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Using a two-dimensional Ginzburg—Landau model and the finite-element computational method,
we have calculated stable domain configurations resulting from a second-order ferroelectric phase
transition for a finite-sized system. The boundary conditions applied here correspond to fully charge
compensated situations, either by surface electrodes or by the injection of ct@rdefect$ near

the sample surface. The domain wall thickness of a finite system without surface electrodes was
found to become thinner as it approaches sample surfaces. This is distinctively different from that
of an infinite system for which a planar wall assumption can be used. The orientation of the
macroscopic polarization of a finite system without surface electrodes was found to be determined
by its aspect ratio. A size effect was observed when all the dimensions were reduced simultaneously.
The relaxation process in the formation of domains and the switching process have also been
simulated for charge neutral boundary conditions using a time dependent Ginzburg—Landau model.
The simulation results verified that the surfaces are the favored nucleation sites for domain
switching. © 1999 American Institute of Physids$S0021-897€09)02522-(

I. INTRODUCTION vacuum composites and periodic boundary conditions. The
Many physical properties of technologically important periqdic boundary.conditions allow thg use of computgtional
materials are determined by mesoscopic structures, such gfficient fast Fourier transform techniques. While this ap-
domains and domain walls. For example, it has been deteRroach may be appropriate to approximate free boundary
mined experimentally that 70% of the dielectric and piezo-conditions if the volume of the vacuum region is sufficiently
electric contribution in ferroelectric materials can be attrib-large, it cannot describe practical situations in which external
uted to domain related activitié$.An understanding of the boundary conditions are prescribed. For this reason, it is nec-
formation processes of such mesoscopic structures is thergssary to explore models that allow the direct application of
fore crucial for designing and engineering better active maexternal boundary conditions and numerical methods that
terials. A great deal of effort has already been invested in thishake the computation size manageable. In this article we
area, including first principle calculations, analytical ap-have used scale normalization and the finite-element method
proaches, and computer simulatich$,and some notable in an effort to simulate domain formation in a finite ferro-
successes have been achieved. However, analytical solutioakectric system with high computational efficiency. We focus
are generally limited to quasi-one dimensioriaD) solu-  on the effects of surfaces in a finite system under prescribed
tions, and most simulations have used periodic boundarpoundary conditions. In order for the problem to be well
conditions for reasons of computational efficiency. Whileposed, full electric charge compensation is assumed, which
these procedures may be appropriate when dealing with veryan be achieved either through surface electrodes or by in-
large systems, the growing trend towards making smaller angction of chargegor the distribution of charged defert®
smaller particles and thin films provides new challenges. Imeutralize the polarization gradient near the sample surfaces.
particular, size effects have attracted more and more atten- The time evolution of the domain pattern under specified
tion in the past few years due to the fast growing field of thinphoundary conditions was also investigated using a time-
films and microelectromechanical devices. Static analyseéependent Ginzburg—Landa@TDGL) theory? A variable
using an isotropic surface layer for particles and a onetime-step integration technique was used that allows the en-
dimensional model for thin films have been carried out byergy minima to be obtained efficiently. In this technique, the
several authors for ferroelectriﬁﬁl L .. time step was increased by several orders of magnitude as
~ An established way of treating finite sized materials inthe system approached equilibrium. Without prescribed po-
simulation studies is to use layered vacuum-materialqarization at the surfaces, a single domain state was found to
be the global energy minimum, as expected, since domain
dElectronic mail: caomath.psu.edu walls contain positive energy and will be driven out of the
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system without surface pinning. Because there is no depolaB. Solution 2
ization energy for the neutralized system, multidomain states

can exist only with prescribed polarization at the bounda”esrectangular ferroelectric phase is stable, and has four vari-

For the case of charge injection near the surface region, PQnts: (- Pr0) and (0 Pp), where the spontaneous polar-
larization became geometry dependent and the aspect raip, . - Py iis given byﬁ '

was found to break the orientational degeneracy of the sys-
tem due to the gradient energy. Our model does not involve —ay
the introduction of a surface layer; the surface effect is in- RTYV 201,
trinsic and anisotropic.
In this preliminary exploration, we did not include the The symmetry of this low-temperature state is rectangular.
strain coupling in order to isolate the effects of electrical
boundary conditions. The model system has a square to rect-
angular phase transitigavhich may also be used to describe ¢ gg|ution 3
the tetragonal to orthorhombic phase transition in a three- )
dimensional (3D) system with the tetragonal dimension  For temperaturel <T.(a;<0), if @1,>0 and —4ay,
fixed], and a square to rhombic transition. < a1,<0, a rhombic ferroelectric phase is stable. It also has
An outline of this article is as follows. In Sec. Il we four variants: (=Pgp,*Pgrp), with the spontaneous polar-
introduce the model, in Sec. Ill we discuss the effects ofiZation componentPgy, given by
boundary conditions on the formation of domains in equilib- —a,
rium states, and in Sec. IV we discuss the time evolution of  Pg,= \/4—. (4)
aptag

domain processes.

For temperaturd <T;(a,<0), if @1;>0 anda,,>0, a

3

In order to compute an inhomogeneous static solution
belowT,, one needs to solve the Euler equatiéfid®that in

Il. GINZBURG—LANDAU MODEL FOR this case are two coupled second-order nonlinear partial dif-
SQUARE-RECTANGULAR AND SQUARE—-RHOMBIC ferential equations of the following form:
FERROELECTRIC PHASE TRANSITIONS
2d;Py 11+ d2P2 o1+ 2d3Py 22
The model system we investigated is a two-dimensional :2a1p1+4a11(|3§+ P%)P1+2a12P1P§, (58)

(2D) analog of the perovskite structure with the positive and

negative ions sitting at the center and corner of a square unitd; P, 5o+ d,Py 15+ 2d3P5 14
cell, respectively. The symmetry of the high temperature 2. 2 2
paraelectric phase is square. We assume that the system un- — 2@1P2+4a1(P1+P3)Pot2a1,P,Py. (5b)

dergoes a proper second-order ferroelectric phase transitiQnder a quasi-1D approximation, these equations can be re-
so that the system can be described by a fourth-ordegyced to two coupled ordinary differential equations which
Ginzburg—Landau theory. Using the polarization as the ordegoyld be addressed by the method given in Refs. 4 and 14. In
parameter, the free energy density for a second-order phaggis article, however, we will directly solve this set of partial
transition can be written as differential equations using the finite-element methsde
2 2 2. 2 22 the Appendix with several prescribed boundary conditions.
f=ay(P1+Py) +an(Pi+P))* + a1PiP; FcF))rpdemonstration puer)oses we only stud)g/ the case of

aP\2 [ aP,\? P\ [ P, a1,>0, for which the rectangular phase is stable. The case of
+d; W) + (W) 2| o (W) a1,<0 has a very similar physical appearance if one rotates
! 2 ! 2 the coordinate system 45°. For generality, E5). is con-
aP\2 [ aP,\? verted into dimensionless form by making the following sub-
+ds a_xz) + ((9_x1> : @) stitutions:
where only the first coefficientv;= ao(T—T.)(ap>0) is (Pl) -p (”) 6)
temperature dependent; all the other coefficients are assumed | P2 Rlv)’
to be independent of the temperature. Unlike previously pro- J
1

posed models, the gradient energy in EL.is anisotropic. (Xl
X2 - aal

m 77)
) ( )
Minimizing the free energy density described by ED.

gives three types of stable homogeneous solutions as listggherea(>0) is a dimensionless scaling factor included here
below. to give the flexibility to adjust the strength of the gradient

A. Solution 1 energy with respect to that of the Landau energy. In addition,
we define three new dimensionless coefficients specifying
the anisotropy of the gradient energy and the coupling
strength between different polarization components,

Pl: P2: 0 (2) d2

b=a-—,
The symmetry of this paraelectric state is square. 2d;

For temperaturd >T,,(a;>0) a paraelectric solution
exists for which

(8a)
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ds 12 7T 7 T ]
c=a—, (8b) L -
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The final dimensionless form of E¢) is n—; o a=b=c=005d=3 _
aug+bv,, +cu,,=—u+ud+(1+d)ur?, (9a) I
0.2 =

av,],]-I—bug,,—i—ch,:—v+v3+(1+d)vu2. (9b) i ]
For a given system, the gradient coefficieais, andc 0 86—~ v ey ety 1y ]
may be determined by inelastic neutron scattering 0 0.2 0.4 0.6 0.8 1

experiments®while the nonlinearity coefficiend, can be
obtained from measurements of the nonlinear dielectric
constant?® In the current 2D model system, we will investi- . 1. Reduced effective polarization near surfaces causes a size effect.
gate a particular set of normalized constants to provide th&here is a critical size at which the effective polarization vanishes. The
general trend of the solutions. For any specific material on@arameters used in the calculations areb=c=0.05 andd=3.
could apply the procedure described in this article to obtain
the inhomogeneous solutions after determining these param-
eters from experiments.

The coupled partial differential equations, E¢&a) and

System area (normalized by L?)

The implication of this result is that the natural state for
a free standing thin film without surface electrodes should

(9b), were solved using the finite-element method describe(ﬁ]a\é_e pOIa”f;t'?ﬂ tl)ylng n :jhe [ila?he, ?Ith?UQh thednet pqlar-
in the Appendix. Nine node quadrilateral elements were useff 210N would Still be zero due to the in-plane random orien-
in our calculations and the density of the elements in an)%at'on' Wwe must_ empha5|ze tha_t this conclu§|on_|s onI_y true
given direction reflects the real dimension in that direction. or a free standing film, otherwise, the polarization orienta-

The dimensions of the system were normalized to 1 so th tEon will be determined by the constraints originating from
the computational procedure could be applied to any Siz1attice constant mismatch between the film and the substrate,
X’vhich is beyond the scope of this model system.

through a scaling factor. The scaling factor was also used t
convert the simulation results back to the original dimen-

sions after the problem was solved in the normalized systen®. Size effects in a single domain system with P.n =0
boundary conditions

Ill. EFFECTS OF BOUNDARY CONDITIONS ON THE Size effects become increasingly important as material

FORMATION OF DOMAIN STATES systems become smaller and smaller. Many experimental re-

A. Surface electrodes versus charge injection sults showed that material properties degrade as the size

- o ~ decrease¥®?% To determine this size effect, we used a
The natural boundary conditions arising in the finite- gqare system of sizexL and continuously reduced the
element solution technique correspond to a system with Suzg|ye ofL. The net effective polarization is shown in Fig. 1.

face electrodes that is short circuited during the phase trark citical size is clearly shown in the computational results
sition. The depolarization field is screened by the free chargginough the actual value of the critical size depends on ma-
so that the magnitude of the polarization can be maintaineghia| parameters, particularly on the gradient coefficients.
as a constant throughout the sample. Under this %'%Cunbur results are similar to those reported earlier by introduc-
stance, a monodomain state is the global energy minimum. jhq an isotropic surface layer with reduced polarizafibn.
Our model simulation quickly converges to such a singlethe gifference is that we did not make the assumption of a
domain state. The initial guess used when solving &9 gyrface layer, but, rather, incorporated the gradient anisot-

was generated by the time-dependent model described gy and boundary conditions. Our model predicts strong

Sec. V. - _ size effects only when all the dimensions are being reduced
The boundary conditioP-n=0 corresponds to the situ- 4 the same time. If the reduction is only in one of the di-

ation of charge injectiorior charged defect concentration mensjons, such as in thin films, the polarization can still be
near the surface region. This case reflects many realistic sityg med in the other larger dimension unless a reduced polar-
ations in which a surface layer develops with reduced,aiion layer is introduced

i i n8—11 : :
polarization:™"We found a strong aspect ratio effect when  Generally speaking, this critical size is directly related to
this boundary condition was applied. The polarization of theje srength of the nonlocal interaction of the polarization,

stable configuration was always parallel to the long dimen; ¢ ' the amplitude of the polarization gradient coefficients.
sion. In other words, the dimensional difference breaks the

symmetry degeneracy of the two pairs of solutions under thi% Twin structures and their size dependence

boundary condition. Only at the critical aspect ratio of 1 do ™ P

all four possible solutiongwith orientation(10)) have equal Under the quasi-1D approximation, a single twin solu-
chances of forming. tion can be derived using the method described in Refs. 4
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FIG. 2. Equilibrium configuration of a 180° twin with top and bottom sur-
faces electroded and the left and right boundaries being prescribed with the

boundary condition of-1 for the vertical component and zero for the hori- F|G, 4. Dependence of the domain wall thickness on the amplitude of the

zontal component, respectively. gradient coefficients. We chose=b=c for convenience to compare these
results with that of 1D models. The dashed line is the square-root relation-
ship obtained from a 1D model.

and 14 for infinite systems. Here, we study a finite system

with surface electrodes at the top and the bottom surfaces

and prescribe the polarization on the two side surfaces. Th&an that of the single domain regions, and the direction of

180° twin and 90° twin solutions are shown in Figs. 2 and 3 the polarization at the center of the domain wall is along the

respectively. In order to compare them with the quasi-1Ddiagonal direction of the unit celi.e., 45° from the single

solutions of Ref. 4, we look at the solution along the middledomain regions In Fig. 4 we plot the domain wall thickness

of the vertical dimension in the 2D structui@aximum do- measured at the center of the simulated systems versus the

main wall width. The contour lines in Figs. 2 and 3 repre- gradient coefficientfor convenience, we have setaa=b

sent the position where the polarization amplitude has=¢) While keeping all the other parameters fixed. The

reached 79%= tanh(1) of its maximum value. We take the dashed line is the square root relationship predicted by the

region in between the two contour lines as the “domainlD model, and the dots are our computational results. One

wall.” One can see that the domain wall thickness for thecan see that the simulation results agree well with the 1D

90° twin decreases as it approaches the top and bottom sughalysis even when the wall thickness reached 50% of the

faces. The corresponding parameters used for the simulatigiystem size. The deviation for the large gradient coefficient

are given in the Figs. 2 and 3 captions. is caused by the boundary constraints to the domain wall.
The results imply that the quasi-1D assumptigtane

wall assumptionis inadequate if the systems is very small. V. RELAXATION IN DOMAIN FORMATION AND FIELD

As shown in Fig. 3, the symmetry inside a 90° wall is lower INDUCED SWITCHING PROCESS

A time-dependent Ginzburg—Landau model can provide
information about the time evolution of domain formation

Gradient coefficient

NNNNINAS Sk from a quenched state beloTg. The TDGL used here is a
SOOI o4 Yo relaxation equation for a nonconserved order parameter, cor-
NN NN \_' A responding to model A described by Hohenberg and
\\\\\\\\ - ////////’ Halperin? Simulations using periodic boundary conditions
\\\\\\\\ >~ /// // // // have revealed that the domain coarsening slows down con-
N NN\ K siderably upon approaching equilibritif.in order to simu-
NN 4SS late a finite system in direct space within a realizable time
~ 4
\\\\\\\\ \"' ////////” scale without having to invoke the periodic boundary condi-
\\\\\\\\ - //////// tion, we used a variable time-step scheme that is described in
NNNN\YN ST the Appendix. The computational efficiency of this method
\\\\\\\\ ~_ ///////// allows us to perform real space finite size simulations and to
\\\\\\\\ - //' //' // // , explore the effects of boundary conditions.
NONNNNTF S /] The master equation used here is of the same form as
N model A described in Ref. 12:
FIG. 3. 2D system with the dimensions parallel [thl] and [11]. The JP; SF )
equilibrium configuration of a 90° twin is obtained with the top and bottom  —= = — r ¥R +R(r,t)+T'E;, (i=12), (10)
I

surfaces electroded and the left and right boundaries prescribed with the

boundary condition of the polarization pointing 0] and[01] directions, — \yharel is the kinetic coefficients is the volume integration
respectively(45° with respect to the surface orientatipriBhe contour lines

illustrate the change of domain wall width from the center to the top andOf I_ECI- (1), R(r,1) represgntg the Gaussian random noise, and
bottom surfaces. E; is the external electric field.
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When carrying out the simulatioR(r,t) [<10 %], was PR N A I : T
. . R I e A S Vo \ - N
only used for initiating the nucleation process at the begin- |- - -« - . v .« -« v - - NSRRI RPN
ning from a paraelectric state, and was neglected at late |- - . %7 2277, 201 A SN
stages because it does not affect the ultimate equilibriun |/ >, 7% 7% *> 737 L NS A S
states. Using a normalized timeand a frequency) defined FLlino it v TToIIo
[ Y AP NN e [ S
by OSERIO ST
- B T N U O R T S NN T
T=—2alrt, (ll) L N N N N
R [ RO N N N EE NS Y AN -
¥ R A / -~ o~ P NN N o
w A S I N N \ - - R
O=—=, 12
—2aql (12 (a) (b)
and substituting the dimensionless variables and coefficien! F—————======— T
defined by Eqs(6)—(8), we can derive the normalized gov- |\ .. = -1.777.. ¢ ; TIIIIULLL
erning equations for the temporal evolution of the normal- | @~ - 2> v v SERBRRRES. : : v
ized polarization under an external AC electric field. A R SRR AR E R
R T I - A A A A A A AV O 3 2 2 T TR
[ ol I A S s S N e [ A S A S Y &Y SF S R TR TR
U,,=au,g+bv,, +cu,,,+u—ud—(1+dyur? DN e DLIILIIL I
R . (Y LI [ I A A oy
PRI NN N I A A A
—6500307'), (13@ ‘~\\\»~x\t~:-ro :; (1111111::
[N A I TR B A ey o [ A P A
,,,,,, IR + oY
V:T:aVygg"‘bU,g.,]‘f'CV,,],]'f‘V_V3—(1+d)VU2 s e NN . : : Vo : : : :
—-€, COS(Q 7), (13b) (c) (d)
wheree=E/(—2a,PR) is the amplitude of the dimension- e —
less form of the external electric field. NN
. . . A e N TR B A LR A I S A R B 2 I T B A )
Figure 5 shows the domain formation process vith NN TR I I I I I IR A e
=0 boundary conditions from a quenched state below } 21::::::””” HI*H*H”::H*
The simulation was initiated from a small amplitude random (; ; ; ;' ¢ i+ j j j t vi i
disturbance. Because the amplitude is too small to see at thf: « « ¢+ AN t : i {* I
beginning, we have multiplied the magnitude of the local |+ + ++ v v v v v i v i iy b R R R R R R R R R RREEE]
. . ‘e . L A A A A A A A '}
polarization vectors by an amplification factor. For example, |+« .+« « v o o vy v i b b4 HHHHHHHH
the amplitude of the polarization vectors drawn in Figd)5 |/ | |/ 77777227 " M R
has been amplified 80 000 times. It is interesting to see the !Po--vt - - - >~ - - - - - .1 L - = . .=~
the amplitude of local polarization first shrank to almost zera (e) ()

before re-nucleating into small clusters which grew into G _ \ution of the domain f , . §
many small domains. As the coarsening progressed, thg<: >: Time evolution of the domain formation process from a random to
: . a single domain state for te.n=0 boundary condition(a) =0 and the
dom'nant domgln.s grew at the expense of the smaller onégmpiitude of the local polarization has been amplified 3333 tirti@s30
The final equilibrium state was determined by the nucleusariable time steps35At,, and the amplitude of the local polarization has
whose local polarization amplitude reached the equilibriuneen amplified 20 000 timesr) 35 variable time steps97At, and the
amplitude of the local polarization has been amplified 20 000 tiftgs40

value first. In order to compare the efficiency of the Va”ablevariable time steps 350At,, and the amplitude of the local polarization has

t'm_e step flr'u'te-elgment'method _used n (ZL:I%I’ SlmUIatlor_]' W&een amplified 80 000 timegg) 45 variable time steps160\t,, and the
define a unified dimensionless ting =10~ as the unit.  amplitude of the local polarization has been amplified 6667 tirffés140

Using this unit as a measure, the polarization evolution fronvariable time steps42 00Q\t, and there was no amplification at the local
FigS. Ha)—5(f) will take 42 000 time steps. While using the polarization vectors. The parameters used in the simulatioraa@.045,
. . . . - b=0.055,c=0.05,d=2.5, ande=0.
variable time step method, it only took 140 variable time
steps to reach the equilibrium state in Figf )5 and this
represents a tremendous saving of computational time. The
time steps of both measures are given in the Fig. 5 captiorfluence of the boundary conditions. In our model the switch-
Figure 6 is another simulation sequence with surfaceng does not happen homogeneously in the whole system
electrode boundary conditions. In this case, the equilibriunbut, rather, nucleates at the surfaces and then progresses via
was reached in 14 000 time steps in the uni\o§, but our  the movement of domain walls. The time evolution of the
simulation only required 110 variable time steps. It is impor-domain switching process for a 90° twin structure is illus-
tant to point out that our simulation showed no size effectrated in Fig. 7. The net polarization of the twin was pointing
with the electroded surfaces in terms of the polarization fotto the right before application of an electric field, which is
this case. This is the main difference between our model andpposite to the initial polarization direction. Two domain
previous models, which assumed a surface layer with rewalls formed near the left and the right surface regions at the
duced polarization. beginning, then they moved toward each other and finally
Letting 20— 0 in Eqg.(13) we can simulate the quasistatic annihilated one another in the middle of the structure, form-
switching process. It is much easier to form nuclei of theing a reversed twin with the effective polarization pointing to
opposite domain near the surface region because of the ithe left(the field direction. It is interesting to see that a swirl
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FIG_. 6. Time eyolution of the domain fqrmation process from a random toFiG. 7. Switching process of a 90° twin. The starting net polarization was
a single domain state for a system with shortened surface electtades

) Rt - dJointing to the right. The time steps afa 0; (b) 80 variable time steps
7=0 and the amplitude of the local polarization has been amplified 400

. . ; . =170Aty; (c) 140 variable time steps620Q\t,; (d) 180 variable time
times; (b) 35 variable time steps78At, and the amplitude of the local steps=17 00Q\t,; (€) 280 variable time steps30 00Q\t,: (f) 330 vari-
polarization has been amplified 24 000 timés) 40 variable time steps

° e > able time steps 37 00Q\t,. The parameters used for the simulations are
=230At, and the amplitude of the local polarization has been amplified,_ 914 hb=0.01 c=0.012. d=2.0. and field amplitude=10"2. The

40 000 times{d) 45 variable time steps78Qt,, and the amplitude of the  gyjitching process started at both surfaces on the left and right sides and

local polarization has been amplified 40000 times); 50 variable time ronagates to the interior. Two domains walls form near the surfaces and
steps= 330\t and the amplitude of the local polarization has been amp“'they move toward each other until annihilation.

fied 600 times;(f ) 110 variable time steps1400Q\t,, and there was no
amplification of the local polarization vectors. The parameters used in the

simulationa=0.06,b=0.04, 0.05d=2, ande=0. . . . . .
dimension. Due to the high efficiency of the numerical

method, we were able to simulate both the equilibrium po-
pattern developed in Fig.(@. Such a phenomenon can oc- larization configuration and the temporal evolution of the
cur because our current model does not include elastic stralfcal polarization formation in a finite system with different
coupling. The walls are expected to be planar while movind)oundary conditions. The simulation results agree well with
under the force of the electric field if the elastic constraintsall the known facts for a second-order ferroelectric phase
are included. transition, such as size effects, switching via surface
nucleation—domain wall movement, and aspect ratio effects.
In particular, we have demonstrated the temporal evolution

) ) ) of domain formation and the switching process in a 90° twin
A 2D ferroelectric model system has been mvestlgatecgystem.

using a finite-element technique combined with a variable

time st_ep nu_mencal _scheme. The unique feafture of UL, ~KNOWLEDGMENTS

model is the introduction of the anisotropic gradient energy
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APPENDIX

We used the finite-element code ENTWHEo solve

the following coupled system of partial differential equations

[see Eq(13)] in a rectangular domaib:

U,,=au,g+bv,g, +cu,,, +u—u—(1+d)jur?

'nn

—egcog(7), (Ala)
v,,=av,gtbu,,+cv,,,+v— 3 —(1+d)wu?
—e,cogQr). (Alb)

The code ENTWIFE incorporates sophisticated parameter
continuation capabilities and the ability to locate bifurcation
points at which qualitative changes in the solution set occurs,
making it particularly suitable to solve multiparameter prob-
lems. The numerical bifurcation techniques implemented in’/
the code have proven to be useful to study a wide range of

problems in fluid and other continuous systems.
In order to write Egs.(Ala) and (Alb) in a form to

which we can apply the standard finite-element approac

(see, e.g., Refs. 25 and 26t is convenient to introduce the
notation,

u J J J J
p= V) =&, Xo=7, (?_Xl:ﬁ_g’ (3’_)(2:&_5'
so that
pu=u, and py,=v ,, etc.
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weak form of Eq.(A3) by taking the dot product off +g)
with a (vectop test functionr, and requiring that the integral
of the dot product over the domald vanishes for all test
functionsr e Vy, where

Voe{p:peHY(D;):p=0 on 4D}

Summing over the repeated indexesndj, notice that

(pljrl) B (p]|r|) ')’ (pkkr)

:api,jjri+,3pj,ijri+7pk,kjri+api,jri,j+3pj,iri,j
+ YPi Kl i s (A4)
herek=3—].
By applying the divergence theorem in the plane,
J f(apl ]jrl+18pj ijli+ v, kjrj)dgdg
:LD(api,jrinﬁﬁpj,iri”ﬁVpk,krj”i)ds

_ffD(api,jri,j+:8pj,iri,j+'ypk,krj,j)dfdgu (A5)

where n is the outward surface normal. By including the
terms ing(p), the weak form of the steady state equations is

First, consider the steady state problem without an exter-

nal field. Letf(p) be a vector valued function,

fi(p)=apijj+Bpjij+ Pk (i=1,2), (A2)
wherek=3—i with a summation over the repeated index
=1, 2 (but not overk). Expanding Eq(A2) using the origi-
nal variables we have
a(U, gt U, )+ B(U gt V’év)+7V'§n)
a(V,get v, )+ B(U T v, )+ YU,y
_ (@t B, gt (B+y)v,g,tau,,,
av, g+ (B+ YU, T (at+B)v,,,)"
Defining a second vector-valued functigtp) by
u—ud—(1+d)uv?
v—1v3—(1+d)u’p)’

f(p)=(

a(p)=

the static problem without external field becomes

f(p)+9(p)=0, (A3)

provided constantg, B, andy are related to constanss b,
andc as

a=c, pB=a—-c, y=b-c.

Let the boundary of domaib to be divided into two
parts,dD=dD,+ dD,, whereu andv are specified o@D 1,
i.e.,p=qondD,, and are not specified aiD,.

We seek a solutiopeV, of Eq. (A3) where V,=
{p:pe HYD),p=qondD,}. Here HY(D) is the space of
vector functions defined o whose function values and first
derivatives lie inL?(D). In the usual way, we construct the

J L{[pl— p3—(1+d)pyp3lr+[po— pa—(1+d)pop?lr,

—[apjrij+Bpj,ifi,+ YPkj,;]}déd{=0. (A6)
Since the test functions;, i=1,2 vanish ondD; by con-
struction, the “natural” boundary conditions that apply on
dD, arise from the requirement that the boundary integral
term in Eqg.(A5) vanishes for all possible test functions. The
natural boundary conditions ofD, are, therefore,

apyjnj+Bp; N1+ yNiP2 =0, (A7a)

apyn;+ Bp; i+ ynapy1=0. (A7b)
Rectangular elements with biquadratic interpolation were
used to construct finite-dimensional subspa\z’éev and
VHCV,. The finite-element method seeks to determine a
(finite- dlmenS|ona)I function phth that satisfies Eq(A6)

for all r,e V§).

A Gaussian quadrature was used to approximate the
double integral in Eq(A6) and the resulting nonlinear sys-
tem of equations for the nodal degrees of freedom was
solved via Newton’s method. A direct method was used to
solve the linear system at each Newton iteration.

The time-dependent problem in E¢8.1) can be written
as an initial value problem of the following form:

d—f:h[p(t)], te(0T) with p(0)=p,. (8)
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