
SIAM J. SCI. COMPUT. c© 2012 Society for Industrial and Applied Mathematics
Vol. 0, No. 0, pp. 000–000

ADJOINT-BASED A POSTERIORI ERROR ESTIMATION FOR
COUPLED TIME-DEPENDENT SYSTEMS∗

LIYA ASNER† , SIMON TAVENER‡ , AND DAVID KAY§

Abstract. We consider time-dependent parabolic problems coupled across a common interface
which we formulate using a Lagrange multiplier construction and solve by applying a monolithic
solution technique. We derive an adjoint-based a posteriori error representation for a quantity of
interest given by a linear functional of the solution. We establish the accuracy of our error represen-
tation formula through numerical experimentation and investigate the effect of error in the adjoint
solution. Crucially, the error representation affords a distinction between temporal and spatial errors
and can be used as a basis for a blockwise time-space refinement strategy. Numerical tests illustrate
the efficacy of the refinement strategy by capturing the distinctive behavior of a localized traveling
wave solution. The saddle point systems considered here are equivalent to those arising in the mortar
finite element technique for parabolic problems.
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1. Introduction. We consider an adjoint-based a posteriori error estimator for
parabolic problems that are coupled across a given interface and construct an adaptive
space-time finite element scheme. A posteriori error estimation is commonly used in
parabolic problems for adaptive mesh refinement and the different approaches are
described in a detailed review paper [1], as well as in [4, 5, 14, 20, 24, 35, 39, 40, 41].
In particular, [14, 15, 16] develop a technique based on solving an adjoint problem to
estimate the error in a quantity of interest given by a functional of the solution as
opposed to the error in a norm of the solution.

Error estimation for coupled problems solved using operator decomposition tech-
niques was considered in [17, 18, 9, 8]. While operator decomposition is traditionally
viewed as easy and inexpensive to implement [19, 28], its convergence is rarely guar-
anteed. In this paper we take the alternative, monolithic approach to solving coupled
parabolic problems, which do not suffer from this problem. We introduce a Lagrange
multiplier (mortar element) space on the interface between the component domains,
resulting in a large-scale complex system, which can nevertheless be solved efficiently
with special treatment [33, 22]. Moreover, the presence of the Lagrange multiplier
variable allows us to derive error estimates for a quantity of interest that is supported
along the interface. This is particularly useful in applications where the Lagrange
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multiplier represents an important physical quantity. Similar systems arise when us-
ing mortar elements [7, 2, 3, 6] as part of a domain decomposition approach [34] to
solving elliptic or parabolic systems.

Multiphysics problems in which the coupling occurs across a common interface
arise in many fields. For example, models of fluid-structure interaction are of interest
in many physiological applications [12, 23, 26, 38]. Examples include the normal
stress along arterial walls when assessing the risk of aneurysm rupture [12, 11], and
the flux through the boundary between a fluid and a porous media when modeling
air flow in the lungs [27]. The problems considered here are a necessary step towards
an a posteriori error analysis for more complicated multiphysics systems.

Recent investigations [29, 25] have established convergence of goal-oriented adap-
tive schemes for linear and nonlinear parabolic problems, respectively, and build on
the earlier work of [31, 30]. These analyses require a Dörfler “mark and refine” strat-
egy [13] and simultaneously refine both forward and adjoint problems. The extension
of the approach in [29, 25] to goal-oriented adaptivity for coupled parabolic systems
such as those studied here is not immediate. Our focus is on error estimation and on
a single refinement step. We do not attempt to prove the convergence of our adaptive
strategy. Nor do we seek to develop methods akin to the “safeguarded” dual weighted
residual method of [32] that allow for inaccuracy in the (numerical) adjoint solution.

The structure of this paper is as follows. We formulate a coupled time-dependent
problem in section 2 and define our solution method. In section 3 we introduce the
error in the quantity of interest and derive an error representation formula. We also
assess its accuracy in the presence of an inexact adjoint solution. A blockwise adaptive
mesh refinement strategy is then discussed in section 4. The effectivity of the error
estimator is demonstrated in section 5. Finally, section 6 illustrates the performance
of the mesh refinement algorithm.

2. A model coupled time-dependent problem. Our model problem is to
find functions ui(x, t), x ∈ Ωi, t ∈ [0, T ], for i = 1, 2, where Ωi are nonoverlapping
open polygonal domains sharing a common interface Γ. Here, u1(x, t) and u2(x, t)
satisfy the following partial differential equations, continuity constraints along Γ, and
initial and boundary values:

∂ui
∂t

+ Liui = fi in Ωi × (0, T ], i = 1, 2,(2.1)

ui(x, 0) = ui,0(x) ∀x ∈ Ωi, i = 1, 2,(2.2)

ui = uDi on ΓD
i × (0, T ], i = 1, 2,(2.3)

ki
∂ui
∂ni

= 0 on ΓN
i × (0, T ], i = 1, 2,(2.4)

u1 = u2 on Γ× (0, T ],(2.5)

k1
∂u1
∂n1

= −k2 ∂u2
∂n2

on Γ× (0, T ],(2.6)

where Liui = −∇ · (ki∇ui) + ciui, ki ≥ ki,0 > 0, ci and fi are sufficiently smooth,
and the domain boundaries ∂Ωi = ΓD

i ∪ ΓN
i ∪ Γ, i = 1, 2, are such that ΓD

i ∩ ΓN
i = ∅,

ΓD
i ∩ Γ = ∅, and ΓN

i ∩ Γ = ∅.
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In order to construct weak solutions, we introduce the function spaces Xi =
L2(0, T ;H

1(Ωi)), i = 1, 2, and Y = L2(0, T ;H
−1/2(Γ)). We also let

Xi,D := {v ∈ Xi | v = uDi on ΓD
i × I}, i = 1, 2,

Xi,0 := {v ∈ Xi | v = 0 on ΓD
i × I}, i = 1, 2,

be the affine subspaces including the given Dirichlet and zero Dirichlet boundary
conditions, respectively, along ΓD

i .
For any vi, wi ∈ Xi, i = 1, 2, we define the following bilinear forms:

(vi, wi) :=

∫
Ωi

viwi dx, ai(vi, wi) :=

∫
Ωi

(ki∇vi · ∇wi + civiwi) dx.

Finally, for any pair (v, ν) ∈ Xi × Y we define < ν, v > to be the standard duality
pairing. Note, we assume the action of the trace operator on v is contained within
the duality pairing.

The weak form of (2.1)–(2.6) is as follows: Find (u1, u2, λ) ∈ X1,D × X2,D × Y
such that

∫ T

0

{
∓ < λ, vi > +

(
∂ui
∂t

, vi

)
+ ai(ui, vi)− (fi, vi)

}
dt = 0

∀vi ∈ Xi,0, i = 1, 2,(2.7) ∫ T

0

< ν, u1 − u2 > dt = 0 ∀ν ∈ Y,(2.8)

ui(x, 0) = ui,0(x), i = 1, 2.(2.9)

In the first equation we use shorthand notation ∓ < λ, vi >, i = 1, 2, for the terms
− < λ, v1 > when i = 1, and < λ, v2 > when i = 2. In the text below the top sign
always corresponds to i = 1 and the bottom sign to i = 2.

Note. Nonzero Neumann boundary conditions on ΓN
i , i = 1, 2, will result in

additional boundary integral terms in (2.7).
We construct a finite element method for this problem using continuous piecewise-

linear functions in space (cG(1) in space) and discontinuous piecewise-constant func-
tions in time (dG(0) in time). We denote the spatial and temporal discretization
spaces by P 1

c and P 0
d , respectively. First, we partition I = (0, T ] into N time inter-

vals, 0 = t0 < t1 < · · · ≤ tN = T with Δtn = tn− tn−1 and define In = (tn−1, tn]. We
construct regular triangulations τi for Ωi, i = 1, 2, and a partition τ for Γ, consisting
of nonoverlapping elements Δ and γ, respectively. The corresponding finite element
spaces are

Xh
i := {v ∈ Xi | v(·, t) ∈ P 1

c (τi) ∀t ∈ I, v(x, ·) ∈ P 0
d ({In}) ∀x ∈ Ωi}, i = 1, 2,

Y h := {ν ∈ Y | ν(·, t) ∈ P 1
c (τ) ∀t ∈ I, ν(s, ·) ∈ P 0

d ({In}) ∀s ∈ Γ},

with subspaces Xh
i,D = Xh

i ∩ Xi,D and Xh
i,0 = Xh

i ∩ Xi,0, i = 1, 2. We define semi-

discrete subspaces of the test spaces X1, X2, and Y , and the projections πh and θ
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onto these semidiscrete subspaces as

Xx
i := {v ∈ Xi | v(·, t) ∈ P 1

c (τi) ∀t ∈ I}, i = 1, 2,

Y x := {ν ∈ Y | ν(·, t) ∈ P 1
c (τ) ∀t ∈ I},

Xt
i := {v ∈ Xi | v(x, ·) ∈ P 0

d ({In}) ∀x ∈ Ωi}, i = 1, 2,

Y t := {ν ∈ Y | ν(s, ·) ∈ P 0
d ({In}) ∀s ∈ Γ},

πh :

{
Xi → Xx

i such that ∀v ∈ Xi, w ∈ Xx
i : (v − πhv, w) = 0, i = 1, 2,

Y → Y x such that ∀ν ∈ Y, w ∈ Xx
j : < ν − πhν, w >= 0,

θ :

{
Xi → Xt

i such that ∀v ∈ Xi, w ∈ Xt
i : (v − θv, w) = 0, i = 1, 2,

Y → Y t such that ∀ν ∈ Y, w ∈ Xt
j : < ν − θν, w >= 0,

where j is the index of the domain that defines the finite element space on Γ (i.e., that
where the mesh in the domain conforms with the mesh on the interface). Finally, let
[uhi ]n = limt↓tn u

h
i (t) − limt↑tn u

h
i (t) denote the jumps in the (discontinuous in time)

finite element solutions uhi at times tn.
The resulting finite element method can be written as follows: Find (uh1 , u

h
2 , λ

h)
∈ Xh

1,D ×Xh
2,D × Y h such that

N∑
n=1

{([
uhi
]
n−1

, vhi,(n−1)+

)
−
∫
In

(Ri, v
h
i ) dt

}
= 0 ∀vhi ∈ Xh

i,0, i = 1, 2,(2.10)

N∑
n=1

∫
In

< νh, uh1 − uh2 > dt = 0 ∀νh ∈ Y h,(2.11)

uhi (x, 0) = πhui,0(x), i = 1, 2,(2.12)

where R1 and R2 are the residuals

(2.13)

(Ri, vi) = ± < λh, vi > +(fi, vi)−
(
∂uhi
∂t

, vi

)
− ai(u

h
i , vi) ∀vi ∈ Xh

i , i = 1, 2.

For sufficiently smooth interfaces the problem is known to be well posed [21].
Interfaces with corners require a more precise definition of the Lagrange multiplier
space.

3. The error representation formula. Let the discretization errors be defined
as ei = ui − uhi , i = 1, 2, and eλ = λ − λh, which are functions of both space and
time. The quantity of interest

(3.1) (QoI) =

∫ T

0

{− < λ,ψ > +(u1, ψ1) + (u2, ψ2)} dt,

is a linear functional of the solution with coefficients ψ1, ψ2, and ψ, and has error

(3.2) E =

∫ T

0

{− < eλ, ψ > +(e1, ψ1) + (e2, ψ2)} dt.
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The adjoint problem corresponding to (2.7)–(2.8) is as follows: Find (φ1, φ2, μ) ∈
X1,0 ×X2,0 × Y such that

∫ T

0

{
∓ < μ, vi > −

(
∂φi
∂t

, vi

)
+ ai(φi, vi)− (ψi, vi)

}
dt = 0

∀vi ∈ Xi,0, i = 1, 2,(3.3) ∫ T

0

< ρ, φ1 − φ2 > dt =

∫ T

0

< ρ, ψ > dt ∀ρ ∈ Y,(3.4)

φi(x, T ) = 0, i = 1, 2.(3.5)

Theorem 3.1. The error E defined by (3.2) can be computed as

E =

2∑
i=1

{
(φi,0, ui,0 − πui,0)−

N∑
n=1

(φi,n−1, [u
h
i ]n−1)

+
N∑

n=1

∫
In

{± < μ, uhi > +(Ri, φi)
}

dt

}
,(3.6)

where (φ1, φ2, μ) is the solution of the adjoint problem (3.3)–(3.5) and the residuals
Ri, i = 1, 2 are defined in (2.13). We identify the following:

• E0 =
∑2

i=1(φi,0, ui,0 − πui,0) as the initial error,

• EJ = −∑2
i=1

∑N
n=1(φi,n−1, [u

h
i ]n−1) as the error due to the discontinuous

approximation in time,
• EΓ =

∑N
n=1

∫
In
< μ, uh1 − uh2 > dt as the interface error,

• EΩ =
∑2

i=1

∑N
n=1

∫
In
(Ri, φi) dt as the domain error,

and write

(3.7) E = E0 + EJ + EΓ + EΩ.

Proof. We use the errors e1, e2, and eλ as test functions in the weak formulation
of the adjoint problem (3.3) and (3.4), yielding

∫ T

0

{
∓ < μ, ui − uhi > −

(
∂φi
∂t

, ui − uhi

)
+ ai(φi, ui − uhi )

}
dt =

∫ T

0

(ψi, ei) dt,

i = 1, 2,∫ T

0

{− < λ, φ1 − φ2 > + < λh, φ1 − φ2 >
}

dt = −
∫ T

0

< eλ, ψ > dt.

Adding these equations together, integrating by parts in time, and recalling the resid-
ual definition (2.13) and the piecewise constant dependence of the finite-element so-
lution in time, we obtain

E =

∫ T

0

{− < μ, u1 − u2 > + < μ, uh1 − uh2 >
}

dt−
2∑

i=1

N∑
n=1

(φi, ui − uhi )
∣∣t−n
t+n−1

dt

+

2∑
i=1

∫ T

0

{
∓ < λ, φi > +

(
∂ui
∂t

, φi

)
+ ai(ui, φi) + (Ri, φi)− (fi, φi)

}
dt.
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We can also use φ1, φ2 and μ as test functions in the weak formulation of the original
problem (2.7) and (2.8), resulting in

∫ T

0

{
∓ < λ, φi > −(fi, φi) +

(
∂ui
∂t

, φi

)
+ ai(ui, φi)

}
dt = 0, i = 1, 2,

−
∫ T

0

< μ, u1 − u2 > dt = 0.

Subtracting both expressions from the above formula for E ,

(3.8) E =
2∑

i=1

N∑
n=1

{
− (φi, ui − uhi )

∣∣t−n
t+n−1

+

∫
In

{± < μ, uhi > +(Ri, φi)
}

dt

}
.

We can rewrite the term due to jumps in the solution, assuming the exact solutions to
the original and to the adjoint problems are continuous in time (within their respective
subdomains), and using the initial and final conditions (2.2) and (3.5). Noting that

N∑
n=1

(φi, ui − uhi )
∣∣t−n
t+n−1

= −(φi,0, ui,0)−
N∑

n=1

(
φi, u

h
i )
∣∣t−n
t+n−1

,

the error measure can be written as

E =

2∑
i=1

{
(φi,0, ui,0) +

N∑
n=1

(φi, u
h
i )
∣∣t−n
t+n−1

+

N∑
n=1

∫
In

{± < μ, uhi > +(Ri, φi)
}

dt

}
.

Using the initial conditions uhi,0+ = πui,0 and φi,N = 0 to rearrange the first two
terms we obtain the representation formula (3.6),

E =
2∑

i=1

{
(φi,0, ui,0 − πui,0)−

N∑
n=1

(φi,n−1, [u
h
i ]n−1)

+

N∑
n=1

∫
In

{± < μ, uhi > +(Ri, φi)
}

dt

}
.

Remark 1. Upon appropriate simplification, error representation formulas for
a system comprising two coupled elliptic problems and for a system comprising a
parabolic problem coupled to an elliptic problem, follow immediately from the above
result.

We now consider corrections to the error representation formula due to errors on
the boundary and error in the adjoint solution.

3.1. The effect of discretization error on the boundary. The proof of
Theorem 3.1 utilized errors e1 and e2 as test functions in the adjoint problem. This
is permissible only if the boundary conditions lie in the appropriate finite element
spaces, i.e., if uDi ∈ Xh

i,D, i = 1, 2. In particular, the proof of Theorem 3.1 assumes

that uDi is piecewise-constant in time.
In order to account for the circumstances when uDi /∈ Xh

i,D, i = 1, 2, we introduce

functions eDi = uDi − πhθuDi on ΓD
i , i = 1, 2 for all t ∈ I. We extend this function to

the whole domain Ω1 ∪ Ω2 by setting it to zero at all mesh points other than those
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on the Dirichlet boundaries, and allowing it to be piecewise linear in space. Then we
can write ∫ T

0

(ψi, ei) dt =

∫ T

0

(ψi, ei − eDi ) dt+

∫ T

0

(ψi, e
D
i ) dt.

Now, ei− eDi is a suitable test function for the adjoint. Substituting for the first term
on the right-hand side from (3.3),

∫ T

0

(ψi, ei) dt =

∫ T

0

{
∓ < μ, ei − eDi > −

(
∂φi
∂t

, ei − eDi

)
+ ai(φi, ei − eDi )

}
dt

+

∫ T

0

(ψi, e
D
i ) dt.

Proceeding as before, we define

(3.9) ED =
2∑

i=1

N∑
n=1

∫
In

{
± < μ, eDi > +

(
∂φi
∂t

, eDi

)
− ai(φi, e

D
i ) + (ψi, e

D
i )

}
dt,

and arrive at the full error representation

(3.10) E = E0 + EΓ + EJ + EΩ + ED,

where E0, EΓ, EJ , EΩ are as defined in Theorem 3.1.
Remark 2. In a realistic case, a Dirichlet boundary condition is unlikely to be

given in functional form, meaning it will automatically reside in the finite element
space. Unless stated explicitly, we do not include this error component in the calcu-
lations below.

3.2. The effect of adjoint approximation. The effect of adjoint approxi-
mation has previously been considered by [10, 32, 37], amongst others. Let the
adjoint finite element spaces X̂1, X̂2, and Ŷ be such that Xh

i ⊂ X̂i ⊂ Xi and

Y h ⊂ Ŷ ⊂ Y , and let X̂i,0 = X̂i ∩ Xi,0, i = 1, 2. Thus we solve the following:

Find (φh1 , φ
h
2 , μ

h) ∈ X̂1,0 × X̂2,0 × Ŷ such that

N∑
n=1

(
−([φhi ]n, v

h
i,n−) +

∫
In

{
∓ < μh, vhi > −

(
∂φhi
∂t

, vhi

)
+ ai(φ

h
i , v

h
i )

}
dt

)

=

N∑
n=1

∫
In

(ψi, v
h
i ) dt ∀vhi ∈ X̂i,0, i = 1, 2,(3.11)

N∑
n=1

∫
In

< ρh, φh1 − φh2 > dt =

N∑
n=1

∫
In

< ρh, ψ > dt ∀ρh ∈ Ŷ ,(3.12)

φhi (x, T ) = 0 ∀x ∈ Ωi, i = 1, 2.(3.13)

Note that the partition of the time interval I remains the same. A finer partition
will introduce additional jump terms which we choose to avoid for ease of exposition.
In practice, we employ dG(1) in time (discontinuous piecewise-linear functions), and
cG(1) in space (continuous piecewise-linear functions) on a finer mesh than that used
for the original finite element method.
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Theorem 3.2. Let (uh1 , u
h
2 , λ

h) be the finite element solution of (2.10)–(2.12),
and let (φh1 , φ

h
2 , μ

h) be the finite element solution of (3.11)–(3.13). Then the error in
the quantity of interest defined by (3.6) can be represented as a sum of the estimated
error Eest and a remainder ε, i.e.,

E = Eest + ε,(3.14)

where

Eest =
2∑

i=1

{
(φhi,0+, ui,0 − πhui,0)−

N∑
n=1

(
φhi,(n−1)+,

[
uhi
]
n−1

)

+

N∑
n=1

∫
In

{± < μh, uhi > +(Ri, φ
h
i )
}

dt

}
,(3.15)

ε =

2∑
i=1

{
(φi,0 − φhi,0+, ui,0) +

N∑
n=1

∫
In

(fi, φi − φhi ) dt

}
.(3.16)

Proof. Analogous to the proof of Theorem 3.1.
The value of ε is not computable but can be bounded a priori if fi are sufficiently

regular. We provide numerical evidence in section 5 that ε can indeed be neglected
provided the adjoint finite element solution is sufficiently accurate.

4. An adaptive strategy. Our goal is to use the error representation for-
mula (3.6) in order to obtain a mesh which is well-suited for a given problem and
which achieves a specified error tolerance in a given quantity of interest. We con-
sider the projection of the adjoint solution onto the original finite element space
(πhθφ1, π

hθφ2, π
hθμ), which can be used as a test function in the original finite ele-

ment problem (2.10)–(2.11), and so satisfies

2∑
i=1

N∑
n=1

{(
πhθφhi,(n−1)+,

[
uhi
]
n−1

)
−
∫
In

(Ri, π
hθφhi ) dt

}
= 0,

−
N∑

n=1

∫
In

< πhθμh, uh1 − uh2 > dt = 0.

Adding these equations together, we have

2∑
i=1

N∑
n=1

{
(πhθφhi,(n−1)+,

[
uhi
]
n−1

)∓
∫
In

< πhθμh, ui > dt−
∫
In

(Ri, π
hθφhi ) dt

}
= 0.

Combining with the representation formula (3.15), and adding and subtracting the
term

2∑
i=1

N∑
n=1

{
(θφhi,(n−1)+,

[
uhi
]
n−1

)∓ < θμh, ui > −
∫
In

(Ri, θφ
h
i )

}
,
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yields

Eest =
2∑

i=1

{
(φhi,0+, ui,0 − πhui,0)−

N∑
n=1

(
φhi,(n−1)+ − θφhi,(n−1)+,

[
uhi
]
n−1

)

−
N∑

n=1

(
θφhi,(n−1)+ − πhθφhi,(n−1)+,

[
uhi
]
n−1

)
+

N∑
n=1

∫
In

± < μh − θμh, uhi > dt

+
N∑

n=1

∫
In

{± < θμh − πhθμh, uhi > +(Ri, φ
h
i − θφhi ) + (Ri, θφ

h
i − πhθφhi )

}
dt

}
.

This form of the error measure allows us to distinguish between the effects of ap-
proximation in time and in space. We group all terms involving φh − θφh to produce
the temporal error, and all terms involving θφh − πhθφh to produce the spatial error,
and write the total error as the sum of these two components. Clearly, the initial
error is part of the spatial approximation error. We compute the contributions to the
temporal error at each time step, and the contributions to the spatial error on each
element Δ at each time step In, i.e.,

Eest = Et + Ex
with

Et =
N∑

n=1

En
t =

N∑
n=1

⎛
⎝∑

i=1,2

∑
Δi∈τi

En,Δi

t +
∑
γ∈τ

En,γ
t

⎞
⎠ ,

Ex =
∑
i=1,2

∑
Δi∈τi

EΔi
0 +

N∑
n=1

⎛
⎝∑

i=1,2

∑
Δi∈τi

En,Δi
x +

∑
γ∈τ

En,γ
x

⎞
⎠ ,

En,Δi

t = −
(
φhi,(n−1)+ − θφhi,(n−1)+,

[
uhi
]
n−1

)
Δi

+

∫
In

{
(fi, φ

h
i − θφhi )Δi −

(
∂uhi
∂t

, φhi − θφhi

)
Δi

− ai(u
h
i , φ

h
i − θφhi )Δi

}
dt,

n = 1, . . . , N, i = 1, 2,

En,γ
t =

∑
i=1,2

∫
In

{± < μh − θμh, uhi >γ ± < λh, φhi − θφhi >γ

}
dt, n = 1, . . . , N,

EΔi
0 = (φhi,0+, ui,0 − πhui,0)Δi , i = 1, 2,

En,Δi
x = −

(
θφhi,(n−1)+ − πhθφhi,(n−1)+,

[
uhi
]
n−1

)
Δi

+

∫
In

{
(fi, θφ

h
i − πhθφhi )Δi −

(
∂uhi
∂t

, θφhi − πhθφhi

)
Δi

− ai(u
h
i , θφ

h
i − πhθφhi )Δi

}
dt,

n = 1, . . . , N, i = 1, 2,

En,γ
x =

∑
i=1,2

∫
In

{± < θμh − πhθμh, uhi >γ ± < λh, θφhi − πhθφhi >γ

}
dt,

n = 1, . . . , N,
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where

(u, v)Δi =

∫
Δi

uv dx, ai(u, v)Δi =

∫
Δi

∇u · ∇v dx, < ν, v >γ=

∫
γ

νv ds, i = 1, 2.

Given a global tolerance TOL, the total number of elements in the domain and
on the interface M , and the number of time steps N , we compute the local tolerance
LTOL = 2 TOL/(NM ). A time step n is marked for refinement if |En

t | > M · LTOL,
an element Δi at time step n is marked for refinement if |En,Δi

x | > LTOL, and an
interface edge γ at time step n is marked for refinement if |En,γ

x | > LTOL. If an
interface edge is refined, then the neighboring domain elements are refined as well.

Constructing a solution on a different spatial mesh at every time step can become
extremely costly. Moreover, projection introduces additional errors and any gains
from nonuniform refinements can be lost in the process of repeated projections. To
overcome this difficulty we employ one of the blockwise time refinement techniques
introduced in [8]. We group time steps into blocks so that a single refined spatial
mesh is used to compute solutions within each space-time block. We prescribe an
upper bound on the number of refinements allowed in a block, NMAX , introducing
an effective upper bound on the number of elements in the refined mesh, and hence
a restriction on the memory used. Clearly TOL and NMAX are related, and it is
possible to construct situations in which the desired accuracy cannot be achieved
with the prescribed maximum number of refinements. The severity of this issue will
depend upon the accuracy desired.

We start from a single temporal block corresponding to the original mesh, includ-
ing all time steps. Starting from t = 0 the required refinements are applied to the
original mesh for consecutive time steps until a block is “full,” i.e., the number of
required refinements reaches NMAX . Then a new block is formed from the original
mesh and the process is repeated starting from the following time step. For details of
the method we refer to the original paper [8].

This algorithm can result in more than NMAX refinements in a block, first,
because a new block is created only after this upper limit is exceeded, and second,
because the resulting triangulation is regularized, i.e., additional edges are introduced
to remove hanging nodes. Depending on the refinement limits and the behavior of
the solution, this strategy can result in anything from a single time block to a block
every time step. The flexibility of the algorithm to automatically obtain reliable block
mesh refinements, under constraints such as the user’s available computational power,
storage, and processing time, will be illustrated in the following section.

5. Numerical examples of the effectivity of the error estimate. We in-
vestigate the accuracy of the representation formula (3.10) in a variety of scenarios
for which exact solutions are known, allowing an effectivity ratio of

(5.1) R =
Eest
E

to be calculated. Since the refinements are based on the absolute values of local errors,
we also consider the effect of summing the absolute value of error contributions. We
define

E =

N∑
n=1

∫
In

{∑
γ∈τ

|< eλ, ψ >γ |+
∑

Δ1∈τ1

|(e1, ψ1)Δ1 |+
∑

Δ2∈τ2

|(e2, ψ2)Δ2 |
}

dt,
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and Eest = E t + Ex, where

Et =
N∑

n=1

⎛
⎝∑

i=1,2

∑
Δi∈τi

∣∣∣En,Δi

t

∣∣∣+∑
γ∈τ

|En,γ
t |

⎞
⎠ ,

Ex =
∑
i=1,2

∑
Δi∈τi

∣∣∣EΔi
0

∣∣∣+ N∑
n=1

⎛
⎝∑

i=1,2

∑
Δi∈τi

∣∣En,Δi
x

∣∣+∑
γ∈τ

|En,γ
x |

⎞
⎠ .

The corresponding effectivity ratio is

R =
Eest

E .

We begin by examining the “domain decomposition” scenario in which there is a
single operator and a single solution within the entire domain which we choose to
subdivide for computational purposes. We then consider problems in which distinct
operators and/or distinct solutions pertain to the two subdomains, including the case
in which an elliptic operator in one domain is coupled to a parabolic operator in the
other domain. In this case the arguments described in section 3 must be suitably
(though easily) modified. We also consider situations in which the discretizations
do not conform along the interface, the situation arising in mortar finite element
methods. In all cases, (3.10) provides an accurate estimate of the numerical error
which improves as the adjoint solution is refined.

5.1. Single operator in Ω1 and Ω2. By setting L1 = L2 the interface condi-
tions guarantee that the solution of the coupled problem (2.1)–(2.6) is the same as
the problem in a single domain Ω,

∂u

∂t
+ Lu = f in Ω× (0, T ],

u(x, y, 0) = u0(x, y) (x, y) ∈ Ω,

u = uD on ΓD × (0, T ],

∂u

∂n
= 0 on ΓN × (0, T ],

where ΓD∪ΓN = ∂Ω and ΓD∩ΓN = ∅. Here Ω := {(x, y) ∈ (0, 1)×(0, 2)}, ΓD := {x ∈
∂Ω, y = 0, 2} and ΓN := {x ∈ ∂Ω, x = 0, 1}. Further Ω1 := {(x, y) ∈ (0, 1)× (0, 1)}
and Ω2 := {(x, y) ∈ (0, 1) × (1, 2)}. We note that this scenario is similar to that
arising in domain decomposition [34].

5.1.1. Domain error. We first consider the quantity of interest to be a function
of solutions u1 and u2 only. In the following examples Lu = −Δu and the right-hand
sides, the initial and boundary conditions are obtained using the exact solution. The
quantity of interest is a weighted average solution in the (space-time) domain, so that
the adjoint solution can be obtained in closed form as φ = 0.5(T − t)y(2 − y). The
problem was solved with Nt = 5 time steps on t ∈ (0, 1] and for an original mesh
containing DOF = 78 degrees of freedom. We consider five test problems with exact
solutions:

(i) u = 0.5y(2− y), (ii) u = 0.5ty(2− y), (iii) u = t sin(0.5πy),

(iv) u = y + t (v) u = y + sin(t),
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and report effectivity ratios in Table 5.1 for varying the spatial accuracy of the adjoint
solution. In all problems the adjoint finite element solution was computed on a mesh
obtained by refining the corresponding primal problem mesh r = 1, 2, or 3 times. In
this way we satisfy the condition that the original and adjoint finite element spaces
be nested, i.e., Xh

i ⊂ X̂i, i = 1, 2, and Y h ⊂ Ŷ .

Table 5.1

Subsection 5.1. Effectivity ratios R and R, for model problems (i)–(v) varying the spatial accu-
racy of the adjoint solution. The value of r corresponds to the number of uniform spatial refinements
used to obtain the adjoint mesh from the adapted mesh on which the solution is computed. The prob-
lem was solved with Nt = 5 time steps, final time T = 1, and the original mesh of DOF = 78 degrees
of freedom.

r
R

(i) (ii) (iii) (iv) (v)
1 0.8499 1.0151 1.0129 1.0000 1.0000
2 0.9625 1.0038 1.0033 1.0000 1.0000
3 0.9906 1.0009 1.0009 1.0000 1.0000

r
R

(i) (ii) (iii) (iv) (v)
1 2.6508 1.2455 1.2431 1.1444 1.4021
2 3.2115 1.2911 1.2902 1.1803 1.4516
3 3.3514 1.3024 1.3019 1.1893 1.4640

As expected, the calculated effectivity ratios R for problems (i)–(iii) approach
one as the accuracy of the adjoint solution increases. The exact adjoint solution
φ = 0.5(T − t)y(2 − y) is linear in time and quadratic in space, hence the finite
element method used (dG(1) in time, cG(1) in space) can capture temporal variation
exactly, while spatial refinements of the adjoint mesh reduce the error in the adjoint
solution.

In problems (iv) and (v), the spatial errors in the adjoint finite element solution
are symmetric about y = 1 leading to cancelation in the term (f, φ − φh) in (3.16).
Problems (iv) and (v) were chosen so that the boundary conditions do not lie in the
finite element space (are not piecewise constant in time). When the error is calculated
according to the original formula (3.6) (omitting the boundary error), the effectivity
ratio in both problems R ≈ 0.4 independently of the accuracy of the mesh on which
the adjoint problem is solved. Despite the fact that the Dirichlet boundary error ED
is small, it is significant in relation to the overall error and cannot be ignored.

If we choose to sum the absolute values of the error contributions on each element,
eliminating the possibility for cancelation of error between elements, we compute the
effectivity ratios R shown in Table 5.1. These ratios are not as close to 1 as R, and
moreover, do not converge to one as the adjoint solution converges.

5.1.2. Interfacial error. To estimate interfacial errors we consider the test
problem with the exact solution (vi) u = t sin(πy). In order to obtain an adjoint
solution in closed form, specifically φ1 = 0.5(T − t)y and φ2 = 0.5(T − t)(y − 2),
the weighting functions for the quantity of interest are chosen to be ψ1 = 0.5y,
ψ2 = (0.5y − 1) and ψ = T − t. Note that the adjoint solution satisfies zero Dirichlet
conditions at y = 0, 2, zero Neumann conditions at x = 0, 1, and zero conditions at
t = T . Note too, that these adjoint weights do not correspond to pure interface error.
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However, since

|EΓ|
|E| =

∣∣∣∫ T

0
< ψ, eλ > dt

∣∣∣∣∣∣∫ T

0 {− < ψ, eλ > +(ψ1, e1) + (ψ2, e2)} dt
∣∣∣ = 0.7669,

the interface error is a significant part of the total error. We report effectivity ratios
for mixed domain and interface error in columns two and three of Table 5.2. The
adjoint solution is captured exactly by the finite element method, and the effectivity
ratios are therefore equal to one.

Table 5.2

Subsection 5.1.2. Effectivity ratios R and R, varying the spatial accuracy of the adjoint solution.
The value of r corresponds to the number of uniform spatial refinements used to obtain the adjoint
mesh from the adapted mesh on which the solution is computed. The problem was solved with
Nt = 5 time steps, final time T = 1, and the original mesh of DOF = 253 degrees of freedom for
the conforming (conf) meshes and DOF = 393 for the nonconforming (nonconf) meshes.

r
(vi) Mixed error (vi) Interface error

(conf) (nonconf) (conf) (nonconf)

R
1 1.0000 1.0000 0.9925 0.9946
2 1.0000 1.0000 0.9982 0.9987
3 1.0000 1.0000 0.9996 0.9997

r R
1 0.9647 0.9761 1.1238 1.1075
2 0.9647 0.9761 1.1623 1.1397
3 0.9647 0.9761 1.1720 1.1478

In order to calculate purely interfacial error, we set ψ1 = ψ2 = 0 and ψ = T − t
(to satisfy the condition at t = T ). We report effectivity ratios for the interfacial error
in columns four and five of Table 5.2.

We consider both triangulations in Ω1 and Ω2 that conform on the interface (see
Figure 5.1(a)) and those that do not (see Figure 5.1(b)). Conforming discretizations
have 121 degrees of freedom in each domain and 11 on the interface. Nonconforming
discretizations have 121 degrees of freedom in Ω1, 256 in Ω2, and 16 on Γ. As seen in
Table 5.2, the calculated effectivity ratios R for both conforming and nonconforming
cases converge to one as the adjoint mesh is refined.

Ω
1

Ω
2

Γ

(a) Conforming meshes

Ω
1

Ω
2

Γ

(b) Nonconforming meshes

Fig. 5.1. Conforming versus nonconforming meshes in domains Ω1 and Ω2 with a common
interface Γ.

Summing the absolute values of the error contributions on each element and thus
eliminating the possibility for cancelation of error between elements, we compute the
effectivity ratios R shown in Table 5.2.

5.2. Distinct problems in Ω1 and Ω2. We now consider situations where
there are distinct problems in the two domains Ω1 and Ω2. Problem (vii) is represen-
tative of the canonical mortar element situation with a single operator and different
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solutions in each subdomain. Problem (viii) addresses the situation in which there are
different operators in each subdomain. Problem (ix) is relevant to many fluid-solid
interaction problems in which an elliptic problem has a time-dependent solution since
it is coupled to a time-dependent (parabolic) problem.
(vii) L1u = L2u = −Δu, with exact solutions u1 = 0.5ty(2 − y) and u2 = −0.5t cos

(0.5π(3− y)).
(viii) L1u = −Δu and L2u = −0.1Δu + u, with exact solutions u1 = t sin(πy) and

u2 = 10t sin(πy).
(ix) Elliptic-parabolic coupling,

−Δu1 = f1 in Ω1,

∂u2
∂t

−Δu2 = f2 in Ω2,

with the usual initial, boundary, and coupling conditions, and the right-hand
sides such that u1 = u2 = 0.5ty(2− y).

The quantity of interest was once again chosen such that φ = 0.5(T − t)y(2− y).
All problems were solved on t ∈ (0, 1] using Nt = 5 time steps. We report our results
in Table 5.3. Spatial errors dominated in all three cases, and the effectivity ratio
converged to one with spatial refinements for both conforming and nonconforming
meshes in Ω1 and Ω2.

Table 5.3

Subsection 5.2. Effectivity ratios R and R, for model problems (vii)–(ix) varying the spatial
accuracy of the adjoint solution. The value of r corresponds to the number of uniform spatial refine-
ments used to obtain the adjoint mesh from the adapted mesh on which the solution is computed. The
problem was solved with Nt = 5 time steps, final time T = 1, and the original mesh of DOF = 78 de-
grees of freedom for the conforming (conf) meshes and DOF = 108 for the nonconforming (nonconf)
meshes.

r
(vii) (viii) (ix)

conf nonconf conf nonconf conf nonconf

R
1 1.0140 1.0091 1.0056 0.9974 1.0253 1.0137
2 1.0035 1.0023 1.0023 0.9993 1.0063 1.0034
3 1.0009 1.0006 1.0015 0.9997 1.0016 1.0008

R
1 1.2443 1.2028 1.3405 1.3058 1.4468 1.3610
2 1.2907 1.2422 1.3614 1.3246 1.5337 1.4342
3 1.3022 1.2521 1.3666 1.3293 1.5554 1.4524

Once again summing the absolute values of the error contributions on each element
and eliminating the possibility for cancelation of error between elements, we compute
the effectivity ratios R shown in Table 5.3.

6. Numerical examples of adaptive mesh refinement. We apply the adap-
tive strategy described in section 4 to a sequence of problems and discuss the results
obtained. We first consider situations in which a single domain with a single operator
and solution is divided, perhaps for computational reasons. We then consider the
effect of different operators. As before, Ω1 = (0, 1) × (0, 1) and Ω2 = (0, 1) × (1, 2).
For a given mesh (whether uniform, or locally refined) the adjoint problem is solved
on the same mesh refined once uniformly.

6.1. Single elliptic operator in Ω1 and Ω2 with different order finite
elements. In order to highlight the effect of different order approximations on mesh
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refinement we solve an elliptic problem using quadratic finite elements in Ω1 and linear
finite elements in Ω2. We consider a (QoI) in the whole domain by setting ψ1 = 1,
ψ2 = −1 and ψ = 0 and choosing f and boundary conditions such that u1 = u2 =
sin(πx) sin(πy), and a (QoI) on the interface by setting ψ1 = ψ2 = 0 and ψ = cos(πx)
and choosing f and boundary conditions such that u1 = u2 = cos(πx) sin(πy). The
initial meshes in Ω1 and Ω2 are identical. The global tolerance was set to TOL = 0.01
for the quantity of interest in the domain, and TOL = 0.06 for the quantity of interest
on the interface.

Since higher order elements are utilized in Ω1, we expect the error there to be
significantly lower than in Ω2, and for the meshes to be refined accordingly. Indeed,
in both problems the only refinements in Ω1 occur near Γ to ensure compatibility
between the meshes in the domains and on the interface. By contrast, the number
of degrees of freedom in Ω2 increased by a factor of ∼ 10. The refined meshes are
shown in Figure 6.1(a), and the errors and corresponding effectivity ratios are shown
in Table 6.1. Note that in the case of interface errors the mesh is not refined around
x = 0.5 where the weighting of the quantity of interest is zero.

We define the standard L2-norm errors of the solution in the domain and on the
interface as

eΩ =

(
2∑

i=1

∫ T

0

∫
Ωi

(
ui − uhi

)2
dx dt

)1/2

and eΓ =

(∫ T

0

∫
Γ

(
λ− λh

)2
dx dt

)1/2

.

The computed errors, shown in Table 6.1, decrease as the mesh is refined, although
not necessarily as dramatically as the errors in the quantity of interest.
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(b)

Fig. 6.1. Subsection 6.1. Meshes after space refinement using quadratic finite-elements in Ω1

and linear finite-elements in Ω2. (a) Refinement based on error in the domain. (b) Refinement
based on error on the interface.

6.2. Single parabolic operator in Ω1 and Ω2. Next, we consider a parabolic
problem with L1u = L2u = −Δu, and return to using linear elements in both domains.
The right-hand sides and the initial and Dirichlet boundary conditions were chosen
so that

u = exp(−100(x− 0.5− 0.25 sin(πt))2 − 100(y − 1− 0.5 cos(πt))2).
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Table 6.1

Subsection 6.1. Estimated total errors and effectivity ratios for both original and refined meshes
using quadratic finite-elements in Ω1 and linear finite-elements in Ω2. DOF1 and DOF2 are the
numbers of degrees of freedom in each sub-domain.

Average error in Ω1 ∪ Ω2

DOF1/2 103Eest R 103eΩ
Original 841/221 2.6808 0.9628 4.1934
Refined 1447/2265 0.4854 0.9659 0.7086

Weighted average error on Γ
Original 841/221 3.4658 0.9857 8.9262
Refined 1451/1837 0.0476 0.8387 1.1442

This solution is a Gaussian with a peak located at (0.5, 1.5) at time t = 0, and moving
clockwise along an elliptic trajectory inside Ω1 ∪ Ω2. At the final time T = 2, the
peak returns to its initial position after making one complete orbit. A snapshot view
of the solution is presented in Figure 6.2(a). Unless stated otherwise, we began the
adaptive procedure with a uniform mesh containing 453 degrees of freedom, and 200
equally distributed time steps.

(a) k1 = k2 = 1 (b) k1 = 0.2, k2 = 1

Fig. 6.2. Subsections 6.2 and 6.3. Cartoon of the solutions as a function of time.

6.2.1. Adaptivity based on error in the domain only. First, we consider
the quantity of interest representing the average in the whole domain, so that

E =

∫ T

0

{∫
Ω1

e1 dx+

∫
Ω2

e2 dx

}
dt,

i.e., ψ1 = ψ2 = 1 and ψ = 0. The global tolerance was set to TOL = 0.01. We allowed
at most three refinements of an element, and at most six new time steps within an
original time step. The maximum number of triangles marked for refinements in each
temporal block was set at NMAX = 400. In practice more triangles were refined in
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order to prevent hanging nodes or distorted elements. In all cases time steps were
refined independently of the number of mesh blocks produced.

The time-space adaptive refinement strategy applied to the original uniform mesh
produced six temporal blocks I1, . . . , I6 shown in Figure 6.3. As expected, the spatial
mesh refinements trace the movement of the Gaussian shaped “peak” of the solution
in the domain. Away from the peak of the Gaussian, where the solution approaches
a constant, the original mesh provides sufficiently good resolution and need not be
refined.
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Fig. 6.3. Subsection 6.2.1. Space/time blocks and temporal refinements produced for the quan-
tity of interest equal to the average solution over the whole domain Ω1 ∪ Ω2 given NMAX = 400.

In Figure 6.3 we also show temporal refinements, namely how many time steps
(between 1 and 6) the adaptive strategy produces for a single old time step. The
observed temporal refinements are concentrated around t = 0.5 and t = 1.5, at which
points of its elliptical orbit the peak is moving most rapidly. The estimated errors on
the original and refined meshes are given in Table 6.2. We immediately observe the
effect of error cancelation in the case of signed errors E , they are at least one order
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of magnitude lower than their absolute value counterparts E . In addition, the spatial
component is dominant throughout for E , while the temporal component becomes
significant postrefinement for E . Note that since the refinement strategy relies on the
absolute errors, temporal refinements are carried out even though Et is very small.
Overall, applying the method resulted in E decreasing by an order of magnitude,
E decreasing by a factor of 3, and the L2-error eΩ decreasing by a factor of 7.

Table 6.2

Subsection 6.2.1. Estimated total errors Eest and Eest for the quantity of interest equal to the
average solution over the whole domain, the temporal and spatial components of the error Et and
Ex, and the corresponding L2-error eΩ calculated on the original uniform mesh and on the refined
mesh with NMAX = 400. DOF is the maximum number of degrees of freedom in a temporal block.

Mesh (DOF ) 104Eest 104Et 104Ex 102Eest 102Et 102Ex 102eΩ

Original (453) −3.0997 −0.0049 −3.0948 1.7955 0.9589 0.8367 3.5884
Refined (4225) −0.1448 −0.0033 −0.1415 0.6196 0.5446 0.0750 0.5238

In the method proposed in section 4 we apply all mesh refinements at once,
allowing each element and time step to be subdivided multiple times. An alternative
would be to apply refinements iteratively, and only allow elements and time steps
to be refined once per iteration. The latter approach involves recalculating both the
primal and the dual solutions, as well as the error estimate, after each refinement.
The resulting errors and meshes are therefore more fine-tuned. However, the overhead
computational costs of solving both the primal and the dual problems repeatedly on
increasingly finer meshes, and computing the error estimates, are very substantial.

In order to compare the single-step and iterative strategies, we solve the problem
with the quantity of interest equal to the average solution in the domain over all
time. We start with a uniform mesh of 128 degrees of freedom and 100 uniform time
steps, and set the global tolerance to 0.005. The maximum number of refinements in
a block NMAX must vary depending on the maximum number of refinements allowed
in an element, and therefore has to be different for the two strategies if our goal is to
produce the same number of temporal blocks for comparison. We set NMAX = 210
for the single-step method, and NMAX = 100 for the iterative method. The resulting
spatial meshes are presented in Figure 6.4, and the errors in Table 6.3. In the single-
step strategy we allow each element and time step to be subdivided at most three
times, i.e., into eight elements/time steps, respectively. This is equivalent to allowing
a single refinement of an element/time step per iteration in the iterative strategy.

The difference in the resulting meshes (at most 2164 degrees of freedom in the
single-step process, and at most 1707 in the iterative process) is mainly due to the fact
that multiple refinements of the original coarse mesh require more additional elements
to avoid hanging nodes or distorted elements. The final number of time steps is higher
in the iterative method: 673 compared to 634. There is no significant difference in the
final errors, so the computational cost can be considered the most important factor
in the choice of the method. We therefore proceed with the single-step method.

We also note that in contrast to the locally refined meshes, which in the above
problem contain at most 2164 degrees of freedom in a block for NMAX = 210, a
thrice uniformly refined mesh contains 6603 degrees of freedom. Similarly, the total
number of time steps produced by the adaptive strategy is 634 compared to 800 in the
uniformly refined case. The error estimates computed on uniformly refined meshes
are shown in Table 6.4.
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Fig. 6.4. Space/time blocks produced for the quantity of interest equal to the average solution
over the whole domain Ω1 ∪ Ω2.
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Table 6.3

Estimated total errors Eest and Eest computed for a quantity of interest equal to the average
over the whole domain using the single-step (multiple refinements at once) and the iterative strategies
(single refinement per iteration). DOF is the maximum number of degrees of freedom in a temporal
block.

Mesh (DOF ) 103Eest 103Et 103Ex 102Eest 102Et 102Ex 101eΩ

Single-step strategy
1 (128) −1.0833 −0.0202 −1.0631 4.2741 1.6699 2.6042 1.0624
2 (2164) −0.0105 0.0004 −0.0109 0.4610 0.3106 0.1504 0.0403

Iterative strategy
1 (128) −1.0833 −0.0202 −1.0631 4.2741 1.6699 2.6042 1.0624
2 (329) −0.1159 −0.0020 −0.1139 1.8438 0.9554 0.8883 0.3698
3 (696) −0.0375 0.0001 −0.0376 0.8368 0.4981 0.3387 0.1127
4 (1707) −0.0136 −0.0001 −0.0135 0.4522 0.3000 0.1522 0.0394

Table 6.4

Estimated total errors Eest and Eest computed for a quantity of interest equal to the average
over the whole domain on uniformly refined meshes. DOF is the total number of degrees of freedom
in a mesh, Nt is the total number of time steps.

Mesh (DOF/Nt) 103Eest 102Eest

1 (128/100) −1.0833 4.2741
2 (453/200) −0.1181 1.8619
3 (1703/400) −0.0547 0.8346
4 (6603/800) −0.0081 0.4021

The absolute error Eest only reaches the tolerance TOL = 0.005 on mesh 4, i.e.,
after three uniform refinements of the original mesh. The reason for the rapid decay
of the actual error Eest with uniform refinement is the cancelation of errors due to the
symmetry of the problem. This cannot be guaranteed, and will not necessarily occur
in other problems.

6.2.2. Adaptivity based on error along the interface. The weighted aver-
aged error along the interface is calculated as

E =

∫ T

0

∫
Γ

ψeλ ds dt,

which corresponds to the adjoint right-hand sides ψ1 = ψ2 = 0 and ψ �= 0. The
adjoint solution has a jump across the interface φ1 − φ2 = ψ on Γ. In order for this
to conform with the Dirichlet boundary conditions for φ1 = φ2 = 0, we need to have
ψ = 0 at (0, 1) and (1, 1). We also require φ1 − φ2 = 0 at t = T . To satisfy these
conditions we chose ψ = (T − t) sin(πx). The global tolerance was set to TOL = 0.05.
In this example we set block capacity to NMAX = 550 elements, and obtained three
temporal blocks with at most 6027 degrees of freedom, as shown in Figure 6.5. Even
though the peak of the Gaussian is almost fully contained in Ω1 and does not intersect
Γ in the second block t ∈ I2 = (0.5, 1.2], there is significant refinement of the mesh
around the interface in Ω2, where the quantity of interest is supported. The last block
t ∈ I3 = (1.2, 2] is less refined around the point (0.5, 1.5) than the first block. The
reason for this is that while the accuracy of the solution for t < 1.5 directly affects
the accuracy of the solution on the interface through which the Gaussian passes at
t = 0.5 and t = 1.5, the accuracy with which the Gaussian is resolved for t > 1.5
will have little effect on the interface values. Moreover, the weighting of the interface
error decreases linearly with T − t, and therefore it is more important to capture the
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solution at the beginning of (0, T ] as compared to the end. For the same reason the
temporal refinements shown in Figure 6.5, concentrated near t = 0.5 and t = 1.5,
were much more pronounced in the first two blocks than in the third.

The error estimates are given in Table 6.5. Both Eest and Eest were reduced by
approximately an order of magnitude. Note that while the temporal error Et was
higher on the refined mesh than on the original mesh (due to lack of cancelation), its
absolute value counterpart Et, which drives temporal refinements, was reduced by an
order of magnitude.
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Fig. 6.5. Subsection 6.2.2. Space/time blocks and temporal refinements obtained for a quantity
of interest equal to the weighted average solution on the interface Γ given NMAX = 550.

Table 6.5

Subsection 6.2.2. Estimated total errors Eest and Eest for the quantity of interest defined on
the interface, the temporal and spatial components of the error Et and Ex, and the corresponding
L2-error eΓ calculated on the original uniform mesh and on the mesh obtained after a space-time
refinement with NMAX = 550. DOF is the maximum number of degrees of freedom in a temporal
block.

Mesh (DOF ) 104Eest 104Et 104Ex 102Eest 102Et 102Ex 102eΓ

Original (453) −3.6602 −0.0013 −3.6615 7.3610 4.1043 3.2566 2.1835
Refined (6027) −0.1448 −0.0033 −0.1415 0.6196 0.5446 0.0750 0.5238
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Fig. 6.6. Subsection 6.3(a). Space/time blocks and temporal refinements produced for the
quantity of interest equal to the average solution over the whole domain Ω1∪Ω2 given NMAX = 380,
TOL = 0.01.

6.3. Distinct parabolic operators in Ω1 and Ω2. We modify the problem to
consider the case of different diffusion coefficients, and set L1u = −k1Δu and L2u =
−k2Δu. In this case, the right-hand sides and the initial and boundary conditions are
chosen so that

ui = exp

(
−100

(
x− 0.5

ki
− 0.25 sin(πt)

)2

− 100(y − 1− 0.5 cos(πt))2

)
, i = 1, 2.

The Gaussian, as well as its trajectory, is now compressed in the y-direction by the
factor of 1/ki in Ωi. The solution for k1 = 0.2 and k2 = 1 is shown in Figure 6.2(b).

The quantities of interest are as above: (a) the average solution in Ω1∪Ω2, and (b)
the weighted average solution on Γ. The meshes obtained using the adaptive strategy
are shown in Figures 6.6 and 6.7, and the estimated error values in Tables 6.6 and 6.7,
respectively.
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Fig. 6.7. Subsection 6.3(b). Space/time blocks and temporal refinements produced for the
quantity of interest equal to the weighted average solution on the interface Γ given NMAX = 400,
TOL = 0.05.

Table 6.6

Subsection 6.3(a). Estimated total errors Eest and Eest for a quantity of interest equal to the
average error in the domain, their temporal and spatial components Et and Ex, and the corresponding
L2-error eΩ calculated on the original uniform mesh and on the mesh obtained after space-time
refinement with NMAX = 380, TOL = 0.01.

Mesh (DOF ) 104Eest 104Et 104Ex 102Eest 102Et 102Ex 102eΩ

Original (453) 4.7002 0.0392 4.3080 3.1783 1.9066 1.2717 6.2929
Refined (4071) −0.0950 −0.0108 −0.0842 0.8988 0.8178 0.0810 0.4668

For both quantities of interest we observe some common features of the refined
mesh. Fewer temporal blocks are required to trace the trajectory in Ω1, where the
solution is now compressed relative to the case when k1 = k2 = 1, and travels closer
to the interface. The highly refined region is noticeably thinner in the y-direction in
the second block as compared to the other blocks. The error is reduced similarly to
the k1 = k2 = 1 case. Note that in the case of interface refinements there is now
less cancelation of error due to lack of symmetry in the solution, and the error E is
higher than before. As before, temporal refinements are concentrated around t = 0.5
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Table 6.7

Subsection 6.3(b). Estimated total errors Eest and Eest for a quantity of interest defined on
the interface, their temporal and spatial components Et and Ex, and the corresponding L2-error eΓ
calculated on the original uniform mesh and on the mesh obtained after space-time refinement with
NMAX = 400, TOL = 0.05.

Mesh (DOF ) 103Eest 103Et 103Ex 102Eest 102Et 102Ex 102eΓ

Original (453) −2.4888 −0.3023 −2.1865 6.3889 4.1615 2.2274 3.5735
Refined (4131) −0.1630 −0.1698 0.0068 3.2128 3.0366 0.1762 0.3220

and t = 1.5, where the speed of the Gaussian peak is highest. In the case of domain
errors, more temporal refinements are now required in Ω2, where the peak is poorly
resolved. In the case of interface errors, most refinement occur near t = 0.5, where
the weighting of the errors is higher. The absolute error E and its components are
reduced by a small factor, but sufficiently to reach the global tolerance.

7. Conclusions. We performed an adjoint-based a posteriori analysis for the
error in a given quantity of interest of solutions to parabolic problems that are coupled
across a common interface. A number of numerical simulations were performed to
validate this result in test problems where the exact error could be obtained. As
anticipated, the accuracy of the error estimate depends upon the accuracy of the
adjoint solution.

A block time-space refinement strategy based on the error representation formula
was implemented which takes advantage of our ability to distinguish between temporal
and spatial errors. The performance of the algorithm was investigated in the case of
a travelling wave-like solution. The block time-space refinement strategy was shown
to produce efficient refinements to reduce the errors in a wide range of quantities of
interest. Imposing an upper limit on the number of degrees of freedom in a time block
provides a useful technique when computational resources are limited.

The extension of this framework to multiphysics systems that are coupled across
boundaries whose location is known a priori is a relatively straightforward procedure.
For example, coupling between Stokes and Darcy flows implementing the Beavers–
Joseph–Saffman condition requires that continuity of the normal component of ve-
locity and the normal component of stress on the interface be enforced. This can be
achieved using a similar Lagrange multiplier construction. Further extensions of this
approach include the application to deformable boundary such as that which occurs
in fluid-solid interactions problems [36].
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partly obtained using the Oxford e-Research Centre Windows Compute Cluster.
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[26] U. Küttler, M. Gee, C. Förster, A. Comerford, and W. A. Wall, Coupling strategies
for biomedical fluid-structure interaction problems, Int. J. Numer. Methods Biomed. Eng.,
26 (2010), pp. 305–321.

[27] W. J. Layton, F. Schieweck, and I. Yotov, Coupling fluid flow with porous media flow,
SIAM J. Numer. Anal., 40 (2002), pp. 2195–2218.

[28] H. G. Matthies and J. Steindorf, Partitioned strong coupling algorithms for fluid-structure
interaction, Comput. Struct., 81 (2003), pp. 805–812.

[29] M. S. Mommer and R. Stevenson, A goal-oriented adaptive finite element method with con-
vergence rates, SIAM J. Numer. Anal., 47 (2009), pp. 861–886.

[30] P. Morin, R. H. Nochetto, and K. G. Siebert, Convergence of adaptive finite element
methods, SIAM Rev., 44 (2002), pp. 631–658.



A26 LIYA ASNER, SIMON TAVENER, AND DAVID KAY

[31] R. H. Nochetto, K. G. Siebert, and A. Veeser, Theory of Adaptive Finite Element Methods:
An Introduction, Springer, Berlin, 2009.

[32] R. H. Nochetto, A. Veeser, and M. Verani, A safeguarded dual weighted residual method,
IMA J. Numer. Anal., 29 (2009), pp. 126–140.

[33] D. Nordsletten, D. Kay, and N. Smith, A non-conforming monolithic finite element method
for problems of coupled mechanics, J. Comput. Phys., 229 (2010), pp. 7571–7593.

[34] A. Quarteroni and A. Valli, Domain Decomposition Methods for Partial Differential Equa-
tions, Oxford University Press, New York, 1999.

[35] R. Rannacher, Adaptive Galerkin finite element methods for partial differential equations,
J. Comput. Appl. Math., 128 (2001), pp. 205–233.

[36] K. G. van der Zee, E. H. van Brummelen, I. Akkerman, and R. de Borst, Goal-oriented
error estimation and adaptivity for fluid-structure interaction using exact linearized ad-
joints, Comput. Methods Appl. Mech. Engrg., 200 (2011), pp. 2738–2757.

[37] K. G. van der Zee, E. H. van Brummelen, and R. de Borst, Goal-oriented error estimation
and adaptivity for free-boundary problems: The domain-map linearization approach, SIAM
J. Sci. Comput., 32 (2010), pp. 1064–1092.

[38] W. A. Wall and T. Rabczuk, Fluid-structure interaction in lower airways of CT-based lung
geometries, Internat. J. Numer. Methods Fluids, 57 (2008), pp. 653–675.

[39] N. Yan and A. Zhou, Gradient recovery type a posteriori error estimates for finite element
approximations on irregular meshes, Comput. Method. Appl. Mech. Engrg., 190 (2001),
pp. 4289–4299.

[40] O. C. Zienkiewicz and J. Z. Zhu, The superconvergence patch recovery (SPR) and adaptive
finite element refinement, Comput. Method. Appl. Mech. Engrg., 101 (1992), pp. 207–224.

[41] O. C. Zienkiewicz and J. Z. Zhu, The superconvergent patch recovery and a posteriori error
estimates, Internat. J. Numer. Methods Engrg., 33 (1992), pp. 1331–1364.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


