PHYSICS OF FLUIDS VOLUME 10, NUMBER 3 MARCH 1998

Convective effects on a propagating reaction front
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Unstable concentration gradients inherent in traveling chemical waves can give rise to
buoyancy-driven convection, altering the speed of the wave. When an excitable Belousov—
Zhabotinsky reaction system is confined within a sufficiently narrow, vertical two-dimensional
channel, convection arises at a symmetry-breaking bifurcation point. The observed linear rate of
change of wave speed with the bifurcation parameter is a necessary consequenceZef the
symmetry present. €998 American Institute of Physid&$1070-663098)00303-1]

I. INTRODUCTION wave speed with channel width for ascending and descend-
ing waves. Finally, we consider the influence of the small
The experiments of Bazsa and EpsteiRojman and parametele on the speed of the reaction-diffusion wave and
Epstein? Masereet al? and the subsequent computations ofon the critical Grashof numbers at which convection arises.
Wu et al* and Zhanget al,” demonstrate the intriguing na- A preliminary investigation of the interaction between
ture of chemical waves traveling vertically in tubes andconvection, and wave speed is reported.
channels containing excitable Belousov—Zhabotinsky reac-
tion mixtures. Below a critical tube diameter, both ascending
gnd descending waves travel at the same ;_peed,_ which jis THE TWO-DIMENSIONAL (2-D) MODEL
independent of tube diameter. Above this critical diameter,
for certain initial reactant concentrations, the wave speed of  Simplifying the experimental problem in the same man-
the ascending wave increases linearly with tube diametener as Wuetal? and Zhangetal,® we consider the
while the speed of the descending wave remains unchangeBelousov—Zhabotinsky reaction to occur in a vertitab-
For different reactant concentrations, the speeds of both agimensionalslot. We define our coordinate system so that
cending and descending waves vary linearly with tube diamthe origin is centrally located along the bottom of the slot,
eter. The rate of change of wave speed with tube diametewith the x axis pointing vertically upward and the axis
may be different for ascending and descending waves, bupointing across the channel. The two-species Oregonator
this could not be confirmed within experimental erfddon-  model is used to approximate the BZ reaction kinetics If
planar, distorted wave fronts are found to be associated witls the time scale inherent in the Oregonator model, we define
the different wave speeds. When experiments are performddngth scalex, so as to make the nondimensional diffusion
in silica gel or when glass beads are introduced into theoefficientD, [defined in Eq(8) below alezdltole] to
tubes, the speed of both ascending and descending waves & equal to 1. We nondimensionalize the coupled Navier—
equal and constant with respect to changes in tube diameteBtokes and reaction equations with respect to length sgale
It seems clear that the changes in wave speed and the dist@nd diffusive time scalaé/v, wherev is the kinematic vis-
tion of the wave front are the result of convection driven bycosity. Taking the usual value of;=0.018 cm (Jahnke,
the density gradients associated with the traveling chemicabkaggs, and Winfré& and using a nominal value of
wave. 0.01 cnf/s for the kinematic viscosity of water, our time
In this study we observe that the onset of convection inscale is 0.0324 s and our velocity scale is therefoge
vertical channels occurs as a bifurcation from the noncon= v/xy=0.56 cm/s or 333 mm/min. To allow for slots of
vecting solution. This perspective allows numerical bifurca-different widths, we rescale thg direction by a variable
tion techniques to be used to map loci of critical conditionswidth o and correspondingly rescale tlye component of
in the multidimensional parameter space. The linear depenselocity so as to retain the simple form of the continuity
dence of wave speed on channel width is shown to be aquation(3). Bockmannet al.” conclude that the temperature
necessary consequence of the midchannel symmetry. We egradients associated with the wave can be neglected for typi-
amine four distinct instability mechanisms that arise andcal ferroin-catalyzed BZ systems. They have shown that a
show why convection need not necessarily increase the speathximum temperature difference of only 50 mK exists for
of the wave, but can slow the wave in some circumstanceghese systems and that chemically induced density changes
We justify the differences between the rates of change oére dominant. Further, since the thermal diffusivity is large
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when compared to the diffusivities of the chemical speciesform of a traveling wave propagating in the positielirec-
an isothermal approximation seems appropriate. tion with constant speed, i.e., a solution of the form
Using the nondimensionalization described above, the

coupled Navier—Stokes equations and the Oregonator model ux=oty), vix-ety), px-oty),

become Ci(X—wty), Cy(x—wt,y), 9)
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whereu, v are the nondimensional velocities in tkeandy g5  dy
directions, respectivelyp is the nondimensionalreduced
pressureg;, i=1,2 is the scaled concentration of chemical _p (_w ¢y U ﬁﬂ) ﬂ)
speciesi as defined in the Oregonator model agds the g an an Iy
gravity vector. The nondimensional groups are Jc 1 o, ci—q
2
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Xo We solve this system of equations in the domain
whereg=|d|,, densityp=py+ p1C1+ p,Cs, Wherep; is the Q={(75,y):0=5=<100-0.5<y<0.5, (16)

density of chemical specids andd; is the (dimensional

diffusivity of chemical species. The small parametes is ~ With boundaryl’. Non-slip boundary conditions are applied

dependent upon reaction constants and upon the initial cor@long the channel walls and at the bottom, which part of the

centrations of bromate ion, malonic acid and.Ht reflects ~ boundary we denotEp, i.e.,

Fhe two diffe.ren.t time 'scales inherent in the chemical kinet-  ,—, —g on »=0 and y==+0.5, 17

ics. The stoichiometric factof represents the number of

bromide ions liberated for every two metal oxide ions re-Whereu, v are the velocities in théaboratory frame. We

duced andy is a ratio of reaction constants. further require that the normal derivatives of the concentra-
This coupled system of five partial differential equations,tions vanish at the boundary, i.e.,

previously described in Wilk®,extends the system of Wu

et al,* who consider one chemical species only and there- — =0, i=1,2 onT. (18
fore, as we shall see, limit the types of instabilities that may
arise. A convenient way in which to calculate the unknown

(constant velocity o when using the finite-element package
ENTWIFE’ is to solve Laplace’s equation i with natural

Ill. THE SOLUTION METHOD boundary conditions of, i.e.,
Rather than solve Eq$1)—(5) with appropriate bound- 2,)— 32_w+ i&z_"’:o in 0 (19
ary and initial conditions directly, we seek solutions in the an®  o® gy’ ’
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The above weak equations were solved via the finite-
element method using isoparametric quadrilateral elements

This can then be solved like any other elliptic partial differ- with biquadratic interpolation of the velocity field, chemical

ential equation, and further ensures that the wave speied

known on every element of the discretization.

concentrations and wave speed, and discontinuous linear in-
terpolation of the pressure field. The phase of the wave was

Weak equations can be constructed in the usual mannefixed by replacing one of the equations for the veloaity

and we seek steady solutions,

[u(7,Y),p(7.Y).C1(7.Y).Ca( 1Y), 0(7,¥)],

such thatue Vy,pel3c;,co,0eW,
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for all test functions,

with a Dirichlet condition forc, at an appropriate node. The
resulting nonlinear system of equations may be written as

f(x,\)=0, f:RNXRP—RN, (30

which was solved using Newton’s method. In the absence of
convection,u, v, p, ¢, andc, are all independent of the
cross channel directiog. An initial guess for the noncon-
vecting solution was obtained from a one-dimensional finite-
difference computation. This gave both a sufficiently accu-
rate initial guess to enable the Newton iteration to converge,
and allowed a finite-element mesh to be designed that accu-
rately approximated the steep concentration gradients
present.

A. Discretization of the pressure field

When u=v=0, a balance exists between the species
concentrations and the pressure gradient. Since this “hydro-
static” pressure field is nontrivial and expensive to compute,
we choose to absorb it into the reduced pressure and com-
pute only thedifferencein the pressure field between non-
convecting and convecting solutions. From E¢El) and
(12), we see that when(#,y)=v(7,y)=0,

p ap

%=—(Grlcl+Gr202) and WZO'

Let
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noting thatb, andb, are independent of. Now define

when u=v =0,
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P(7,y)=p( 77aY)+J (Grib;+Grby)d 7, (31
so that

ap _dp

% = % + (Gr1b1+ Grzbz),

dp _p

ay

Equations(11) and(12) become

5 u, ou o
AT, T e TV Gy

=D ﬁﬁ+(92u+
— Yy (97] (97]2

—D,[Gry(c;—by)+Gry(c,—Dby)], (32

1 d%u
a2 ay?



Phys. Fluids, Vol. 10, No. 3, March 1998

Cliffe, Tavener, and Wilke

v v au> The onset of convection at a symmetry-breaking bifurcation
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We compute and stork;(7) andb,(%). The pressure

field p(7,y)=0 for all nonconvecting solutions, indepen-
dently of Gy and Gg.

B. The role of the midchannel symmetry

point was computed as a regular solution of the extended
system described by Werner and Speffceamely

where
y'=(x",¢"\),

F:RYXRYX RI—RYX RN RY,

ye (RYXRYXRY),

andl € RN with I+ 0. All computations were performed using

The finite-dimensional equation§30) are equivariant the finite-element packageNTwiFEe.?

with respect to an N X N) orthogonal matrixS, such that

The Jacobian of the system of equatid8§) must be

§=1, butS#1, i.e. calculated in order to find solutions using Newton’s method.
SE(X ) =F(SX,\). (34) Given the complicated nature of the weak for(@4)—(29),
o ] N this is obviously a nontrivial exercise. To follow a branch of
The orthogonal matri§ induces a unique decomposition of sojutions using arclength continuation, the derivatives of the
RN into symmetric and antisymmetric subspaces, discretized systeni30) with respect to the parameters are
EN=RNoRY, required. Second-order derivatives with respect to both the
variables and the parameters are necessary in order to con-
where struct and solve Eq(36) via Newton’s method, and then to
R’S\'z{XERN:Sx=x}, perform continuation with respect to the desired parameter.
The computer algebra systexapuce! was used to produce
Rgz{XE RN:Sx=—x}. the necessary subroutines to compute the required deriva-

Symmetric solutions are those for which

tives. This approaclor an equivalent onavas deemed to be
absolutely essential in order to calculate these derivatives

U(ﬂ,y)zu(ﬂa_)’)v U(’]:y):_v(%_y)v accurately'

p(7,y)=p(7,—Y),

IV. THE ONSET OF CONVECTION

Cl( 771)’):01( 77a_Y)1 CZ( 77,)’):02(77,_)/)-

The parameter values chosen for our initial investigation

o(n,y)=o(n,-Y). were

Antisymmetric solutions are therefore those for which

u(ny)=—u(n-y), viny=v(n—-Yy),

D,=0.6, D,=600,

p(7,¥)=—p(7,—Y), A value of e=0.1, rather than the more usual values of 0.01
or 0.05, was chosen for the initial part of our study in order
ci(ny)=—ci(m=y), Camy)=—Can,~Y), to ease some of the computational difficulties associated with

w(ﬂuy):_w(ﬂ-_w-

the range of length scales present in the problem e Alg-

creases, both the concentration gradients associated with the
Nonconvecting flows, which are symmetric, were computedront and tail of the activatofspecies Lwave increase, and
on the length of the tail of the inhibitofspecies 2 wave in-
Q™ ={(7,y):0=< <100 0.5<y=0}, (35) creases. A larger value of was also fognd to make the
competing effects of convectiofto be discussed belgw
with the appropriate symmetry boundary conditions alongmore obvious. Using the “Oregonator” length scale xof
y=0. =0.018 cm, a widtho=2 corresponds to a physical channel
At a simple symmetry-breaking bifurcation point width of only 0.36 mm. Such a narrow channel was chosen
(x°.\9), at first so that the primary convective instability would be to
x0e RN a flow with a single roll across the channel. Instabilities with
S two rolls across the channel, which dmot break the mid-
Null(f)=spaf ¢}, ¢eRY, ¢+0, channel symmetry described above, can occur as the primary
o NT N instability for wider channels. For the region of parameter
Rangéf,) ={yeR™:¢'y=0}, #eR", ¢#0, space examined here, thesgmmetrig instabilities occur at
where larger Grashof numbers than the symmetry-breaking instabil-

a’

ity.

The concentrations of the activator and inhibitor species
(c, andc,, respectively, in the nonconvecting solution, are
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FIG. 2. Plot of the null clines of the two-component Oregenator model for
g=0.025,f=2.6 for which the system is excitable.

y=0, and were unchanged to three significant figures from
FIG. 1. (a) Species concentration profiles for the nonconvecting wave thathe values computed on a mesh with one-quarter of the num-
travels with speed 2.32 mm/min, assuming,=0.018cm and ber of elements.
v=0.01cnf/s. Here e=0.1, D;=1, D,=06, D,=600, f=3, and The four different instability mechanisms at the bifurca-
g=0.0002.(b) Dgtail of species concentrations for the nonconvecting waveting points in Table | are described below. Recall that since
that travels with speed 2.32 mm/min, assuming=0.018 cm and L. o . "
»=0.01cr¥s. Here e=0.1, D=1, D,=06, D,—600, =3, and |—3>1+v2, the Oregonator model is in an “excitable
q=0.0002. state with the nuliclines of the coupled ordinary differential
equations qualitatively similar to those shown in Fig. 2.

When Gr=—1.99 and Gy=0, species 1 is lighter than
the bulk medium and species 2 is neutrally buoyant. The
l)e_ading edge of the activator wave is gravitationally unstable
and convection occurs ahead of the peakfas illustrated
by the equally spaced contours of the streamfunction corre-
sponding to the null eigenvector, shown in Figa)3 Only
the part of the computational domain betwegr 70 and
7n=95 is shown. The vertical lines in this figure locate the
maximum ofc, and the values of; for which c, falls below
5% of its maximum excursion from the equilibrium value.
Physically, when a parcel of heavy fluid ahead of the wave
(which is at equilibrium falls under the influence of gravity
into the leading edge of the activator wave, its concentration
of species 1 is increased by diffusion such tbaincreases
TABLE |. Critical Grashof numbers forD,=1, D,=0.6, D,=600,  tg the right of the minimum of the cubic-like isocline in Fig.
€=0.1,=3,4=0.0002, andr=2. 2. This triggers the fadtinitiator) reaction that rapidly pro-

Gr, Gr, duces more of species 1, increasiogand decreasing the

density of the parcel of fluid. The parcel of fluid therefore

shown in Figs. (@) and Xb) as a function ofy. For the
values of the parameters we have chosen, the stable equili
rium concentrations are;=c,=3.9988<10 *. The wave
speed of the nonconvecting solution is 6.8700 2 in our
nondimensional units, corresponding to 2.32 mm/fuising
a nominal value of 0.01 cffs for the kinematic viscosily
The critical Grashof numbers at four distinct symmetry-
breaking bifurcation points are listed in Table I. They were
computed on()~ [defined by(35)], using 650 elements in
the % direction and 24 elements betwegrn=—0.5 and

- é.ggs %00 tends to rise.
PO 679 When Gg=0.998 and Gy=0, species 1 is heavier than

0.0 0.46 the bulk medium and species 2 is neutrally buoyant. The
trailing edge of the activator wave is gravitationally unstable
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FIG. 3. (a) Streamfunction corresponding to the null eigenvector g&=Gr1.99, Gp=0 at which the leading edge of the activator wave becomes linearly
unstable. Herepe[70,95, ye[—0.5,0.9, ande=0.1,D,=1, D,=0.6,D,=600, f=3, g=0.0002, andr=2. The vertical lines show the location of the
maximum ofc, and the positions at whioty, relaxes below 5% of its maximum excursion from equilibrium. The streamfunction contours are equally spaced.
(b) Streamfunction corresponding to the null eigenvector a=®r99, Gp= 0 at which the trailing edge of the activator wave becomes linearly unstable. Here
ne[70,95, ye[—0.5,0.9, ande=0.1,D,=1,D,=0.6,D,=600, f=3, q=0.0002, andr= 2. The vertical lines show the location of the maximuncef

and the positions at which, relaxes below 5% of its maximum excursion from equilibrium. The streamfunction contours are equally $paSéeam-
function corresponding to the null eigenvector at60, Gr,= —6.79 at which the leading edge of the inhibitor wave becomes linearly unstable.zHere
e[70,95, ye[—0.5,0.9 ande=0.1,D,=1,D,=0.6,D,=600,f=3, g=0.0002, andr=2. The vertical lines show the location of the maximuntefind

the positions at whicle, relaxes below 5% of its maximum excursion from equilibrium. The streamfunction contours are equally gfleSa@amfunction
corresponding to the null eigenvector at;60, Gr,=9.46 at which the trailing edge of the inhibitor wave becomes linearly unstable. #1ef&0,95), y
e[—0.5,0.§ ande=0.1,D,=1,D,=0.6,D,=600,f=3,q=0.0002, andr=2. The vertical lines show the location of the maximuntefind the positions

at whichc, relaxes below 5% of its maximum excursion from equilibrium. The streamfunction contours are equally spaced.

and convection arises behind the peak pf as illustrated by ¢, and the values of; for which ¢, falls below 5% of its
the streamfunction corresponding to the null eigenvectormaximum excursion from the equilibrium value. When a
shown in Fig. 8). When a parcel of heavy fluid in the parcel of heavy fluid at equilibrium falls under the influence
trailing edge of the activator wave falls under the influenceof gravity into the leading edge of the inhibitor wave, its
of gravity into the region behind the wave, its concentrationconcentrations of species 1 and 2 are increased by diffusion,
of species 1 is decreased by diffusion, it becomes lighter anduch that it moves to the right of the minimum of the cubic-
therefore tends to rise. like isocline in Fig. 2. This triggers the faghitiator) reac-
When Gi=0 and Gy= —6.79, species 2 is lighter than tion that rapidly produces more of the neutrally buoyant spe-
the bulk medium and species 1 is neutrally buoyant. Thecies 1, and also, although more slowty effectively later, if
leading edge of the inhibitor wave is gravitationally unstablee is very small, produces more of the lighter species 2. The
and convection occurs ahead of the peakgfas illustrated parcel of fluid therefore tends to rise.
by the streamfunction corresponding to the null eigenvector, When Gg=0 and Gy=9.46, species 2 is heavier than
shown in Fig. &c). The vertical lines locate the maximum of the bulk medium and species 1 is neutrally buoyant. The
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trailing edge of the inhibitor wave is gravitationally unstable
and convection arises behind the peak of as illustrated by
the streamfunction corresponding to the null eigenvector,
shown in Fig. &d). When a parcel of heavy fluid in the
trailing edge of the inhibitor wave falls under the influence
of gravity into the region behind the wave, which is at equi-
librium, its concentration of species 2 is decreased by diffu-
sion, it becomes lighter and therefore tends to rise. n

The magnitudes of the critical values of Gn Table |
suggest that the trailing edge of the activator wave is steepe
than the leading edge. The magnitudes of the critical values
for Gr, suggest that the leading edge of the inhibitor wave is
steeper than the trailing edge and that both are much shal
lower than the corresponding leading and trailing edges of
the activator wave. The critical Grashof numbers will obvi- L
ously change ife is varied and the shape of the reaction- (a) n =70 n=95
diffusion wave changes. The relationship between the critical
Grashof number aneis further complicated by the fact that w
e also effects the rate at which species 1 and 2 are produce
once the reaction has been triggered. Since diffusion is in-
volved in all four instability mechanisms, the critical Grashof
numbers can also be expected to vary vilthandD,. y

Two asymmetric flows that develop for Grashof num-

L.

bers beyond the critical values are shown in Figs) 4nd
4(b), and correspond to Gr—3.2, G,=0, and G§=0,
Gr,=18.2, respectively. The expected distortion of the iso-
concentration lines is obvious. The chemical concentration
C, is shown rather than any of the other variables as specie:
2 corresponds to the colored oxidized metal ibh,() that is
observed in experiment3.

L )
V. THE SPEED OF THE CONVECTING WAVE (b) 7 =10 n =95

. . FIG. 4. (a) Isoconcentration lines dof, (the scaledM ,, concentratioh for
The speeds of the traveling wave solutions are plotted AR Conﬁ/gcting solution 'at (1';15 73_22 ;nd Gy=0. ,"jere 7]6[70,I95?, y

a function of Grashof numbers in Figs@band 8b). These  <[-050.5, ande=0.1,D,=1,D,=0.6,D,=600,f =3, =0.0002, and
are “bifurcation diagrams,” in which a measure of the solu- ¢=2. Contour values are 0.003, 0.006, 0.009, 0.012, 0.015, 0.018, 0.021,
tion, the wave speed, is plotted against a distinguished p&-023, 0.025, and 0.026b) Isoconcentration lines of, (the scaledM o,
rameter, the Grashof number. The horizontal lines represeﬁf):[csgt;aatwh;o[r_ﬂgescggveacrt]lg%_sgllitlgn f‘tl@; 0_%”2 Sﬁgg)g fﬂesre
the speed of the nonconvecting wave. These diagrams resff 5 o002, and>—2. Contour values are 0.003, 0,006, 0.009, 0.012, 0.015,
from Z,-symmetry-breaking bifurcations, and are thereforeo.o1s, 0.021, 0.023, 0.025, and 0.026.
surprising on two accounts. First, the initial dependence of : .
wave speed on the Grashof number is linear rather than the (i) If A(s°)=0, thenx(s®)=a¢ < R} and the solution
quadratic behavior that is normally expected near &ranch cannot lie in the symmetric subspace. We can rescale
Z,-symmetry-breaking bifurcation pointsee, e.g., Golu- ¢ so thata=1.
bitsky and Schaeffé?). This linear relationship can be ex- Along the nonsymmetric branches that emerge at a
plained in terms of the midchannel symmetry. symmetry-breaking bifurcation point, considef;), where

We parametrize the bifurcating solution branches by arxi is theith component of the solution vectar By Taylor
arclength parameterand seek solution pairgs) and\(s), expansion,
where x(s%) =x° and \ (s =\°. Differentiating (30) with

0 dr 0
respect tcs, )\(Xi):)\(xi)er— (x;—x%)
Xi (XO,)\O)
of dx  af dh .
2 D g = 1d%\
axds ' ax ds fxthA=0. (37 +§d_xz (X —X) 2+ -
i

(x0,1\9)
Equation (37) may be satisfied at a simple symmetry- \ ..
breaking bifurcation pointx®,\°) in one of two ways.
(i) If \(s%)#0, thenx(s%) e RY and the solution branch d\ — dM/ds
lies inRY . dx,  dx/ds
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FIG. 5. (a) The speed of the traveling wave solutions as a function gf Gr
for Gr,=0. The dashed line is theconstank speed of the nonconvecting
solution. The nonconvecting solution is stable fot.99< Gr;<0.998. Here
€=0.1,D,=1, D,=0.6, D,=600, f=3, g=0.0002, ando=2. (b) The
speed of the traveling wave solutions as a function of fér Gr;=0. The
dashed line is théconstank speed of the nonconvecting solution. The non-
convecting solution is stable for 6.79<Gr,<9.46. Heree=0.1, D;=1,
D,=0.6,D,=600,f=3,q=0.0002, andr=2.

and
dx ~dA/ds

d_xi (XO,)\O):SILTO m
Since(s%) =0, clearly
dx ds

(xO,\0)

(SO): (}5,7&0

Under these circumstances,
M) = A (X)) T~k (X = XD)2,
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TABLE Il. Linear coefficienta; and the computed rate of change of wave
speed with Grashof number f@®,=1, D,=0.6, D,=600, e=0.1, f=3,
g=0.0002, andr=2.

Gry Gr, a; Slope
—-1.99 0.0 —0.239E-03 —0.234E-03
0.998 0.0 —0.252E-03 —0.866E-03
0.0 -6.79 0.261E-04 0.243E-04
0.0 9.46 —0.109E-04 —0.298E-04

nents of the null eigenvector corresponding to the wave
speed must therefore be antisymmetric abgatO at a
Z,-symmetry-breaking bifurcation point, and necessarily
zero alongy=0. However, because the components of the
null eigenvector corresponding to the wave speed must also
be constant, they must be zero throughéut The wave
speed will therefore varlinearly with the bifurcation param-
eter, be it either the Grashof number, Gr= 1,2 or the width

g.

In order to calculate lim,o(dx; /ds/d\/ds) when this
form is indeterminate, we must evaluate Jino(d?x;/
ds?/d2\/ds?).

We find that

SN L B O AN
© INAS T\ 13T, bbb+ Yoz

z+v,,

S—

where
=1, 2= —1%p0.

Let a; be theith element ofa. Since the wave speed is
constant throughou® we are free to choose any wave speed
component(This would not be true for the velocity compo-
nentu, say, for which we would need to choose a component
that lies on the centerline, at which points the corresponding
component of the null eigenvector is necessarily 2eho.
Table I, we comparey; at the four bifurcation points listed
in Table I, with the values of the slopes based upon the first
point computed along the asymmetric branches.

The second surprising feature of the bifurcation dia-
grams is that only in one case, that in which the leading edge
of the activator wave is unstable, is the wave sp@sitially)
enhanced by convection. Even this branch has a maximum in
the wave speed, and the wave speed of the convecting solu-
tion is smaller than the speed of the reaction-diffusion wave
for Grashof numbers sufficiently far from the bifurcation
point.

An examination of the convecting solutions along the
branch for which Gy<0 and Gg=0, shows that the speed of
the wave results from a competition between two opposing
effects of convection. Convection ahead of the wave en-

which is the expected quadratic dependence at a pitchforkances diffusion of the activator species into the unreacted

bifurcation point. However, if dx;/ds)(s®)=¢;=0, then
d)\/dXi|(Xoy)\o) may take some finite honzero value and

IN(X) = MO T~ Ka(Xi —X7).

medium ahead of the wave, increasing the speed of the wave.
Convection, however, also acts to broaden the profiles of
both the activator and inhibitor waves, reducing the peak
activator concentration. The concentration gradient driving

The wave speed components of the solution vector are syndiffusion of the activator species ahead of the wave is

metric abouty=0 for nonconvecting solutions. The compo-

thereby reduced, which in turn decreases the speed of the
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0.035¢ TABLE lll. The influence ofe on the speed of the nonconvecting reaction-
diffusion wave forD,=1, D,=0.6,D ,=600, f =3, andq=0.0002.
0031 Wave speed Wave speed
€ (moving reference frame (time-dependent calculations
0.0251* %
0.1 2.32 mm/min 2.28 mm/min
v 0.05 3.99 mm/min 3.73 mm/min
.02 0.01 9.57 mm/min 10.20 mm/min

0.015F

0.01f

The initial conditions varied according to the value efo
ensure the system was excitable, and were

c,=0.05, 0=x=0.2, for e=0.1,

0.005 0.02 0.04 0.06 0.08 0.1

€

FIG. 6. The speed of the nonconvecting traveling wave solutions as a func- ¢;=0.1, 0=x<02, for €=0.05,

tion of e. The dashed line ig,4(0.05)* V0.05k. HereD,=1, D,=0.6, _ _
D, =600, f =3, andg=0.0002. c,=0.8, 0=x=0.2, for ¢=0.01,

with
wave. The reduction of the rate of diffusion of the activator €,=0, 0.2<xs<L,
species ahead of the wave can ultimately outweigh the erand
hancement due to convective transport.
A maximum wave velocity with Grashof humber is not c2=q(f+ 1)
peculiar to the case when 30 and G=0. By monitoring (f-1)"

the sign of the linear coefficient at_the bifurcation point The discretization was performed using quadrilateral el-
Wher_e Gi=0 _and Gp<0 ase was varied, we were able 10 o ments with quadratic interpolation of the velocity compo-
predict the existence of a maximum wave velocity along thé,q g and continuous linear interpolation of the pressure and
bifurcating branch a&=0.095. This was subsequently Veri- g0 jes concentrations. A variable step length Gear scheme,

fied by direct calculation and the competing effects of CON+yith maximum order 5, was used for the time integration.

vection were evident in the concentration profiles of solu- A comparison of the wave speeds computeda.1,

tions on either side of the maximum. Similarly, by increasingO_OS, and 0.01 by the two methods appear in Table Ill, again
e to 0.1025, the linear coefficient at the bifurcation point forusingxozo.018 cm andy=0.01 cn¥/s.

which Gp<0 and G§=0 changes sign to become positive,
and convection caused by the gravitational instability of the,
leading edge of the activator wawaways decreases the
speed of the wave.

Os=x=<L.

The critical Grashof numbers are plotted as a function of
in Figs. 1a)—7(d). Upon examination of the chemical spe-
cies profiles of the reaction-diffusion wave, the unexpected
maxima and minima in the critical Grashof numbers are seen
to correspondapproximately to minima and maxima in the
average concentration gradients at the front and rear of the
relevant concentration waves.

In Fig. 6 we show how the speed of theonconvecting There is a complicated relationship between wave speed
reaction-diffusion wavep,q(€) changes witre. This param-  and e at constant Grashof number, as is evident from Figs.
eter can, for example, be varied by altering thi of the  8(@) and 8b). In Fig. 8a), the Grashof numbers are fixed at
reaction mixture. The dashed line is,4(0.05%0.05k, Gri=—2 and Gg=0, so that the front of the activator wave
which, following the analysis of Sco{t’,might be expected is unstable for all values o between 0.01 and 0.1. How-
to approximate this relationship if the wave speed were deever, the maximum relative increase of the wave speed pro-
termined by the autocatalytic step alone. Previous studieguced by convection,
have concentrated on values of 0.01 and 0.05 corresponding
to the Lo and Hi values of Tysolf. Aw'™

The time-dependent equatiofty—(5) were also solved wrg(€)
directly using theENTwWIFE package for certain parameter [the dashed curve in Figs(# and &b)], does not corre-
values on a rectangular domain of lengitiand width 2, with  spond to the maximum relative distance from the bifurcation

VI. THE ROLE OF €

o om(e)

boundary conditions point GE™(¢),
u=v=0 on x=0 and y==0.5, Grl_Gririt(E)
AGH=———
and Gr{"(e)
JC;i [the dotted curve in Figs.(8 and 8b)]. This suggests a

—=0 onx=0, L and y==0.5.

an subtle competition between convection’s role in transporting
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FIG. 7. (a) The critical Grashof number at which the leading edge of the activator wave becomes linearly unstable, as a fundteredés=0 andD;=1,
D,=0.6,D,=600,f=3,g=0.0002, andr=2. (b) The critical Grashof number at which the trailing edge of the activator wave becomes linearly unstable,
as a function ok. Here Gy=0 andD,=1, D,=0.6,D,=600, f=3,q=0.0002, andr=2. (c) The critical Grashof number at which the leading edge of the
inhibitor wave becomes linearly unstable, as a functioe. ¢fere Gf=0 andD,=1,D,=0.6,D ,=600,f=3,g=0.0002, andr= 2. (d) The critical Grashof
number at which the trailing edge of the inhibitor wave becomes linearly unstable, as a funcéohlef Gf=0 andD,=1, D,=0.6,D,=600, f=3,
q=0.0002, andr=2.

the activator species ahead of the wave and reducing the For this value ofe, convection in front of the wave ini-
diffusion ahead of the wave by spreading the wave and retated by the activator (G 0) or inhibitor (Gp<<0) steep-
ducing the concentration gradients. ens the leading edge of the activator pulse without decreas-
In Fig. 8(b), the Grashof numbers are fixed at;&1.5 ing its magnitude and therefore increases the wave speed.
and Gp=0, so that the tail of the activator wave is unstableWilke® reports the same behavior for chemical waves travel-
for all values ofe between 0.03 and 0.1. For 09&<0.1 ing in horizontal domains. On the other hand, convection
convection slows the wave, but fer0.06 the wave speed behind the wave lowers the peak concentrations, decreasing
is marginally enhanced. Asdecreases toward 0.03 and the the total diffusion of the activator species ahead of the wave
activator wave steepens, diffusion of the activator specieand slows the wave. A selection of wave speeds are pre-
ahead of the wave dominates the wave speed since the cosented in Table IV. The wave speeds were of course deter-
vection behind the wave has very little influence on themined only once the initial transience had decayed and the
speed of the wave. The curves of the wave speeds for thwaves had attained their final shape.
convecting and nonconvecting solutions are virtually coinci-  The streamlines and isoconcentration contours depend
dent. We suspect that such subtle differences in velocitypon the nature of the instability. Figure@pand 9b) illus-
would be very difficult to detect via time-dependent compu-trate streamlines and isoconcentration lines for two of the
tations or to observe experimentally. cases given in Table IV. Because of the long tail of the
Time-dependent computations were performed forinhibitor wave, flow is generated far behind the leading
€=0.01, f=3, q=0.0002, D;=1.0, D,=0.6, D,=600, edges of the waves.
o=2, andL=40, in order to demonstrate the changes in  In Fig. 9a), for which Gp=—0.5 and Gs=0, the con-
wave speed produced in the four different instability sce-vective roll initiated by the concentration gradient in the
narios. front of the activator wave initiates a secondary vortex be-
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! FIG. 9. (@) The traveling wave solution for G+ —0.5, Gp=0. Here
005 o0s 005 o006 007 008 008 04 D;=1,D,=0.6,D,=600,=0.01,f=3, =0.0002,0=2, andL =40. (i)
streamlinesf{ii) isoconcentration lines af,. (b) The traveling wave solu-
(b) € tion for Gr,=0, Gr,=80. HereD,=1, D,=0.6, D,=600, ¢=0.01,f=3,

g=0.0002,0=2, andL =40. (i) streamlines{ii) isoconcentration lines of

FIG. 8. (a) Wave speed versusfor Gr,=—2.0, Gp=0. (—), nonconvect-  Cz.

ing solution;(---), convecting solutionf---), 0.1* relative increase in wave

speed;(:--), 0.00F relative distance of Grfrom critical. (b) Wave speed

versuse for Gr;=—1.5, Gp=0. (—), nonconvecting solution(---), con- Vil. SUMMARY

vecting solution;(---), relative increase in wave spedd:-), 0.01* relative . . .
distance of Gy from critical. A commonly used excitable BZ reaction system was in-

vestigated numerically. The interaction between the chemical
kinetics and diffusion produces a reaction front, also called a
chemical wave or pulse, which propagates into the unreacted
hind the two concentration waves. This is expected from th%medlum. The BZ reaction kinetics were apprqmmated using
. R : he two-component Oregonator model. This model was
null eigenvector shown in Fig.(8). The solution at G=0 . . : . :
_ L ; . coupled with the equations of motion of a Newtonian fluid
and Gp= 80, shown in Fig. &), has a single vortex behind . . . . . . .
. . . . and investigated in a vertical two-dimensional channel using
the two waves. This is again predicted by the null eigenvec: - -
L the finite-element method. In sufficiently narrow channels,
tor shown in Fig. 2d). )
the onset of convection was shown to occur as a symmetry-
breaking bifurcation from the nonconvecting solution.
Depending upon the channel orientation and the chemi-
cal species present, four distinct instability mechanisms can
occur. The linear dependence of wave speed on channel
width that has been observed in experiments, has been

TABLE IV. Some wave speeds of convecting solutions =1, D,
=0.6,D,=600,=0.01,f=3, q=0.0002, andr=2.

Wave speed shown to be a consequence of fyesymmetry breaking that
Gr, Gr, (mm/min) is associated with the onset of convection in sufficiently nar-
0.0 0.0 10.2 row channels. Unlike the behavior of horizontally traveling
—05 0.0 115 chemical waves, convection does not necessarily increase the
-2.0 0.0 13.3 speed of the wave. Steady, as well as time-dependent calcu-
+g-g 38-8 lg-g lations have shown that for particular reaction mixtures, con-

vection increases the speed of ascending waves but decreases
0.0 —40.0 17.4 . : . )
0.0 +80.0 78 the speed of descending waves. The latter is an interesting
0.0 42000 6.5 new feature and arises because convection behind the pulse
lowers the peak concentrations and therefore decreases dif-
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