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Convective effects on a propagating reaction front
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Unstable concentration gradients inherent in traveling chemical waves can give rise to
buoyancy-driven convection, altering the speed of the wave. When an excitable Belousov–
Zhabotinsky reaction system is confined within a sufficiently narrow, vertical two-dimensional
channel, convection arises at a symmetry-breaking bifurcation point. The observed linear rate of
change of wave speed with the bifurcation parameter is a necessary consequence of theZ2

symmetry present. ©1998 American Institute of Physics.@S1070-6631~98!00303-1#
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I. INTRODUCTION

The experiments of Bazsa and Epstein,1 Pojman and
Epstein,2 Masereet al.3 and the subsequent computations
Wu et al.4 and Zhanget al.,5 demonstrate the intriguing na
ture of chemical waves traveling vertically in tubes a
channels containing excitable Belousov–Zhabotinsky re
tion mixtures. Below a critical tube diameter, both ascend
and descending waves travel at the same speed, whic
independent of tube diameter. Above this critical diame
for certain initial reactant concentrations, the wave speed
the ascending wave increases linearly with tube diame
while the speed of the descending wave remains unchan
For different reactant concentrations, the speeds of both
cending and descending waves vary linearly with tube dia
eter. The rate of change of wave speed with tube diam
may be different for ascending and descending waves,
this could not be confirmed within experimental error.2 Non-
planar, distorted wave fronts are found to be associated
the different wave speeds. When experiments are perfor
in silica gel or when glass beads are introduced into
tubes, the speed of both ascending and descending wave
equal and constant with respect to changes in tube diam
It seems clear that the changes in wave speed and the d
tion of the wave front are the result of convection driven
the density gradients associated with the traveling chem
wave.

In this study we observe that the onset of convection
vertical channels occurs as a bifurcation from the nonc
vecting solution. This perspective allows numerical bifurc
tion techniques to be used to map loci of critical conditio
in the multidimensional parameter space. The linear dep
dence of wave speed on channel width is shown to b
necessary consequence of the midchannel symmetry. We
amine four distinct instability mechanisms that arise a
show why convection need not necessarily increase the s
of the wave, but can slow the wave in some circumstan
We justify the differences between the rates of change
7301070-6631/98/10(3)/730/12/$15.00
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wave speed with channel width for ascending and desce
ing waves. Finally, we consider the influence of the sm
parametere on the speed of the reaction-diffusion wave a
on the critical Grashof numbers at which convection aris
A preliminary investigation of the interaction betweene,
convection, and wave speed is reported.

II. THE TWO-DIMENSIONAL „2-D… MODEL

Simplifying the experimental problem in the same ma
ner as Wu et al.4 and Zhang et al.,5 we consider the
Belousov–Zhabotinsky reaction to occur in a verticaltwo-
dimensionalslot. We define our coordinate system so th
the origin is centrally located along the bottom of the sl
with the x axis pointing vertically upward and they axis
pointing across the channel. The two-species Oregon
model is used to approximate the BZ reaction kinetics. Ift0

is the time scale inherent in the Oregonator model, we de
length scalex0 so as to make the nondimensional diffusio
coefficientD1 @defined in Eq.~8! below asD15d1t0 /x0

2# to
be equal to 1. We nondimensionalize the coupled Navi
Stokes and reaction equations with respect to length scalx0

and diffusive time scalex0
2/n, wheren is the kinematic vis-

cosity. Taking the usual value ofx050.018 cm ~Jahnke,
Skaggs, and Winfree6! and using a nominal value o
0.01 cm2/s for the kinematic viscosity of water, our tim
scale is 0.0324 s and our velocity scale is thereforeu0

5n/x050.56 cm/s or 333 mm/min. To allow for slots o
different widths, we rescale they direction by a variable
width s and correspondingly rescale they component of
velocity so as to retain the simple form of the continu
equation~3!. Böckmannet al.7 conclude that the temperatur
gradients associated with the wave can be neglected for t
cal ferroin-catalyzed BZ systems. They have shown tha
maximum temperature difference of only 50 mK exists f
these systems and that chemically induced density cha
are dominant. Further, since the thermal diffusivity is lar
© 1998 American Institute of Physics
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when compared to the diffusivities of the chemical spec
an isothermal approximation seems appropriate.

Using the nondimensionalization described above,
coupled Navier–Stokes equations and the Oregonator m
become

DnS ]u

]t
1u

]u

]x
1v

]u

]yD5DnS 2
]p

]x
1

]2u

]x2 1
1

s2

]2u

]y2D
2Dn~Gr1c11Gr2c2!, ~1!
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1u
]v
]x

1v
]v
]y D5DnS 2

1

s

]p
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50, ~3!
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]c1

]y D5eD1S ]2c1

]x2 1
1

s2

]2c1

]y2 D1c1

2c1
22 f c2S c12q

c11qD , ~4!

DnS ]c2

]t
1u

]c2

]x
1v

]c2

]y D5D2S ]2c2

]x2 1
1

s2

]2c2

]y2 D1c12c2 ,

~5!

whereu, v are the nondimensional velocities in thex andy
directions, respectively,p is the nondimensional~reduced!
pressure,ci , i 51,2 is the scaled concentration of chemic
speciesi as defined in the Oregonator model andg is the
gravity vector. The nondimensional groups are

Dn5
nt0

x0
2 , ~6!

Gri5
gx0

3

n2 S r i2r0

r0
D , i 51,2, ~7!

Di5
dit0

x0
2 , i 51,2, ~8!

whereg5igi2 , densityr5r01r1c11r2c2 , wherer i is the
density of chemical speciesi , and di is the ~dimensional!
diffusivity of chemical speciesi . The small parametere is
dependent upon reaction constants and upon the initial
centrations of bromate ion, malonic acid and H1. It reflects
the two different time scales inherent in the chemical kin
ics. The stoichiometric factorf represents the number o
bromide ions liberated for every two metal oxide ions
duced andq is a ratio of reaction constants.

This coupled system of five partial differential equation
previously described in Wilke,8 extends the system of W
et al.,4 who consider one chemical species only and the
fore, as we shall see, limit the types of instabilities that m
arise.

III. THE SOLUTION METHOD

Rather than solve Eqs.~1!–~5! with appropriate bound-
ary and initial conditions directly, we seek solutions in t
s,

e
el

l

n-

-

-

,

-
y

form of a traveling wave propagating in the positivex direc-
tion with constant speedv, i.e., a solution of the form

u~x2vt,y!, v~x2vt,y!, p~x2vt,y!,

c1~x2vt,y!, c2~x2vt,y!, ~9!

or

u~h,y!, v~h,y!, p~h,y!, c1~h,y!,

c2~h,y!, where h5x2vt. ~10!

Equations~1!–~5! become
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~11!
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22 f c2S c12q

c11qD , ~14!
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]c2

]h
1v

]c2

]y D
5D2S ]2c2

]h2 1
1

s2

]2c2

]y2 D1c12c2 . ~15!

We solve this system of equations in the domain

V5$~h,y!:0<h<100,20.5<y<0.5%, ~16!

with boundaryG. Non-slip boundary conditions are applie
along the channel walls and at the bottom, which part of
boundary we denoteGD , i.e.,

u5v50 on h50 and y560.5, ~17!

whereu, v are the velocities in thelaboratory frame. We
further require that the normal derivatives of the concen
tions vanish at the boundary, i.e.,

]ci

]n
50, i 51,2 on G. ~18!

A convenient way in which to calculate the unknow
~constant! velocity v when using the finite-element packag
ENTWIFE9 is to solve Laplace’s equation inV with natural
boundary conditions onG, i.e.,

¹2v5
]2v

]h2 1
1

s2

]2v

]y2 50, in V, ~19!
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with

]v

]n
50, on G. ~20!

This can then be solved like any other elliptic partial diffe
ential equation, and further ensures that the wave speedv is
known on every element of the discretization.

Weak equations can be constructed in the usual man
and we seek steady solutions,

@u~h,y!,p~h,y!,c1~h,y!,c2~h,y!,v~h,y!#,

such thatuPV0 ,pPL0
2,c1 ,c2 ,vPW,

where

V05$vPH1~V!:v50 on GD%, ~21!

L0
25H qPL2~V!:E

V
q dA50J , ~22!

W5H wPH1~V!:
]w

]n
50 on GJ , ~23!

and
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for all test functions,
er,

S xu

xv
DPV0 , xpPL0

2, xc1
,xc2

,xvPW.

The above weak equations were solved via the fin
element method using isoparametric quadrilateral elem
with biquadratic interpolation of the velocity field, chemic
concentrations and wave speed, and discontinuous linea
terpolation of the pressure field. The phase of the wave
fixed by replacing one of the equations for the velocityv
with a Dirichlet condition forc1 at an appropriate node. Th
resulting nonlinear system of equations may be written a

f~x,l!50, f:RN3Rp°RN, ~30!

which was solved using Newton’s method. In the absence
convection,u, v, p, c1 , andc2 are all independent of the
cross channel directiony. An initial guess for the noncon
vecting solution was obtained from a one-dimensional fin
difference computation. This gave both a sufficiently acc
rate initial guess to enable the Newton iteration to conver
and allowed a finite-element mesh to be designed that a
rately approximated the steep concentration gradie
present.

A. Discretization of the pressure field

When u5v50, a balance exists between the spec
concentrations and the pressure gradient. Since this ‘‘hyd
static’’ pressure field is nontrivial and expensive to compu
we choose to absorb it into the reduced pressure and c
pute only thedifferencein the pressure field between non
convecting and convecting solutions. From Eqs.~11! and
~12!, we see that whenu(h,y)5v(h,y)50,

]p

]h
52~Gr1c11Gr2c2! and

]p

]y
50.

Let

b1~h!5c1~h,y!, when u5v50,

b2~h!5c2~h,y!, when u5v50,

noting thatb1 andb2 are independent ofy. Now define

p̂~h,y!5p~h,y!1E ~Gr1b11Gr2b2!dh, ~31!

so that

] p̂

]h
5

]p

]h
1~Gr1b11Gr2b2!,
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]y
5

]p

]y
.

Equations~11! and ~12! become
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sDnS 2v
]v
]h

1u
]v
]h

1v
]v
]y D

5DnS 2
1

s

] p̂

]y
1s

]2v
]h2 1

1

s

]2v
]y2D . ~33!

We compute and storeb1(h) and b2(h). The pressure
field p̂(h,y)[0 for all nonconvecting solutions, indepen
dently of Gr1 and Gr2.

B. The role of the midchannel symmetry

The finite-dimensional equations~30! are equivariant
with respect to an (N3N) orthogonal matrixS, such that
S25I , but SÞI , i.e.

Sf~x,l!5f~Sx,l!. ~34!

The orthogonal matrixS induces a unique decomposition
RN into symmetric and antisymmetric subspaces,

RN5Rs
N

% Ra
N ,

where

Rs
N5$xPRN:Sx5x%,

Ra
N5$xPRN:Sx52x%.

Symmetric solutions are those for which

u~h,y!5u~h,2y!, v~h,y!52v~h,2y!,

p~h,y!5p~h,2y!,

c1~h,y!5c1~h,2y!, c2~h,y!5c2~h,2y!,

v~h,y!5v~h,2y!.

Antisymmetric solutions are therefore those for which

u~h,y!52u~h,2y!, v~h,y!5v~h,2y!,

p~h,y!52p~h,2y!,

c1~h,y!52c1~h,2y!, c2~h,y!52c2~h,2y!,

v~h,y!52v~h,2y!.

Nonconvecting flows, which are symmetric, were compu
on

V25$~h,y!:0<h<100,20.5<y<0%, ~35!

with the appropriate symmetry boundary conditions alo
y50.

At a simple symmetry-breaking bifurcation poin
(x0,l0),

x0PRs
N ,

Null~ fx
0!5span$f%, fPRa

N , fÞ0,

Range~ fx
0!5$yPRN:cTy50%, cPRN, cÞ0,

where

fx
05

]f

]x
~x0,l0!.
d

g

The onset of convection at a symmetry-breaking bifurcat
point was computed as a regular solution of the exten
system described by Werner and Spence,10 namely

F~y!5S f
fxf

lTf21
D 50, ~36!

where

yT5~xT,fT,l!, yP~Rs
N3Ra

N3R1!,

F:Rs
N3Ra

N3R1→Rs
N3Ra

N3R1,

andlPRN with lÞ0. All computations were performed usin
the finite-element packageENTWIFE.9

The Jacobian of the system of equations~30! must be
calculated in order to find solutions using Newton’s metho
Given the complicated nature of the weak forms~24!–~29!,
this is obviously a nontrivial exercise. To follow a branch
solutions using arclength continuation, the derivatives of
discretized system~30! with respect to the parameters a
required. Second-order derivatives with respect to both
variables and the parameters are necessary in order to
struct and solve Eq.~36! via Newton’s method, and then t
perform continuation with respect to the desired parame
The computer algebra systemREDUCE11 was used to produce
the necessary subroutines to compute the required de
tives. This approach~or an equivalent one! was deemed to be
absolutely essential in order to calculate these derivat
accurately.

IV. THE ONSET OF CONVECTION

The parameter values chosen for our initial investigat
were

D151, D250.6, Dn5600, e50.1, f 53,

q50.0002, and s52.

A value of e50.1, rather than the more usual values of 0.
or 0.05, was chosen for the initial part of our study in ord
to ease some of the computational difficulties associated w
the range of length scales present in the problem. Ase de-
creases, both the concentration gradients associated wit
front and tail of the activator~species 1! wave increase, and
the length of the tail of the inhibitor~species 2! wave in-
creases. A larger value ofe was also found to make th
competing effects of convection~to be discussed below!
more obvious. Using the ‘‘Oregonator’’ length scale ofx0

50.018 cm, a widths52 corresponds to a physical chann
width of only 0.36 mm. Such a narrow channel was chos
at first so that the primary convective instability would be
a flow with a single roll across the channel. Instabilities w
two rolls across the channel, which donot break the mid-
channel symmetry described above, can occur as the prim
instability for wider channels. For the region of parame
space examined here, these~symmetric! instabilities occur at
larger Grashof numbers than the symmetry-breaking insta
ity.

The concentrations of the activator and inhibitor spec
~c1 andc2 , respectively!, in the nonconvecting solution, ar
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shown in Figs. 1~a! and 1~b! as a function ofh. For the
values of the parameters we have chosen, the stable eq
rium concentrations arec15c253.998831024. The wave
speed of the nonconvecting solution is 6.97231023 in our
nondimensional units, corresponding to 2.32 mm/min~using
a nominal value of 0.01 cm2/s for the kinematic viscosity!.

The critical Grashof numbers at four distinct symmet
breaking bifurcation points are listed in Table I. They we
computed onV2 @defined by~35!#, using 650 elements in
the h direction and 24 elements betweeny520.5 and

FIG. 1. ~a! Species concentration profiles for the nonconvecting wave
travels with speed 2.32 mm/min, assumingx050.018 cm and
n50.01 cm2/s. Here e50.1, D151, D250.6, Dn5600, f 53, and
q50.0002.~b! Detail of species concentrations for the nonconvecting w
that travels with speed 2.32 mm/min, assumingx050.018 cm and
n50.01 cm2/s. Here e50.1, D151, D250.6, Dn5600, f 53, and
q50.0002.

TABLE I. Critical Grashof numbers forD151, D250.6, Dn5600,
e50.1, f 53, q50.0002, ands52.

Gr1 Gr2

21.99 0.0
0.998 0.0
0.0 26.79
0.0 9.46
lib-

-

y50, and were unchanged to three significant figures fr
the values computed on a mesh with one-quarter of the n
ber of elements.

The four different instability mechanisms at the bifurc
tion points in Table I are described below. Recall that sin
f 53.11&, the Oregonator model is in an ‘‘excitable
state with the nullclines of the coupled ordinary different
equations qualitatively similar to those shown in Fig. 2.

When Gr1521.99 and Gr250, species 1 is lighter than
the bulk medium and species 2 is neutrally buoyant. T
leading edge of the activator wave is gravitationally unsta
and convection occurs ahead of the peak ofc1 , as illustrated
by the equally spaced contours of the streamfunction co
sponding to the null eigenvector, shown in Fig. 3~a!. Only
the part of the computational domain betweenh570 and
h595 is shown. The vertical lines in this figure locate t
maximum ofc1 and the values ofh for which c1 falls below
5% of its maximum excursion from the equilibrium valu
Physically, when a parcel of heavy fluid ahead of the wa
~which is at equilibrium! falls under the influence of gravity
into the leading edge of the activator wave, its concentrat
of species 1 is increased by diffusion such thatc1 increases
to the right of the minimum of the cubic-like isocline in Fig
2. This triggers the fast~initiator! reaction that rapidly pro-
duces more of species 1, increasingc1 and decreasing the
density of the parcel of fluid. The parcel of fluid therefo
tends to rise.

When Gr150.998 and Gr250, species 1 is heavier tha
the bulk medium and species 2 is neutrally buoyant. T
trailing edge of the activator wave is gravitationally unstab

t

e

FIG. 2. Plot of the null clines of the two-component Oregenator model
q50.025, f 52.6 for which the system is excitable.
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FIG. 3. ~a! Streamfunction corresponding to the null eigenvector at Gr1521.99, Gr250 at which the leading edge of the activator wave becomes line
unstable. HerehP@70,95#, yP@20.5,0.5#, ande50.1, D151, D250.6, Dn5600, f 53, q50.0002, ands52. The vertical lines show the location of th
maximum ofc1 and the positions at whichc1 relaxes below 5% of its maximum excursion from equilibrium. The streamfunction contours are equally s
~b! Streamfunction corresponding to the null eigenvector at Gr150.99, Gr250 at which the trailing edge of the activator wave becomes linearly unstable.
hP@70,95#, yP@20.5,0.5#, ande50.1, D151, D250.6, Dn5600, f 53, q50.0002, ands52. The vertical lines show the location of the maximum ofc1

and the positions at whichc1 relaxes below 5% of its maximum excursion from equilibrium. The streamfunction contours are equally spaced.~c! Stream-
function corresponding to the null eigenvector at Gr150, Gr2526.79 at which the leading edge of the inhibitor wave becomes linearly unstable. Heh
P@70,95#, yP@20.5,0.5# ande50.1,D151, D250.6,Dn5600, f 53, q50.0002, ands52. The vertical lines show the location of the maximum ofc2 and
the positions at whichc2 relaxes below 5% of its maximum excursion from equilibrium. The streamfunction contours are equally spaced.~d! Streamfunction
corresponding to the null eigenvector at Gr150, Gr259.46 at which the trailing edge of the inhibitor wave becomes linearly unstable. HerehP@70,95#, y
P@20.5,0.5# ande50.1,D151, D250.6,Dn5600, f 53, q50.0002, ands52. The vertical lines show the location of the maximum ofc2 and the positions
at whichc2 relaxes below 5% of its maximum excursion from equilibrium. The streamfunction contours are equally spaced.
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and convection arises behind the peak ofc1 , as illustrated by
the streamfunction corresponding to the null eigenvec
shown in Fig. 3~b!. When a parcel of heavy fluid in th
trailing edge of the activator wave falls under the influen
of gravity into the region behind the wave, its concentrat
of species 1 is decreased by diffusion, it becomes lighter
therefore tends to rise.

When Gr150 and Gr2526.79, species 2 is lighter tha
the bulk medium and species 1 is neutrally buoyant. T
leading edge of the inhibitor wave is gravitationally unsta
and convection occurs ahead of the peak ofc2 , as illustrated
by the streamfunction corresponding to the null eigenvec
shown in Fig. 3~c!. The vertical lines locate the maximum o
r,

e
n
d

e

r,

c2 and the values ofh for which c2 falls below 5% of its
maximum excursion from the equilibrium value. When
parcel of heavy fluid at equilibrium falls under the influen
of gravity into the leading edge of the inhibitor wave, i
concentrations of species 1 and 2 are increased by diffus
such that it moves to the right of the minimum of the cub
like isocline in Fig. 2. This triggers the fast~initiator! reac-
tion that rapidly produces more of the neutrally buoyant s
cies 1, and also, although more slowly~or effectively later, if
e is very small!, produces more of the lighter species 2. T
parcel of fluid therefore tends to rise.

When Gr150 and Gr259.46, species 2 is heavier tha
the bulk medium and species 1 is neutrally buoyant. T
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trailing edge of the inhibitor wave is gravitationally unstab
and convection arises behind the peak ofc2 , as illustrated by
the streamfunction corresponding to the null eigenvec
shown in Fig. 3~d!. When a parcel of heavy fluid in th
trailing edge of the inhibitor wave falls under the influen
of gravity into the region behind the wave, which is at eq
librium, its concentration of species 2 is decreased by di
sion, it becomes lighter and therefore tends to rise.

The magnitudes of the critical values of Gr1 in Table I
suggest that the trailing edge of the activator wave is stee
than the leading edge. The magnitudes of the critical val
for Gr2 suggest that the leading edge of the inhibitor wave
steeper than the trailing edge and that both are much s
lower than the corresponding leading and trailing edges
the activator wave. The critical Grashof numbers will ob
ously change ife is varied and the shape of the reactio
diffusion wave changes. The relationship between the crit
Grashof number ande is further complicated by the fact tha
e also effects the rate at which species 1 and 2 are produ
once the reaction has been triggered. Since diffusion is
volved in all four instability mechanisms, the critical Grash
numbers can also be expected to vary withD1 andD2 .

Two asymmetric flows that develop for Grashof num
bers beyond the critical values are shown in Figs. 4~a! and
4~b!, and correspond to Gr1523.2, Gr250, and Gr150,
Gr2518.2, respectively. The expected distortion of the is
concentration lines is obvious. The chemical concentra
c2 is shown rather than any of the other variables as spe
2 corresponds to the colored oxidized metal ion (Mox) that is
observed in experiments.12

V. THE SPEED OF THE CONVECTING WAVE

The speeds of the traveling wave solutions are plotted
a function of Grashof numbers in Figs. 5~a! and 5~b!. These
are ‘‘bifurcation diagrams,’’ in which a measure of the sol
tion, the wave speed, is plotted against a distinguished
rameter, the Grashof number. The horizontal lines repre
the speed of the nonconvecting wave. These diagrams r
from Z2-symmetry-breaking bifurcations, and are therefo
surprising on two accounts. First, the initial dependence
wave speed on the Grashof number is linear rather than
quadratic behavior that is normally expected near
Z2-symmetry-breaking bifurcation point~see, e.g., Golu-
bitsky and Schaeffer13!. This linear relationship can be ex
plained in terms of the midchannel symmetry.

We parametrize the bifurcating solution branches by
arclength parameters and seek solution pairsx(s) andl(s),
where x(s0)5x0 and l(s0)5l0. Differentiating ~30! with
respect tos,

]f

]x

dx

ds
1

]f

]l

dl

ds
5fxẋ1fll̇50. ~37!

Equation ~37! may be satisfied at a simple symmetr
breaking bifurcation point (x0,l0) in one of two ways.

~i! If l̇(s0)Þ0, thenẋ(s0)PRs
N and the solution branch

lies in Rs
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~ii ! If l̇(s0)50, then ẋ(s0)5afPRa
N and the solution

branch cannot lie in the symmetric subspace. We can res
f so thata51.

Along the nonsymmetric branches that emerge a
symmetry-breaking bifurcation point, considerl(xi), where
xi is the i th component of the solution vectorx. By Taylor
expansion,

l~xi !5l~xi
0!1

dl

dxi
U

~x0,l0!

~xi2xi
0!

1
1

2

d2l

dxi
2U

~x0,l0!

~xi2xi
0!21••• .

Now

dl

dxi
5

dl/ds

dxi /ds

FIG. 4. ~a! Isoconcentration lines ofc2 ~the scaledMox concentration! for
the convecting solution at Gr1523.2 and Gr250. Here hP@70,95#, y
P@20.5,0.5#, ande50.1,D151, D250.6,Dn5600, f 53, q50.0002, and
s52. Contour values are 0.003, 0.006, 0.009, 0.012, 0.015, 0.018, 0.
0.023, 0.025, and 0.026.~b! Isoconcentration lines ofc2 ~the scaledMox

concentration! for the convecting solution at Gr150 and Gr2518.2. Here
hP@70,95#, yP@20.5,0.5#, ande50.1, D151, D250.6, Dn5600, f 53,
q50.0002, ands52. Contour values are 0.003, 0.006, 0.009, 0.012, 0.0
0.018, 0.021, 0.023, 0.025, and 0.026.
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and

dl

dxi
U

~x0,l0!

5 lim
s→s0

dl/ds

dxi /ds
.

Sincel̇(s0)50, clearly

dl

dxi
U

~x0,l0!

50 if
dxi

ds
~s0!5f iÞ0.

Under these circumstances,

@l~xi !2l~xi
0!#;k1~xi2xi

0!2,

which is the expected quadratic dependence at a pitch
bifurcation point. However, if (dxi /ds)(s0)5f i50, then
dl/dxi u(x0,l0) may take some finite nonzero value and

@l~xi !2l~xi
0!#;k2~xi2xi

0!.

The wave speed components of the solution vector are s
metric abouty50 for nonconvecting solutions. The comp

FIG. 5. ~a! The speed of the traveling wave solutions as a function of1

for Gr250. The dashed line is the~constant! speed of the nonconvectin
solution. The nonconvecting solution is stable for21.99,Gr1,0.998. Here
e50.1, D151, D250.6, Dn5600, f 53, q50.0002, ands52. ~b! The
speed of the traveling wave solutions as a function of Gr2 for Gr150. The
dashed line is the~constant! speed of the nonconvecting solution. The no
convecting solution is stable for26.79,Gr2,9.46. Heree50.1, D151,
D250.6, Dn5600, f 53, q50.0002, ands52.
rk

-

nents of the null eigenvector corresponding to the wa
speed must therefore be antisymmetric abouty50 at a
Z2-symmetry-breaking bifurcation point, and necessar
zero alongy50. However, because the components of
null eigenvector corresponding to the wave speed must
be constant, they must be zero throughoutV. The wave
speed will therefore varylinearly with the bifurcation param-
eter, be it either the Grashof number Gri , i 51,2 or the width
s.

In order to calculate lims→s0(dxi /ds/dl/ds) when this
form is indeterminate, we must evaluate lims→s0(d2xi /
ds2/d2l/ds2).

We find that

a5 lim
s→s0

d2x/ds2

d2l/ds2 5S cTfxl
0 f1cTfxx

0 vlf

1/3cTfxxx
0 fff1cTfxx

0 zf D z1vl ,

where

fx
0vl52fl

0, fx
0z52fxx

0 ff.

Let a i be thei th element ofa. Since the wave speed i
constant throughoutV we are free to choose any wave spe
component.~This would not be true for the velocity compo
nentu, say, for which we would need to choose a compon
that lies on the centerline, at which points the correspond
component of the null eigenvector is necessarily zero.! In
Table II, we comparea i at the four bifurcation points listed
in Table I, with the values of the slopes based upon the fi
point computed along the asymmetric branches.

The second surprising feature of the bifurcation d
grams is that only in one case, that in which the leading e
of the activator wave is unstable, is the wave speed~initially !
enhanced by convection. Even this branch has a maximu
the wave speed, and the wave speed of the convecting s
tion is smaller than the speed of the reaction-diffusion wa
for Grashof numbers sufficiently far from the bifurcatio
point.

An examination of the convecting solutions along t
branch for which Gr1,0 and Gr250, shows that the speed o
the wave results from a competition between two oppos
effects of convection. Convection ahead of the wave
hances diffusion of the activator species into the unreac
medium ahead of the wave, increasing the speed of the w
Convection, however, also acts to broaden the profiles
both the activator and inhibitor waves, reducing the pe
activator concentration. The concentration gradient driv
diffusion of the activator species ahead of the wave
thereby reduced, which in turn decreases the speed of

TABLE II. Linear coefficienta i and the computed rate of change of wav
speed with Grashof number forD151, D250.6, Dn5600, e50.1, f 53,
q50.0002, ands52.

Gr1 Gr2 a i Slope

21.99 0.0 20.239E203 20.234E203
0.998 0.0 20.252E203 20.866E203
0.0 26.79 0.261E204 0.243E204
0.0 9.46 20.109E204 20.298E204
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wave. The reduction of the rate of diffusion of the activa
species ahead of the wave can ultimately outweigh the
hancement due to convective transport.

A maximum wave velocity with Grashof number is n
peculiar to the case when Gr1,0 and Gr250. By monitoring
the sign of the linear coefficient at the bifurcation po
where Gr150 and Gr2,0 ase was varied, we were able t
predict the existence of a maximum wave velocity along
bifurcating branch ate50.095. This was subsequently ver
fied by direct calculation and the competing effects of co
vection were evident in the concentration profiles of so
tions on either side of the maximum. Similarly, by increasi
e to 0.1025, the linear coefficient at the bifurcation point f
which Gr1,0 and Gr250 changes sign to become positiv
and convection caused by the gravitational instability of
leading edge of the activator wavealways decreases the
speed of the wave.

VI. THE ROLE OF e

In Fig. 6 we show how the speed of the~nonconvecting!
reaction-diffusion wave,v rd(e) changes withe. This param-
eter can, for example, be varied by altering thepH of the
reaction mixture. The dashed line isv rd(0.05)* A0.05/e,
which, following the analysis of Scott,12 might be expected
to approximate this relationship if the wave speed were
termined by the autocatalytic step alone. Previous stu
have concentrated on values of 0.01 and 0.05 correspon
to the Lo and Hi values of Tyson.14

The time-dependent equations~1!–~5! were also solved
directly using theENTWIFE package for certain paramete
values on a rectangular domain of lengthL and width 2, with
boundary conditions

u5v50 on x50 and y560.5,

and

]ci

]n
50 on x50, L and y560.5.

FIG. 6. The speed of the nonconvecting traveling wave solutions as a f
tion of e. The dashed line isv rd(0.05)* A0.05/e. Here D151, D250.6,
Dn5600, f 53, andq50.0002.
r
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The initial conditions varied according to the value ofe to
ensure the system was excitable, and were

c150.05, 0<x<0.2, for e50.1,

c150.1, 0<x<0.2, for e50.05,

c150.8, 0<x<0.2, for e50.01,

with

c150, 0.2,x<L,

and

c25
q~ f 11!

~ f 21!
, 0<x<L.

The discretization was performed using quadrilateral
ements with quadratic interpolation of the velocity comp
nents and continuous linear interpolation of the pressure
species concentrations. A variable step length Gear sche
with maximum order 5, was used for the time integration

A comparison of the wave speeds computed ate50.1,
0.05, and 0.01 by the two methods appear in Table III, ag
usingx050.018 cm andn50.01 cm2/s.

The critical Grashof numbers are plotted as a function
e in Figs. 7~a!–7~d!. Upon examination of the chemical spe
cies profiles of the reaction-diffusion wave, the unexpec
maxima and minima in the critical Grashof numbers are s
to correspond~approximately! to minima and maxima in the
average concentration gradients at the front and rear of
relevant concentration waves.

There is a complicated relationship between wave sp
and e at constant Grashof number, as is evident from Fi
8~a! and 8~b!. In Fig. 8~a!, the Grashof numbers are fixed
Gr1522 and Gr250, so that the front of the activator wav
is unstable for all values ofe between 0.01 and 0.1. How
ever, the maximum relative increase of the wave speed
duced by convection,

Dv rel5
v2v rd~e!

v rd~e!

@the dashed curve in Figs. 8~a! and 8~b!#, does not corre-
spond to the maximum relative distance from the bifurcat
point Gr1

crit(e),

DGr1
rel5

Gr12Gr1
crit~e!

Gr1
crit~e!

@the dotted curve in Figs. 8~a! and 8~b!#. This suggests a
subtle competition between convection’s role in transport

c-

TABLE III. The influence ofe on the speed of the nonconvecting reactio
diffusion wave forD151, D250.6, Dn5600, f 53, andq50.0002.

e
Wave speed

~moving reference frame!
Wave speed

~time-dependent calculations!

0.1 2.32 mm/min 2.28 mm/min
0.05 3.99 mm/min 3.73 mm/min
0.01 9.57 mm/min 10.20 mm/min
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FIG. 7. ~a! The critical Grashof number at which the leading edge of the activator wave becomes linearly unstable, as a function ofe. Here Gr250 andD151,
D250.6, Dn5600, f 53, q50.0002, ands52. ~b! The critical Grashof number at which the trailing edge of the activator wave becomes linearly uns
as a function ofe. Here Gr250 andD151, D250.6,Dn5600, f 53, q50.0002, ands52. ~c! The critical Grashof number at which the leading edge of t
inhibitor wave becomes linearly unstable, as a function ofe. Here Gr150 andD151, D250.6,Dn5600, f 53, q50.0002, ands52. ~d! The critical Grashof
number at which the trailing edge of the inhibitor wave becomes linearly unstable, as a function ofe. Here Gr150 andD151, D250.6, Dn5600, f 53,
q50.0002, ands52.
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the activator species ahead of the wave and reducing
diffusion ahead of the wave by spreading the wave and
ducing the concentration gradients.

In Fig. 8~b!, the Grashof numbers are fixed at Gr151.5
and Gr250, so that the tail of the activator wave is unstab
for all values ofe between 0.03 and 0.1. For 0.06,e,0.1
convection slows the wave, but fore,0.06 the wave speed
is marginally enhanced. Ase decreases toward 0.03 and th
activator wave steepens, diffusion of the activator spec
ahead of the wave dominates the wave speed since the
vection behind the wave has very little influence on t
speed of the wave. The curves of the wave speeds for
convecting and nonconvecting solutions are virtually coin
dent. We suspect that such subtle differences in velo
would be very difficult to detect via time-dependent comp
tations or to observe experimentally.

Time-dependent computations were performed
e50.01, f 53, q50.0002, D151.0, D250.6, Dn5600,
s52, and L540, in order to demonstrate the changes
wave speed produced in the four different instability s
narios.
he
e-

s
on-
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-
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For this value ofe, convection in front of the wave ini-
tiated by the activator (Gr1,0) or inhibitor (Gr2,0) steep-
ens the leading edge of the activator pulse without decre
ing its magnitude and therefore increases the wave sp
Wilke8 reports the same behavior for chemical waves trav
ing in horizontal domains. On the other hand, convect
behind the wave lowers the peak concentrations, decrea
the total diffusion of the activator species ahead of the w
and slows the wave. A selection of wave speeds are
sented in Table IV. The wave speeds were of course de
mined only once the initial transience had decayed and
waves had attained their final shape.

The streamlines and isoconcentration contours dep
upon the nature of the instability. Figures 9~a! and 9~b! illus-
trate streamlines and isoconcentration lines for two of
cases given in Table IV. Because of the long tail of t
inhibitor wave, flow is generated far behind the leadi
edges of the waves.

In Fig. 9~a!, for which Gr1520.5 and Gr250, the con-
vective roll initiated by the concentration gradient in th
front of the activator wave initiates a secondary vortex b
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hind the two concentration waves. This is expected from
null eigenvector shown in Fig. 2~a!. The solution at Gr150
and Gr2580, shown in Fig. 9~b!, has a single vortex behin
the two waves. This is again predicted by the null eigenv
tor shown in Fig. 2~d!.

FIG. 8. ~a! Wave speed versuse for Gr1522.0, Gr250. ~—!, nonconvect-
ing solution;~-•-!, convecting solution;~---!, 0.1* relative increase in wave
speed;~•••!, 0.001* relative distance of Gr1 from critical. ~b! Wave speed
versuse for Gr1521.5, Gr250. ~—!, nonconvecting solution;~-•-!, con-
vecting solution;~---!, relative increase in wave speed;~•••!, 0.01* relative
distance of Gr1 from critical.

TABLE IV. Some wave speeds of convecting solutions forD151, D2

50.6, Dn5600, e50.01, f 53, q50.0002, ands52.

Gr1 Gr2

Wave speed
~mm/min!

0.0 0.0 10.2
20.5 0.0 11.5
22.0 0.0 13.3
12.0 0.0 8.3

0.0 230.0 12.3
0.0 240.0 17.4
0.0 180.0 7.8
0.0 1200.0 6.5
e

-

VII. SUMMARY

A commonly used excitable BZ reaction system was
vestigated numerically. The interaction between the chem
kinetics and diffusion produces a reaction front, also calle
chemical wave or pulse, which propagates into the unrea
medium. The BZ reaction kinetics were approximated us
the two-component Oregonator model. This model w
coupled with the equations of motion of a Newtonian flu
and investigated in a vertical two-dimensional channel us
the finite-element method. In sufficiently narrow channe
the onset of convection was shown to occur as a symme
breaking bifurcation from the nonconvecting solution.

Depending upon the channel orientation and the che
cal species present, four distinct instability mechanisms
occur. The linear dependence of wave speed on cha
width that has been observed in experiments, has b
shown to be a consequence of theZ2 symmetry breaking tha
is associated with the onset of convection in sufficiently n
row channels. Unlike the behavior of horizontally travelin
chemical waves, convection does not necessarily increas
speed of the wave. Steady, as well as time-dependent ca
lations have shown that for particular reaction mixtures, c
vection increases the speed of ascending waves but decr
the speed of descending waves. The latter is an interes
new feature and arises because convection behind the p
lowers the peak concentrations and therefore decreases

FIG. 9. ~a! The traveling wave solution for Gr1520.5, Gr250. Here
D151, D250.6, Dn5600,e50.01, f 53, q50.0002,s52, andL540. ~i!
streamlines;~ii ! isoconcentration lines ofc2 . ~b! The traveling wave solu-
tion for Gr150, Gr2580. HereD151, D250.6, Dn5600, e50.01, f 53,
q50.0002,s52, andL540. ~i! streamlines;~ii ! isoconcentration lines of
c2 .
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fusion ahead of the wave. The reaction time scalee was
varied in the range 0.01–0.1 in order to investigate the in
ence of pulse shape on the critical conditions for convec
and on the convecting and nonconvecting wave speeds.

By recasting the equations of motion in a moving ref
ence frame and using an extended system technique to lo
symmetry-breaking bifurcation points, we have developed
efficient technique for locating the critical conditions
which convection arises. Our approach makes an explora
of the multidimensional parameter space feasible. Just as
location of the bifurcation points for a range of values oe
was computed, so continuation with respect to the diffus
parameters or any of the coefficients in the Oregona
model can be performed. An extensive study has not
been attempted as, given the large number of indepen
parameters, such a study is best performed in conjunc
with laboratory experiments, and is currently being plan
Invoking results from singularity theory, we expect the qua
tative nature of the bifurcation diagrams to remain u
changed for ‘‘small’’ changes of the parameters, since th
qualitative nature can only change at higher codimens
singularities. Unfortunately the location of such high-ord
singular behavior must be determined by computati
Quantitative information, such as the effect ofe on the criti-
cal Grashof numbers and on the wave speed as present
Figs. 7 and 8, can only be obtained numerically. Symme
arguments alone were used to explain the initial linear
pendence of wave speed on the bifurcation parameter, so
behavior should be observed for all convecting flows aris
at symmetry-breakingbifurcation points.
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