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Abstract. In this paper, we will explore the concept of fractal dimension as applied
to attracting sets of dynamical systems, in particular, the Lorenz system. Fractals
are objects which are considered to be non-differentiable and self-similar. Because of
this, fractals possess an infinite amount of complexity, which can be quantified with
an analysis of their fractal dimension. This idea can be applied to attracting sets of
dynamical systems because of the observed intricacies of the sets.
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1 Introduction

We will explore the fractal dimension of the attracting sets of the Lorenz system:

ẋ = −σ(x− y) (1a)

ẏ = −xz + rx− y (1b)

ż = xy − bz (1c)

where σ, b, and r are real parameters and are assumed to be positive. For this paper, we will hold
σ and b constant, while varying the Rayleigh parameter, r.

This paper is organized as follows: Section 2 provides stability analysis of the equilibrium points
of the Lorenz system. Section 3 gives a qualitative analysis of the system allowing us to get ahold of
its attracting sets. Section 4 describes a trapping region for the system, providing further evidence
of the attracting sets. Section 5 defines fractals, multifractals, and their dimensions and gives a
means of calculating this dimension. Section 6 presents the results of the dimension calculation.
Section 7 provides analysis of the results. And finally, Section 8 states the conclusion and additional
comments.
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2 Equilibrium Points and Stability

2.1 Equilibrium Points

We have equilibrium points whenever the following equations are satisfied

ẋ = −σ(x− y) = 0

ẏ = −xz + rx− y = 0

ż = xy − bz = 0

so we have

x = y

x = ±
√
bz

0 = x(−z + r − 1)

which yield the following equilibrium points

x∗1 = (0, 0, 0), (2)

x∗2 = (
√
b(r − 1),

√
b(r − 1), r − 1) for r ≥ 1, and (3)

x∗3 = (−
√
b(r − 1),−

√
b(r − 1), r − 1) for r ≥ 1. (4)

2.2 Stability of Equilibrium Points

In order to treat stability, we consider the Jacobian matrix for our system:

Df(x, y, z) =

 −σ σ 0
r − z −1 −x
y x −b

 (5)

First, let us consider the stability of the trivial equilibrium point, x∗1. So we have

Df(0, 0, 0) =

−σ σ 0
r −1 0
0 0 −b


So we have the characteristic polynomial given by

p(λ)(0,0,0) = det[λI −Df(0, 0, 0)] = (λ+ b)(λ2 + (σ + 1)λ+ σ(1− r))

So we have that the eigenvalues of Df(0, 0, 0) are

λ1 = −b,

λ2 = −σ − 1−
√

(σ2 − 2σ + 4σr + 1), and

λ3 = −σ − 1 +
√

(σ2 − 2σ + 4σr + 1)

We can see that for r < 1 all the eigenvalues are stable. However, for r > 1, one of the eigenvalues
is positive, so (0, 0, 0) is unstable.
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Now, let us consider the stability of the equilibrium point x∗2, given by 3. So we have

Df(
√
b(r − 1),

√
b(r − 1), r − 1) =

 −σ σ 0

1 −1 −
√
b(r − 1)√

b(r − 1)
√
b(r − 1) −b


So we have the characteristic polynomial given by

p(λ)
(
√
b(r−1),

√
b(r−1),r−1) = det[λI −Df(

√
b(r − 1),

√
b(r − 1), r − 1)]

= λ3 + (1 + b+ σ)λ2 + b(σ + r)λ+ 2bσ(r − 1)

From [3] we know that if we have a cubic polynomial of the form:

p(λ) = λ3 − τλ2 + αλ− δ (6)

Then we know that the roots of p(λ) have negative real parts if and only if τ < 0 and τα < δ < 0.
So, in our case we have τ = −(1 + b + σ), α = b(σ + r), δ = −2bσ(r − 1). So for stability, we

need

− (1 + b+ σ) < 0 and (7)

− b(1 + b+ σ)(σ + r) < −2bσ(r − 1) < 0. (8)

So, we clearly have that the inequality in 7 is satisfied because we have that σ, b, and r are
assumed to be positive. Now, let us consider the inequality in 8. In the same way we can see that
−b(1 + b + σ)(σ + r) < 0 and −2bσ(r − 1) < 0, but we need to find what values of σ, b, and r
satisfying −b(1 + b+ σ)(σ + r) < −2bσ(r − 1). So, we obtain

r <
σ(σ + 3 + b)

σ − b− 1
. (9)

We have that the equilibrium point is stable if r satisfies the inequality in 9. Note that the stability
analysis yields the same result for the equilibrium point x∗3, given by 4.
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3 Attracting Sets and Bifurcation Analysis

Formally, we define an attracting set Λ to be a set that is contained within a compact trapping
region N such that

Λ =
⋂
t>0

φt(N)

where φt is the flow [3]. In order to get a hold of the attracting sets of the Lorenz system, we will
consider the various bifurcations, or changes in qualitative behavior of the system, that arise when
we set σ = 10 and b = 8/3 and vary r. So we have the following states:

• For 0 < r < 1, the only equilibrium point for the system is the origin, which is stable, as can
be observed in Fig. 1a.

• At r = 1, the system goes from having one equilibrium point to having three, given by
Equations 2-4, resulting in a pitchfork bifurcation. The origin is unstable and the other
equilibria are stable. A slight change of the behavior of the system can be observed in Fig.
1b.

(a) r = 0.5, σ = 10, b = 8/3, ; x0 = 0.1, y0 = 0.1,
z0 = 0.1.

(b) r = 1, σ = 10, b = 8/3; x0 = 0.1, y0 = 0.1,
z0 = 0.1.

Figure 1

• For 1 < r < 24.7 we have that the origin remains unstable and the other two equilibrium
points remain stable, as can be observed in Figs. 2a - 3b.

• At r ≈ 24.7368, the two stable equilibria become unstable, resulting in a Hopf bifurcation as
can be observed in Fig. 4a.

• At r = 28, we have the Lorenz attractor as can be observed in Fig. 4b.
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(a) r = 5, σ = 10, b = 8/3; x0 = 0.1, y0 = 0.1,
z0 = 0.1.

(b) r = 10, σ = 10, b = 8/3; x0 = 0.1, y0 = 0.1,
z0 = 0.1.

Figure 2

(a) r = 13.926, σ = 10, b = 8/3; x0 = 0.1, y0 = 0.1,
z0 = 0.1.

(b) r = 20, σ = 10, b = 8/3; x0 = 0.1, y0 = 0.1,
z0 = 0.1.

Figure 3
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(a) r = 24.74, σ = 10, b = 8/3; x0 = 0.1, y0 = 0.1,
z0 = 0.1.

(b) Lorenz Attractor: r = 28, σ = 10, b = 8/3;
x0 = 0.1, y0 = 0.1, z0 = 0.1.

Figure 4

4 Trapping Region

Let us consider a ball

B =
{

(x, y, z) : x2 + y2 + (z − r − σ)2 ≤ R2
}
. (10)

Let us define N such that
N = x2 + y2 + (z − r − σ)2. (11)

Then taking the derivative yields

dN

dt
= −2σx2 − 2y2 − 2b(z − r + σ

2
)2 + b

(r + σ)2

2
. (12)

Setting dN
dt = 0, we obtain an equation for an ellipsoid enclosed in B:

F =
{

(x, y, z) : σx2 + y2 + b(z − r + σ

2
)2 = b

(r + σ)2

4

}
. (13)

And we have that outside of F , dN
dt < 0, which is our intended result [3]. The existence of this

trapping region for the Lorenz system provides further evidence of the attracting sets, whose fractal
dimension we are then able to analyze.
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5 Fractal/Multifractal Dimension

Fractal objects are considered to be non-differentiable and self-similar, exhibiting repeated patterns
when observed from close and far away. We will begin with the idea of homogeneous fractals, which
are the objects created when a certain action is repeated an infinite amount of times (the action
for the Cantor set, for example, is removing the middle third of the line segment) yielding perfect
self-similarity.

The fractal dimension provides a means of quantifying the complexity of these fractal objects.
It can be considered to be a ratio of the intricacy of the object, measuring its detail and scale. It
represents a quantification of the density of the object, and allows us to measure the manner in
which the fractal scales differently than the space it occupies. Intuitively, the dimension of a fractal
object is larger when there is a higher degree of complexity present in the object [4].

The fractal dimension of a homogeneous fractal is the same throughout the object. However,
homogeneous fractals do not generally occur in nature. So we extend the concept of fractals to
that of heterogeneous fractals, or multifractals, which have different fractal dimensions throughout
the object when observed at different scales because of their varying levels of complexity [2].

We can note that the dimension of a fractal object occupying an n-dimensional space will have
a non-integer fractal dimension between n and n+1. However, when considering regular geometric
shapes, the integer topological dimension is equal to the fractal dimension. So we can consider
fractal objects to be those whose fractal dimension does not hold integer values.

5.1 Calculating Fractal Dimension: Box Counting Method

We will consider the box counting method as a way of calculating fractal dimension. It consists of
covering the fractal object with a grid of different scales and counting the number of data points
touching the grid.

We have fractal dimension Df defined in the following way

Df = lim
l→0

ln N(l)

−ln l
(14)

where l is the scaling factor and N(l) is the number of segments of length l [2].

5.2 Multifractal Dimension: Box Counting Method

Let us cover the fractal object, S, with a grid of boxes, B(l), of size l. So we have that the number
of boxes, N, is proportional to 1

l2]
. Now let us consider a self-similar probability, µ, for each box,

Bi, of whether or not the object will be hit in the box of interest. So we have the qth moment
defined as

Zq(l) =
∑

µ(B)6=0

[µ(B)]q =

N∑
i=1

pqi (l). (15)

where q ∈ R and pi are probabilities of the object being in the box i (i.e. µi = µ(Bi(l)) = pi(l) =
Ni(l)
N ) and ri are fragmentation ratios of box i satisfying the following

N∑
i=1

pqi r
τ(q)
i = 1 (16)

where τ(q) is a scaling function that satisfies 16.
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So we have the generalized dimension Dq given by the following

Dq = lim
l→0

1

1− q
ln

∑N
i=1 p

q
i (l)

−ln l
(17)

Now we will define the spectrum of dimensions, f(α). We have

ps(l) ∝ (l)αs (18)

where ps denotes the weight of s scales associated with boxes of size l and αs is defined as follows

αs =
ln ps(l)

ln l
.

We have the spectrum of dimensions given by the following

f(α) = inf
−∞<q<∞

(τ(q) + αq). (19)

where τ(q) satisfies Equation 16 [2].

6 Results

We considered the fractal dimension of the Lorenz system with initial conditions x0 = 0.1, y0 = 0.1,
z0 = 0.1 and parameter values σ = 10, b = 8/3, and r = 20, 24.74, and 28. The box counting
method was employed in order to calculate the dimension of the system, and an illustration of one
size of box or cube, l = 20, can be observed in Figs. 5-6b. Note that we will only consider the
fractal dimension of one attracting set for each value of r at a time. For the purpose of this paper
we will only consider the attracting sets occuring in the octant in which both x and y are negative.
Since the Lorenz system is symmetrical, we can assume comparable results for the other attracting
sets.

Figure 5: Box Count Method: r = 20, N(l) = 2, l = 20.
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(a) Box Count Method: r = 24.74, N(l) = 8, l = 20. (b) Box Count Method: r = 28, N(l) = 8, l = 20.

Figure 6

In Fig. 7a we are able to observe the number of boxes considered for the respective length of
said boxes. As a result, we were able to calculate the corresponding fractal dimension. We can see
from Fig. 7b that the dimension of the Lorenz system for r = 24.74 and r = 28 seems to level off
around 2.10. This result makes sense because the attracting sets of the system seem to occupy a
plane, so it is intuitive that the fractal dimension would be slightly larger than the dimension of a
plane.

However, the dimension for the system given by r = 20 is inconclusive, because the graph does
not level off to give us an accurate fractal dimension. In order to obtain more accurate results it
would be helpful to consider smaller boxes, because the attracting set observed for r = 20 is much
smaller than that of the system for r = 24.74 and r = 28. However, we would expect the dimension
of this attracting set to be slightly larger than 2 as well.

(a) Number of Boxes vs Length of the Boxes. (b) Local Fractal Dimension.

Figure 7
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7 Conclusion and Comments

It would be helpful to consider a wider range of box sizes and placement of the boxes in order to
obtain a more accurate fractal dimension. It would be interesting to consider a case where the
boxes overlap, or a case that zoomed in on one specific area of the graph in order to better take
into account the multifractal nature of the attracting sets of the system.
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Appendix: MATLAB Code

7.1 Lorenz System: Euler’s Method

1 %Euler's Method for the Lorenz System
2 clear all
3 close all
4

5 h = 0.01;
6 l = 10; %length
7

8 x0 = 0.1;
9 y0 = 0.1;

10 z0 = 0.1;
11

12 sigma = 10;
13 b = 8/3;
14 r = 20;
15

16 M = 10000;
17

18 x = x0;
19 y = y0;
20 z = z0;
21

22 for i = 1:M
23 xold = x;
24 yold = y;
25 zold = z;
26 x = x + h*sigma*(y-x);
27 y = y + h*(r*x-y-x*z);
28 z = z + h*(x*y - b*z);
29 plot3([xold x],[yold y],[zold z],'Color',[.52 .27 .35]);hold on;
30

31 end
32

33 grid1(l);
34

35 xlabel('x');
36 ylabel('y');
37 zlabel('z');
38 axis tight;
39

40

41 %fprintf('M = %5d, h = %12.4e, x = %12.4e, y = %12.4e, z = %12.4e \n', M,h,x,y,z);

7.2 Lorenz System: 3-Dimensional Grid

1 function grid1(l)
2 %l = length of the side of cube
3

4 x = [-25 -25 -25]; %starting point
5 y = [25 25 25]; %ending point
6

7 [X, Y] = meshgrid(x:l:y);
8

9 N = length(X);
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10 Z = zeros(N,N)+x(1);
11

12 M = ceil(50/l);
13

14 for i=1:M+1
15 grid off
16 surf(X,Y,Z); hold on;
17 surf(X,Z,Y);
18 colormap hsv
19 alpha(0.0); hold on;
20

21 Z = Z + l;
22 end
23 end
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