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Abstract

Following the pioneering work of Keller and others in the 1970s
and ’80s, numerical techniques for solving non-linear systems of equa-
tions that exhibit bifurcations have been developed to the point where
they can potentially be applied to a wide range of problems arising
in continuum mechanics. The central idea is to augment the discre-
tised governing equations with one or more conditions so that the
‘extended system’ characterises a particular bifurcation point. By
computing paths of singular points the behaviour of the system under
investigation can be mapped out in a comprehensive fashion. Of con-
siderable practical difficulty when implementing these methods is that
they require the evaluation of derivatives of the discretised equations
with respect to both the independent variables and the parameters.
The higher the codimension of the singularity being sought, the higher
the order of the derivatives required. Evaluating these derivatives is
both tedious and error prone. An efficient method for computing the
necessary derivatives for discretisations based on the Galerkin finite-
element method will be presented that takes advantage of a symbolic
algebra package. Our method makes it possible to deal with com-
plicated non-linearities in a very straightforward manner. We demon-
strate the complexity of systems that may be addressed by considering
Marangoni convection in a two-dimensional domain with a deformable
free surface.
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1 Introduction

The equations governing the flow of most fluids are nonlinear, and as such can
exhibit a variety of complex and interesting phenomena. Of particular inter-
est here is the potential for bifurcations and the accompanying multiplicity
of the solution set.

A landmark paper in the field of numerical computation of bifurcation
problems by Keller [9] presented two key ideas which have provided the ba-
sis for much of the subsequent work in this area. The first idea is that of
continuation and path following. Rather than focusing on the computation
of single isolated solutions, paths of solutions are sought as a parameter is
varied. In the case of incompressible flow, the Reynolds usually plays the
role of this distinguished parameter. The method presented by Keller for
computing such paths has subsequently been widely used.

The second key idea in Keller’s paper is that of the extended system.
Näive path following techniques fail at points where the equations being
solved are singular. Keller showed how to extend the system of equations un-
der investigation by adding an additional parameter, the “pseudo arclength”,
and an additional equation controlling the pseudo arclength so that the com-
bined system is nonsingular at points where the equations alone are singular,
thereby allowing paths of solutions to be followed around limit points.

The ideas of Keller were subsequently developed and expanded by a num-
ber of authors in the late 1970s and 1980s. Extended systems were proposed
to compute limit points [11], symmetry-breaking bifurcation points [13], Hopf
bifurcation points [7] and other more complicated bifurcations [8]. All the
proposed extended systems have the property that they are regular at their
target bifurcation points. This property means that Newton’s method, or one
of its variants, can be used to solve the system and continuation methods
can be used to compute paths of the bifurcation points.

At first these methods were applied to small systems of algebraic equa-
tions, and to equations arising from the discretisation of ordinary differential
equations. However, it rapidly became apparent that they could be applied
equally well to discretisations of partial differential equations, and in partic-
ular to the Navier-Stokes equations. In the early 1980s a number of papers
appeared in which the ideas of continuation and path following, together
with the use of extended systems, were applied to problems in fluid me-
chanics. Impressive agreement between numerically computed bifurcation
structures and experimental observations was obtained, in particular for the
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Taylor-Couette problem [12, 1, 2, 4, 3].
Continuation and path following methods are now widely used by com-

putational scientists in general and by computational fluid dynamicists in
particular. However, the more powerful methods to follow paths of bifurca-
tion points in order to ‘map out’ the structure of the solution set, seem not
to have been used widely in the computational fluid dynamics community
despite the early successes of the methods. Part of the reason for this may
be due to the fact that many flows of industrial importance do not exhibit
the kind of multiplicity typical of the Taylor-Couette problem. Another, and
perhaps more important factor, is that these methods are relatively difficult
to implement. Extended systems for bifurcation points require the evalua-
tion of various derivatives of the governing equations with respect to both the
dependent variables and the parameters. These derivatives can be difficult
to compute, particularly when additional physical phenomena besides the
basic fluid flow, are being treated. If these derivatives have to be evaluated
and implemented every time the discretisation scheme is changed or every
time the physical phenomena being modelled are changed, the task rapidly
becomes unmanageable.

The purpose of this paper is to present a complete and, we believe, el-
egant solution to the above problem. We shall describe a method that can
be used to generate all the terms required for the solution of virtually any
extended system, no matter how complicated. The method has been used in
finite-element software for solving fluid mechanics problems, but such is its
versatility that it can be used to study very generalsystems of second order
elliptic partial differential equations. Most of our applications have been in
two-dimensions, but the method is equally applicable to three-dimensional
calculations. The main limitation in three dimensions is the high operation
counts associated with direct methods. However, if robust and efficient al-
ternatives to direct methods are available, our technique can be used in three
dimensions.

The basic software required for our method is a set of routines that can
compute element residual vectors and generalised element stiffness matrices.
Virtually all finite-element software has these facilities and so we believe our
methods could be used widely with relative ease.

The essential requirement is that all the quantities required for the ex-
tended systems be computed as sums of suitable element residual vectors
and element matrices, and that these computations be implemented in a
form that separates the specifics of the equations from the details of the
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finite-element method. If this requirement is satisfied, we recognise that the
part of the computation that depends on the governing equations requires
subroutines (Fortran in our case) that can be produced automatically by a
symbolic algebra package (REDUCE in our case) from a very simple descrip-
tion of the equations governing the problem being studied. The consequences
of this observation are very significant. Once the code to solve the extended
systems has be written it can then be used for a wide range of problems
and can be used with a variety of finite-element methods. For example it
has enabled electrohydrodynamic instabilities in nematic liquid crystals to
be computed by directly solving the Ericksen-Leslie equations (see e.g. [10])
coupled to equations for the electric field and charge density, a problem that
would otherwise have been intractable

Computing the derivatives and the conversion of the formulae into code
using a computer algebra system is much quicker and more accurate than
performing the same operations by hand. New problems can be set up quickly
and the full range of bifurcation techniques be applied to them.

In the rest of this paper we describe our method in some detail. One rep-
resentative extended systems is introduced in section 2. Since this material is
standard in the literature it is presented here only so that the various quan-
tities that need to be computed can be identified. In section 3 the essential
details of the method for computing the various derivatives are presented
and are illustrated using a single scalar equation in one-space dimension.
The method is of course applicable to systems of equations in two or three
dimensions. In section 4 the method is applied to the problem of Marangoni
convection with a deformable free surface. The free surface is handled us-
ing an orthogonal mapping technique. The governing equations comprise
the balance of mass, momentum and energy together with a pair of elliptic
equations that determine the mapping. This problem is already sufficiently
complicated that it would, we believe, be very difficult without our methods.
A few sample results, showing paths of bifurcations, are presented to illus-
trate the power of the method. More details can be found in the recent paper
by Cliffe and Tavener [6]. Finally, in section 5 we present our conclusions.

2 Extended systems

In this section we introduce a typical extended system used to compute bi-
furcation points. The purpose is to illustrate the quantities that must be
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computed in order to use extended system techniques to solve bifurcation
problems. This material is now a well known and standard part of the liter-
ature and is presented here only for completeness.

We consider the following system of equations

F (x, λ, µ) = 0, F : RN ×R×R 7→ RN . (1)

These equations are assumed to arise from the discretisation of a physical
fluid mechanical problem and will generally express the appropriate conser-
vation laws – conservation of mass and momentum for example. The vector
x ∈ RN is the vector whose components are the degrees of freedom used to
approximate velocity, pressure, temperature, etc.

A simple limit point is defined to be a point (x0, λ0, µ) such that

F (x0, λ0, µ) = 0 (2)

Fx(x0, λ0, µ)~φ0 = 0 (3)

lT ~φ0 − 1 = 0 (4)

with F λ(x0, λ0, µ) /∈ Range
(
Fx(x0, λ0, µ)

)
. (Here and throughout, sub-

scripts denote differentiation, e.g. F λ = ∂F /∂λ.)
We seek solutions of the extended system

G(y, µ) =

 F
Fx~φ
lT ~φ− 1

 =

0
0
0

 , (5)

where
y = (xT , ~φ

T
, λ)T ∈ RN ×RN ×R1,

and
G : RN ×RN ×R1 ×R1 7→ RN ×RN ×R1.

To solve the system (5) by Newton’s method, its Jacobian is required,
which is given by

Gy =

 Fx 0 F λ

Fxx~φ Fx Fxλ~φ
0 lT 0

 . (6)

The details of the linear algebra involved in solving systems of equations
with this Jacobian as the coefficient matrix can be found in [5]. The point we
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wish to make here is simply that the various quantities appearing in equation
(5) and the Jacobian (6) must be calculated, and these quantities can be
particularly difficult to compute when the equations arise from discretisations
of problems in fluid mechanics.

3 Use of symbolic algebra

In this section we show how the various quantities required for the solution of
extended systems may be computed efficiently. The method we present may
be used for systems of equations in one, two or three dimensions. However,
in order to present the basic idea we will only consider the case of a scalar
equation in one dimension.

Consider a scalar differential equation (boundary value problem) of the
form

f(u, ur)−
d

dr
(g(u, ur)) = 0, (7)

u(0) = u(1) = 0, (8)

where
f : R×R 7→ R, and g : R×R 7→ R.

Assume that f and g are sufficiently smooth so that all the derivatives ap-
pearing in this paper are continuous. For simplicity we have suppressed the
dependence of the equations on the parameters.

The starting point for the finite element discretisation of the boundary
value problem (7) and (8) is the weak form, which consists of finding u(r) ∈
H1

0 [0, 1] such that

∫ 1

0

[
f(u, ur)v + g(u, ur)

dv

dr

]
dr ∀v ∈ H1

0 [0, 1], (9)

where H1
0 [0, 1] is the usual Hilbert space of functions defined on [0, 1] that

are zero at either end of the interval and whose first derivatives are square
integrable.

The problem is discretised by replacing H1
0 [0, 1] in the weak form by a

finite-dimensional finite-element space Xh ⊂ H1
0 [0, 1], of dimension Nh. Let

v1, v2, . . . vNh be a basis for Xh. The discrete weak form then consists of

6



finding uh(r) ∈ Xh such that

∫ 1

0

[
f(uh, uh,r)vi + g(uh, uh,r)

dvi
dr

]
dr ∀vi ∈ Xh. (10)

Now, since uh(r) may be written in the form

uh(r) =
Nh∑
j=1

xjvj(r), (11)

the weak form is equivalent to solving the system of equations

F (x) = 0, F : RNh 7→ RNh, (12)

where

Fi(x) =
∫ 1

0

[
f(uh, uh,r)vi + g(uh, uh,r)

dvi
dr

]
dr. (13)

In practice the integral in the discrete weak form is evaluated using Gaus-
sian quadrature. If rk and wk denote the Ng Gauss points and weights re-
spectively, and we define

vki = vi(rk), (14)

vki,r =
dvi
dr

(rk), (15)

ukh =
Nh∑
j=1

xiv
k
i , (16)

ukh,r =
Nh∑
j=1

xiv
k
i,r, (17)

and

fk = f(ukh, u
k
h,r), (18)

gk = g(ukh, u
k
h,r), (19)

then

Fi(x) =
Ng∑
k=1

wk

[
fkvki + gkvki,r

]
. (20)

7



It is important to note that in this expression for Fi, the precise form of the
equation to be solved appears only through fk and gk, and, in particular,
does not depend on the details of the finite element method. This means that
it is possible to write the program in such a way that the problem specific
part is confined to a subroutine, or set of subroutines, that compute the fh

and gk given the values of ukh and ukh,r.
The computation of the Jacobian matrix for the system of equations

F = 0 is a straightforward application of the chain rule, namely

∂Fi
∂xj

=
Ng∑
k=1

wk

[(
∂fk

∂u

∂ukh
∂xj

+
∂fk

∂ur

∂ukh,r
∂xj

)
vki +(

∂gk

∂u

∂ukh
∂xj

+
∂gk

∂ur

∂ukh,r
∂xj

)
vki,r

]
, (21)

=
Ng∑
k=1

wk

[(
∂fk

∂u
vkj +

∂fk

∂ur
vkj,r

)
vki +(

∂gk

∂u
vkj +

∂gk

∂ur
vkj,r

)
vki,r

]
, (22)

using equations (14) to (17).
The computation of the Jacobian matrix times a vector is also straight-

forward. Suppose Fxy is required. Let

φh(r) =
Nh∑
j=1

yjvj(r), (23)

then

Nh∑
j=1

∂Fi
∂xj

yj =
Ng∑
k=1

wk

Nh∑
j=1

[(
∂fk

∂u
yjv

k
j +

∂fk

∂ur
yjv

k
j,r

)
vki +(

∂gk

∂u
yjv

k
j +

∂gk

∂ur
yjv

k
j,r

)
vki,r

]
, (24)

=
Ng∑
k=1

wk

[(
∂fk

∂u
φkh +

∂fk

∂ur
φkh,r

)
vki +(

∂gk

∂u
φkh +

∂gk

∂ur
φkh,r

)
vki,r

]
, (25)
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where

φkh =
Nh∑
j=1

yiv
k
i , (26)

and

φkh,r =
Nh∑
j=1

yiv
k
i,r. (27)

It is important to note that the expression (25) for Fxy, is very similar
to the expression (20) for F itself, and can be implemented in a similar way.
The other point to note is that the evaluation of both Fx and Fxy requires
only the evaluation of expressions involving f , g and their derivatives. Fur-
thermore, it is easy to see that any of the quantities arising from extended
systems also fall into this category. The evaluation of the derivatives of f
and g is a task for which symbolic algebra systems are ideally suited. For
this work the REDUCE package was used, which can produce its output in
the form of FORTRAN source code. This means that it is relatively easy to
write a preprocessor that takes as its input the REDUCE description of the
functions f and g and produces as its output the FORTRAN source required
for all the extended systems.

4 Marangoni Convection

The approach described above was employed to compute bifurcations of a
fluid flow in a two-dimensional domain with a deformable free surface. An
orthogonal mapping technique, used to computed the location of the free
surface produced an additional three elliptic partial differential equations to
be solved together with the Navier-Stokes and energy equations. The alge-
braic complexity introduced by the mapping technique made evaluating the
derivatives required for extended systems and writing the subroutines to eval-
uate them a daunting and error prone task. Further, eight non-dimensional
parameters appeared in our mathematical description of the problem.

Consider steady flows of a Newtonian fluid in a 2D domain that is is
heated from below. Assume that the Boussinesq approximation is valid, that
the surface tension depends linearly with temperature along the deformable
free upper surface and that the two contact angles are known and are equal.
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The unknown location of the free surface was determined by an orthogonal
mapping technique. Let Ω(x, y) be the physical domain with four sides ΓL,
ΓB, ΓR and ΓF , the left, bottom, right and upper (free) sides respectively,
and let (ψ(x, y), φ(x, y)) be a mapping from Ω onto a reference domain Ω′

where
Ω′ = {(ψ, φ) : (ψ, φ) ∈ [−1/2, 1/2]× [0, 1]},

such that the level curves of ψ(x, y) and φ(x, y) are orthogonal, and the
boundaries ΓL, ΓB, ΓR and ΓF are mapped onto ψ = − 1/2, φ = 0,
ψ = 1/2 and φ = 1 respectively. This coordinate transformation is
orthogonal if

∇ψ · ∇φ = 0 for all (x, y) ∈ Ω.

Swapping the roles of dependent and independent variables, it can easily be
shown that x(ψ, φ) and y(ψ, φ) must satisfy the coupled elliptic equations

∂

∂φ

(
1

λ

∂x

∂φ

)
+

∂

∂ψ

(
λ

∂x

∂ψ

)
= 0, (28)

∂

∂φ

(
1

λ

∂y

∂φ

)
+

∂

∂ψ

(
λ

∂y

∂ψ

)
= 0, (29)

in Ω′, for some λ(ψ, φ).
Boundary conditions for x(ψ, φ) and y(ψ, φ) were provided by the fixed

boundaries of the physical domain Ω, from the orthogonality condition ap-
plied along the boundaries of Ω, from the kinematic boundary condition along
the free surface ΓF , and from the imposed contact angles.

For simplicity, we required λ(ψ, φ) to be constant in Ω′ and enforced this
by solving

∂2λ

∂ψ2
+

∂2λ

∂φ2
= 0, (30)

with zero normal derivative on the boundary of Ω′. The constant value of λ
was determined by invoking the orthogonality conditions at an interior point
of Ω′.

The Navier-Stokes and energy equations were coupled to equations (28),
(29) and (30). In non-dimensional form they are

∇ · u = 0, (31)

M

Pr

Du

Dt
= ∇ · τ +

(
R T

M
− G

M Ca

)
j, (32)
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M
DT

Dt
= ∇2T, (33)

where
τij = −pδij + (ui,j + uj,i).

Note that all derivatives in (31)–(33) are with respect to x and y. Nonslip
boundary conditions were imposed along on ΓL, ΓB and ΓR. The tempera-
ture was required to be constant along ΓB, and insulating connditions were
imposed along ΓL and ΓR. Along the free surface the conditions

u · n = 0, (34)

niτijnj = K
(

1

M Ca
− T

)
, (35)

tiτijnj = −t · ∇T, (36)

n · ∇T + LT = 0 (37)

were imposed, corresponding respectively to the kinematic, normal and tan-
gential shear stress conditions and to the Newton law of cooling. Here n and
t are the unit normal and tangential vectors at the free surface and K is the
curvature of the free surface.

The depth of an undeformed fluid layer of equal volume was chosen as the
length scale d, i.e. d = volume/l where l was the length of the domain, and
the “Marangoni” velocity VM = (σ1βd)/µ was chosen as the velocity scale.
Temperatures were nondimensionalised according to T = (T ∗ − T0)/(βd)
where T0 was the reference temperature far from the free surface. The seven
non-dimensional parameters appearing in (31)– (37) are

Aspect ratio, η =
l

d
, (38)

Biot number, L =
hd

k0

, (39)

Bond number, G =
ρ0gd2

σ0

, (40)

Capillary number, Ca =
µκ

σ0d
, (41)

Marangoni number, M =
σ1βd2

µκ
, (42)

Prandtl number, P r =
µ

ρ0κ
, (43)
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Rayleigh number, R =
ρ0αβgd4

µκ
. (44)

Here k0 is the thermal conductivity of the fluid and h is the surface con-
ductance, σ0 is the surface tension at the reference temperature T0 and σ1 is
the rate of change of surface tension with temperature. The average verti-
cal temperature gradient is β, ρ0 is the density at the reference temperature
T0, α is the coefficient of thermal expansion and κ is the coefficient of ther-
mal diffusion Finally, µ is the molecular viscosity and g is the accelaration
due to gravity. It is important to remember that all derivatives appear-
ing in (31)–(37) are with respect to x and y, but that all computations of
u(x(ψ, φ)), p(x(ψ, φ)) and T (x(ψ, φ)) are performed on Ω′, and so these
derivatives must be rewritten in terms of ψ and φ using the chain rule.

For illustrative purposes we chose G = R = 0 and Pr = L = 1. With this
choice of parameters, convection is driven by surface tension gradients alone
and buoyancy plays no role. A non-conducting “trivial” solution exists for
all values of the Marangoni number Ma, if both contact angles are specified
to be 90 degrees. Under these circumstances the free surface is an isothermal
surface. At a critical value of Ma that depends upon the aspect ratio and
Capillary number, a pair of two-cell flows bifurcates from the trivial solution
at a transcritical bifurcation point. This bifurcation is disconnected for all
other values of the contact angles. For contact angles other than 90 degrees
there is always a temperature gradient and thus a surface tension gradient
along the free surface and convection is always present. A purely conducting
solution cannot occur and the transcritical bifurcation to two-cell flows is
disconnected. When the contact angle is less than 90 degrees and the free
surface is convex, the centre of the free surface is closer to the hot bottom
than the free surface next to the walls and there is a surface tension gradient
directed from the centre outwards. Flows with up-welling at the middle
arise with continuous increase in Marangoni number and are the so-called
“primary” flows. Two-cell flows with down-welling at the middle arise as
disconnected secondary flows that are stable only above a critical Marangoni
number. The sense of convection in the primary and secondary flows is
reversed for contact angles greater than 90 degrees. The locus of limit points
for an aspect ratio η = 1.7 at which the disconnected secondary flow loses
stability is plotted as a function of contact angle in figure 1.
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Figure 1: Locus of limit points on the secondary two-cell branch as a function
of contact angle.

5 Conclusions

Numerical bifurcation methods can play a significant role in helping to de-
velop our understanding of fluid dynamics. Although powerful methods have
been available since the early 1980’s, they have not be applied as widely
to fluid dynamics as one might have expected. One of the reasons for this
may be the difficulty in producing computer programs that make use of the
extended system techniques for complicated fluid dynamical problems.

In the paper we have suggested an approach that makes use of symbolic
algebra to implement extended system techniques in a general manner. The
real advantage of the approach advocated here is that once the basic extended
systems have een implemented, the work involved in applying them to new
physical systems with new sets of governing equations is minimal. In fact
the tedious and error prone task of computing the derivatives required and
converting the results into computer code is carried out by the symbolic
algebra package, REDUCE in our case, in a wholly automatic fashion.

We have illustrated the approach with reference to the computation of
Marangoni convection with a deformable free surface. The free surface is
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computed using an orthogonal mapping to transform the domain to a fixed
and known domain on which the equations are solved by the finite-element
method. It is our view that these calculations would have been too difficult
and time consuming to have been performed without the use of the approach
advocated in this paper.
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