0:7 (final time is T ¼ 0:8). (a) Effect as the number of iterations M varies. (b) Effect as Ds1 varies given M ¼ 3.
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6.1. A linear system

In this section, we consider the system,
_u1 � Du1 ¼ u1; ðx; tÞ 2 X� ð0; T�;
_u2 � Du2 ¼ b � ru1 þ u2; ðx; tÞ 2 X� ð0; T�;
u1 ¼ 5x2

1ð1� x1Þ2ðe10x2
1 � 1Þx2

2ð1� x2Þ2ðe10x2
2 � 1Þ; ðx; tÞ 2 X� 0f g;

u2 ¼ sinðpx1Þ sinðpx2Þ; ðx; tÞ 2 X� 0f g;

8>>><>>>: ð49Þ
where b ¼ ð1000; 1000Þ>. The quantity of interest is taken to be w ¼ ð0; 100x2
1ð1� x1Þ2x2

2ð1� x2Þ2Þ
>

. Note that due to the

presence of the term b � ru1, the term f 021ðuðmÞÞ/
ðkÞ
2 in Algorithm 3 is interpreted as �r � ðb/ðkÞ2 Þ. The term f 021ðzðmÞÞ#

ðkÞ
2 in Algo-

rithm 4 is treated in a similar fashion.
In the numerical experiments, subsystem 1 is solved on a uniform mesh comprising ð40� 40� 2Þ triangular elements.

The mesh for subsystem 2 is varied through ð5� 5� 2Þ; ð10� 10� 2Þ; ð20� 20� 2Þ and ð40� 40� 2Þ triangular elements
and the system is solved with Dt ¼ Ds1 ¼ Ds2 ¼ 0:01. We plot the error components as a function of the ratio of mesh sizes
in Fig. 6. The figure indicates that the projection error Q2c dominates the total error when there is a large difference between
the mesh sizes, and goes to 0 as the two meshes have the same size.

6.2. The Brusselator

We recall the Brusselator problem (1) in Section 1. The values of different parameters are the same as in Section 1. The
system as posed does not satisfy f ð~uÞ ¼ 0. However, we use a change of variable to accomplish this. The new variables are
defined as,
u1 ¼ ~u1 � a;
u2 ¼ ~u2 � b=a:

�

With these new variables, u ¼ ðu1;u2Þ>, the new set of equations satisfy the requirement that f ðuÞ ¼ 0. We experiment with
two different quantities of interest; a spatial quantity of interest at the final time, and a time based quantity of interest
approximating the temporal derivative at a certain time.

6.2.1. A spatial quantity of interest at the final time
For this experiment, we take the quantity of interest to be
w ¼ x2
1ð1� x1Þ2ðexpð6x2

1Þ � 1Þx2
2ð1� x2Þ2ðexpð6x2

2Þ � 1Þ
0

 !

evaluated at final time T ¼ 0:7. This quantity of interest is adapted from Ch. 8 in [2]. Mesh 1 and mesh 2 were chosen to be
uniform with ð40� 40� 2Þ and ð20� 20� 2Þ triangular elements respectively, Dt ¼ Ds2 ¼ 0:001 and M ¼ 2. In Fig. 7(a) the
effect of decreasing Ds1 on the error components is evident and the error component Q 1b decreases as Ds1 is reduced as ex-
pected. Note that the total error increases as Ds1 is reduced, due to cancellation of errors with opposite sign. In Fig. 7(b) the
effect of varying the number of iterations M is shown. The rest of the parameters are the same as for Fig. 7(a) except that Ds1

is fixed at 0:001. For M ¼ 1 there are significant errors in the components Q 3 and Q 4, but these errors decrease as the number
of iterations is increased.
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6.2.2. Competing effects of discretization and projection
Separate refinement of either of the spatial meshes may result in a reduction of discretization errors for the solution com-

ponent(s) computed on that mesh, but may also increase projection errors. For this experiment, mesh 2 was held fixed with
ð20� 20� 2Þ triangular elements while mesh 1 was varied having ð20� 20� 2Þ; ð40� 40� 2Þ and ð80� 80� 2Þ triangular
elements. Here Dt ¼ Ds1 ¼ Ds2 ¼ 0:001 and M ¼ 2. In Fig. 8(a) the error components are plotted for this series of different
discretization levels for mesh 1. Note that discretization error Q 1b decreased as the mesh ratio decreased (as mesh 1 was
refined), but that the projection error Q2c increased. While the magnitude of reduction of Q1b exceeded the magnitude of
the increase in Q2c , the total error increased as mesh 1 was refined due to cancellation of errors with opposite sign.

In Table 5 we tabulate the error contributions for three different choices of mesh 1, two uniform and one non-uniform.
Fig. 8(b) where the mesh is refined in regions of rapid variation of component u1. Mesh 2 was uniform with ð20� 20� 2Þ
triangular elements for all three cases. Here Dt ¼ Ds2 ¼ 0:001; Ds1 ¼ Dt=4 ¼ 0:00025, and M ¼ 2.

When mesh 1 has ð20� 20� 2Þ uniform triangular elements, the first row of Table 5 indicates that the dominant error
contribution is Q1b, the discretization error on mesh 1. Halving each element on mesh 1 produces a situation in which
the discretization errors on both meshes and the projection error are roughly of the same magnitude (row 2 of Table 5).
Non-uniform refinement of mesh 1 such that it has a finer mesh in regions of sharp variation produces a similar distribution
of error with 2/3 of the number of elements (row 3 of Table 5).

6.2.3. A temporal derivative as the quantity of interest
For this experiment, we approximate the time derivative @

@t

R
X u1 dx of the average value of u1 at some t ¼ tD using a cen-

tral difference. We approximate the temporal derivative of a function v by,
@v
@t

				
t¼tD

� vðtD þ 0:5DtÞ � vðtD � 0:5DtÞ
Dt

: ð50Þ
In practice we approximate the point value using a local average. That is, vðsÞ � vðsÞ ¼
R sþr
s�r vðtÞdt. As r ! 0; vðsÞ ! vðsÞ.

The adjoint solution required a finer (time) discretization near tD to accurately resolve the adjoint solution. Near t ¼ tD,
we used a time discretization that was 100 times finer than that used for the forward problem. That is, in this region the
time step is Dt=100, where Dt is the time step for the forward problem. Moreover, we chose r ¼ Dt=10.

In Fig. 9(a) we investigate the effect of the number of iterations. We use Dt ¼ Ds2 ¼ 0:001; Ds1 ¼ 0:0005 and the same
uniform mesh with ð40� 40� 2Þ triangular elements for both components. For M ¼ 1, the estimate is dominated by the
term Q3 and then by Q 4, which measure the effect of the number of iterations.

In Fig. 9(b) we show the effect of varying Ds1 for fixed M. We use Dt ¼ Ds2 ¼ 0:001; M ¼ 3 and the same uniform mesh
with ð40� 40� 2Þ triangular elements for both components. We see that the error in the component Q 1b decreases as Ds1 is
reduced, as expected. The component Q 1b also dominates the total error, so refining the time steps for this fast component
leads to significant reduction of total error as well.

7. A posteriori analysis for systems with nonlinear diffusion coefficients

To explain how the a posteriori analysis can be extended to fully nonlinear coupled systems, we provide a formal deriva-
tion of an a posteriori error estimates for systems of parabolic initial boundary value problems having nonlinear diffusion
coefficients. We consider the problem of finding u ¼ ðu1; u2Þ> for systems in which the diffusion coefficient, � ¼ �ðuÞ is a
function of u,
_u1 �r � �1ðu1;u2Þru1ð Þ ¼ f1ðu1;u2Þ; ðx; tÞ 2 X� ð0; T�;
_u2 �r � ð�2ðu1;u2Þru2Þ ¼ f2ðu1;u2Þ; ðx; tÞ 2 X� ð0; T�;
uiðx; tÞ ¼ 0; ðx; tÞ 2 @X� ð0; T�; i ¼ 1;2
uiðx;0Þ ¼ giðxÞ; x 2 X; i ¼ 1;2

ð51Þ
or in a compact form,
_u�r � ð�ðuÞruÞ ¼ f ðuÞ;
where �ðuÞ ¼ diagð�1ðuÞ �2ðuÞÞ. Meaningful analysis of general parabolic systems with nonlinear diffusion coefficients is
very challenging, see for example [20]. Generally, analytic results can be greatly improved by employing the special prop-
erties of particular systems. We assume that the a priori analysis is in place and proceed to focus on the a posteriori analysis.

We again use Algorithm 1 to solve this system, with the obvious modification that � ¼ �ðuÞ and for simplicity we consider
a scenario of having the same spatial discretization for u1 and u2. The adjoint problem similar to (11) is modified to account
for the dependence of � on u,
� _u�r � �ðuÞru
� �

þ �0ðuÞ> � ru ¼ f 0ðuÞ>u; ð52Þ
where �0ðuÞ denotes a square matrix and �ðuÞ is a diagonal matrix whose entries, respectively, are
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�0ijðuÞ ¼
Z 1

0

@�i

@uj
ðsuÞrðuisÞds


 �
and �iðuÞ ¼

Z 1

0
�iðusÞds: ð53Þ
In compact form, the adjoint problems similar to (17) is also modified as
� _uðkÞ � r � ð�ðuðmÞÞruðkÞÞ þ �0ðuðmÞÞ> � ruðkÞ ¼ f 0ðuðmÞÞ>uðkÞ þ nðkÞR þ nðkÞD ; ð54Þ
where nðkÞR is as defined in (17), �0ðuðmÞÞ and �ðuðmÞÞ are similarly defined as in (53), and
nðkÞD ¼ 0�012ðuðmÞÞ> � r uðkÞ1 �uðk�1Þ
1

� �h i>
:

Similarly, the finite element adjoint problem (21) is modified as,
� _#ðkÞ � r � �ðzðmÞÞr#ðkÞ
� �

þ �0ðzðmÞÞ> � r#ðkÞ ¼ f 0ðzðmÞÞ>#ðkÞ þ gðkÞR þ gðkÞD ; ð55Þ
where zðmÞ ¼ suðmÞ þ ð1� sÞUðmÞ, �0ðzðmÞÞ is a square matrix and �ðzðmÞÞ is a diagonal matrix whose entries, respectively, are
�0ijðzðmÞÞ ¼
Z 1

0

@�i

@uj
ðzi
ðmÞÞrzðmÞds and �iðzðmÞÞ ¼

Z 1

0
�iðzðmÞÞds: ð56Þ
The residual gðkÞR is as defined in (21) and
gðkÞD ¼ 0�012ðzðmÞÞ � r #
ðkÞ
1 � #

ðk�1Þ
1

� �h i>
:

Analysis of this system leads to the following error representation.

Theorem 7.1. Set wN ¼ w and wn�1 ¼ #Kn
n�1 for n ¼ N;N � 1; . . . ;1. Then the error of iterative multi-discretization finite element

solution of (51) at final time tN ¼ T can be expressed as
uN � UðMNÞ�
N ;w

� �
¼
XN

n¼1

Q̂ 1;n þ Q̂2;n þ Q̂ 3;n þ Q̂4;n þ Q̂ 5b;n þ Q̂6b;n þ Q̂ 5c;n þ Q̂ 6c;n

� �
; ð57Þ
where Q̂ 1;n; Q̂2;n; Q̂ 3;n; Q̂4;n are as given in Theorem 4.3, and
Q̂ 5b;n ¼ uðMnÞ
n�1 ;DUnwn

� �
þ
Z

In

uðMnÞ; nðKnÞ
R þ nðKnÞ

D

� �
dt

Q̂ 6b;n ¼ ên�1;DUnwnð Þ �
XL1;n

l¼1

Z
Il;n

~eðMnÞ;gðKnÞ
R þ gðKnÞ

D

� �
dt

Q̂ 5c;n ¼
XL1;n

l¼1

Z
Il;n

d�1ðUðMnÞÞrUðMnÞ
1 ;r#ðKnÞ

1

� �
dt

Q̂ 6c;n ¼
XL1;n

l¼1

Z
Il;n

d�1ðuðMnÞÞruðMnÞ
1 ;r#ðKnÞ

1 �ruðKnÞ
1

� �
dt;
with d�1ðuðmÞÞ ¼ �1 uðmÞ1 ;uðmÞ2

� �
� �1ðuðmÞ1 ;uðm�1Þ

2 Þ,and similarly for d�1ðUðmÞÞ.

A proof similar to that of Lemma 4.2 is beyond the scope of this paper. With the appropriate a priori analysis in place, we
expect that the terms Q̂ 5b;n; Q̂5c;n; Q̂ 6b;n and Q̂ 6c;n are small compared to Q̂ 1;n . . . Q̂ 4;n.

8. Conclusions

In this paper we formulate and analyze an iterative multi-discretization Galerkin finite element method for multi-scale
reaction–diffusion equations. Subsystems in such reaction–diffusion equations may exhibit significantly different spatial and
temporal scales, motivating a multi-discretization numerical method. We employ adjoint operators and variational analysis
to form computational error estimates for a quantity of interest calculated from the multi-discretization finite element
method. A key insight in analyzing the multi-discretization method is the realization that the adjoint operator associated
with the iterative multi-discretization approximation is different from that of the original problem. Hence, our analysis uti-
lizes two adjoint operators. One of the operators utilizes a different linearization than the one commonly used for nonlinear
problems. The other adjoint is based on the property that our iterative multi-discretization Galerkin finite element method is
a consistent discretization of the analytic iterative method.

We derive a posteriori error estimates to quantify various sources of error in a quantity of interest computed from our
iterative finite element method. We first derive estimates for the case when the different components of the system are
solved on the same spatial mesh, and then extend the analysis to include distinct meshes. The error estimator has terms indi-
cating errors arising from discretization of each component, finite iteration, differences between the two different adjoints
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and projection. We demonstrate the accuracy of our method through a variety of numerical examples, starting from simple
linear problems and ending with the non-linear multi-scale Brusselator problem. We demonstrate how refining one or both
meshes or increasing the number of iterations can decrease the specific error components arising from a specific source.
Hence our error estimates are useful not only for computing the total error in a quantity of interest, but also applicable
in guiding an adaptive refinement strategy.

Appendix A

We prove the convergence of the iterative scheme in Algorithm 2. We consider uiðtÞ as functions from the interval to a
Banach space X, uiðtÞ : ½tn�1; tn� � X ! X, where X ¼ L2ðXÞ, for i ¼ 1;2. Let f ðuÞ : ½tn�1; tn� � X � X ! X � X be uniformly Lips-
chitz continuous with constant L, i.e. kf ðuÞ � f ðvÞkX�X 6 Lku� vkX�X 8t. Let �Ai ¼ �r � �ir be the infinitesimal generator
of the C0 semigroup GiðtÞ; t P 0, on X. For simplicity of notation, we denote A1 ¼ A2 ¼ A and G1 ¼ G2 ¼ G. Then, based on
the theory of semigroups [24], (6) and (7) on an interval ½tn�1; tn� are recast as,
uðmÞ1 ðtÞ ¼ Gðt � tn�1ÞuðMn�1Þ
1 þ

Z t

tn�1

Gðt � sÞf1ðuðmÞ1 ;uðm�1Þ
2 Þds; ð58Þ

uðmÞ2 ðtÞ ¼ Gðt � tn�1ÞuðMn�1Þ
2 þ

Z t

tn�1

Gðt � sÞf2ðuðmÞ1 ;uðmÞ2 Þds: ð59Þ
Let M denote the bound on kGðtÞk on ½0; T�. We then have,

Lemma A.1. With Assumptions A.1 and A.2, the integral equation
nðtÞ ¼ Gðt � tn�1Þaþ
Z t

tn�1

Gðt � sÞfiðn;bÞds ð60Þ
admits a unique solution ðn; bÞ.
Proof. The proof follows arguments used for ordinary differential equations [14] and employs techniques from [24]. Set
nð0Þ ¼ a and compute
nðjÞ ¼ Gðt � tn�1Þaþ
Z t

tn�1

Gðt � sÞfi nðj�1Þ;b
� �

ds ð61Þ
for j ¼ 1;2; . . .. For j ¼ 1 we have,
knðtÞ � Gðt � tn�1Þak ¼
Z t

tn�1

Gðt � sÞfiða;bÞds
���� ����;¼ Z t

tn�1

Gðt � sÞðfiða;bÞ � fið0;0ÞÞds
���� ����; ðsince f ið0Þ ¼ 0Þ

6 DtnMLkða;bÞk:
Moreover, using a semigroup property (cf. page 5 in [24]),
kGðt � tn�1Þa� ak ¼
Z t�ttn�1

0
GðsÞAads

���� ���� 6 DtnMkAak:
Using the above results and the triangle inequality,
knð1ÞðtÞ � ak 6 knð1ÞðtÞ � Gðt � tn�1Þak þ kGðt � tn�1Þa� ak 6 DtnMLc1;
where c1 ¼ kða; bÞk þ L�1kAak. Now we use induction argument, where our induction hypothesis is
knðj�1ÞðtÞ � nðj�2ÞðtÞk 6 c1ðMLDtnÞðj�1Þ
: ð62Þ
Then, using the Lipschitz continuity of f and our induction hypothesis (62) we have,
knðjÞðtÞ � nðj�1ÞðtÞk ¼
Z t

tn�1

Gðt � sÞðfiðnðj�1Þ;bÞ � fiðnðj�2Þ; bÞÞds 6 DtnMLknðj�1ÞðtÞ � nðj�2ÞðtÞk 6 c1ðMLDtnÞj
Now, if MLDtn < 1, then for l > k > N,
knðlÞðtÞ � nðkÞðtÞk 6
Xl

j¼kþ1

knðjÞðtÞ � nðj�1ÞðtÞk 6 c1ðMLDtnÞN

1�MLDtn
: ð63Þ
Thus, knðlÞðtÞ � nðkÞðtÞk ! 0 as N !1. Hence, nðlÞðtÞ is a Cauchy sequence in the Banach space X, and hence converges to an
element in X. We pass to the limit in (61), so that this limit satisfies (60). h
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Now we use this lemma to prove the convergence of Algorithm 2.

Theorem A.1. With Assumptions A.1 and A.2, there exists tn > tn�1 such that the sequence of functions uðmÞ1

n o
and uðmÞ2

n o
as

defined in Algorithm 2 converges to the exact solution of (2) on the time interval In ¼ ½tn�1; tn�.
Proof. The existence of the sequences uðmÞ1

n o
and uðmÞ2

n o
are established by repeated application of Lemma A.1. For m ¼ 1,

we set a ¼ u1ðtn�1Þ and b ¼ uð0Þ2 ðtn�1Þ. Then, by Lemma A.1, there exists a solution ðuð1Þ1 ;uð0Þ2 Þ to the integral equation govern-

ing uð1Þ1 . We obtain a similar result for uð1Þ2 by setting a ¼ u2ðtn�1Þ and b ¼ uð1Þ1 ðtn�1Þ . Hence, repeated application of this

lemma shows the existence of the sequences uðmÞ1

n o
and uðmÞ2

n o
. Moreover, from the proof of Lemma A.1 we have,
kuð1Þ2 ðtÞ � uð0Þ2 ðtÞk ¼ ku
ð1Þ
2 ðtÞ � u2ðtn�1Þk 6 c1MLDtn:
Thus,
kuð2Þ1 ðtÞ � uð1Þ1 ðtÞk 6
Z t

tn�1

kGðt � sÞðf1ðuð2Þ1 ;uð1Þ2 Þ � f1ðuð1Þ1 ;uð1Þ2 ÞÞk þ kGðt � sÞðf1ðuð1Þ1 ;uð1Þ2 Þ � f1ðuð1Þ1 ;uð0Þ2 ÞÞkds

6 ML
Z t

tn�1

kuð2Þ1 � uð1Þ1 kdsþ c1MLðt � tn�1Þ2:
Setting sn ¼ MLDtn expðMLDtnÞ, we apply Gronwall’s inequality,
kuð2Þ1 ðtÞ � uð1Þ1 ðtÞk 6 c1MLðt � tn�1Þ2 expðMLDtnÞ 6
c1s2

n

ML expðMLDtnÞ
: ð64Þ
Similarly,
kuð2Þ2 ðtÞ � uð1Þ2 ðtÞk 6
c1s2

n

ML expðMLDtnÞ
: ð65Þ
Now we use induction, where our induction hypothesis is,
kuðm�1Þ
1 ðtÞ � uðm�2Þ

1 ðtÞk 6 cnsm�1
n ð66Þ
and
kuðm�1Þ
2 ðtÞ � uðm�2Þ

2 ðtÞk 6 cnsm�1
n ; ð67Þ
where cn ¼ c1
ML expðMLDtnÞ. We have, by our induction hypothesis and Gronwall’s inequality,
kuðmÞ1 ðtÞ � uðm�1Þ
1 ðtÞk 6

Z t

tn�1

kGðt � sÞðf1ðuðmÞ1 ;uðm�1Þ
2 Þ � f1ðuðm�1Þ

1 ;uðm�1Þ
2 ÞÞk þ kGðt � sÞðf1ðuðm�1Þ

1 ;uðm�1Þ
2 Þ

� f1ðuðm�1Þ
1 ;uðm�2Þ

2 ÞÞkds

6 ML
Z t

tn�1

kuðmÞ1 � uðm�1Þ
1 kdsþMLDtnkuðm�1Þ

2 ðtÞ � uðm�2Þ
2 ðtÞk

6 ML
Z t

tn�1

kuðmÞ1 � uðm�1Þ
1 kdsþ cnMLDtnsm�1

n 6 MLDtncnsm�1
n expðMLDtnÞ ¼ cnsm

n : ð68Þ
For sn < 1, and l > k > N,
kuðlÞ1 ðtÞ � uðkÞ1 ðtÞk 6
Xl

m¼kþ1

kuðmÞ1 ðtÞ � uðm�1Þ
1 ðtÞk ð69Þ

6

X1
m¼N

kuðmÞ1 ðtÞ � uðm�1Þ
1 ðtÞk ð70Þ

6
cnsN

n

1� sn
ð71Þ
By enforcing sn < 1, we get that uðmÞ1 is a Cauchy sequence that converges to an element in X. This is also true for uðmÞ2 . We pass
to the limit in (59), so that it converges to the solution of the implicit equation. h
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[20] O.A. Ladyženskaja, V.A. Solonnikov, N.N. Ural’ceva, Linear and quasilinear equations of parabolic type, in: Translations of Mathematical Monographs,

vol. 23, American Mathematical Society, Providence, RI, 1968 (Translated from the Russian by S. Smith).
[21] M.G. Larson, F. Bengzon, Adaptive finite element approximation of multiphysics problems, Commun. Numer. Methods Engrg. 24 (2008) 505–521.
[22] M.G. Larson, A. Maylqvist, Goal oriented adaptivity for coupled flow and transport problems with applications in oil reservoir simulations, Comput.

Methods Appl. Mech. Engrg. 196 (2007) 3546–3561.
[23] A. Logg, Multi-adaptive time integration, Appl. Numer. Math. 48 (2004) 339–354.
[24] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Applied Mathematical Sciences, Springer-Verlag, 1983.
[25] I. Prigogine, R. Lefever, Symmetry breaking instabilities in dissipative systems, J. Chem. Phys. 48 (1968) 1695–1700.

http://refhub.elsevier.com/S0045-7825(13)00210-7/h0015
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0015
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0020
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0020
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0020
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0025
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0030
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0030
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0035
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0035
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0035
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0040
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0040
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0045
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0050
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0050
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0050
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0050
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0055
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0055
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0060
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0060
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0065
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0065
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0070
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0070
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0075
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0075
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0080
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0085
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0085
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0090
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0095
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0100
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0100
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0105
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0110
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0110
http://refhub.elsevier.com/S0045-7825(13)00210-7/h0115

	A posteriori analysis of an iterative multi-discretization method for reaction–diffusion systems
	1 Introduction
	2 An iterative multi-discretization Galerkin finite element method
	3 An analytic iterative method
	4 A posteriori analysis of the iterative multi-discretization Galerkin finite element method
	4.1 Analysis of the analytic iterative method
	4.2 Analysis of the iterative multi-discretization Galerkin finite element method
	4.3 A computational error estimate

	5 Numerical experiments using equal spatial meshes
	5.1 An equal rate one-way coupled linear system
	5.2 A multirate coupled linear system
	5.3 A coupled nonlinear system using different time steps
	5.4 A coupled nonlinear system using equal time steps

	6 A posteriori analysis of the iterative multi-discretization Galerkin finite element method for different spatial meshes
	6.1 A linear system
	6.2 The Brusselator
	6.2.1 A spatial quantity of interest at the final time
	6.2.2 Competing effects of discretization and projection
	6.2.3 A temporal derivative as the quantity of interest


	7 A posteriori analysis for systems with nonlinear diffusion coefficients
	8 Conclusions
	Appendix A 
	References


