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1 Introduction

To reveal the mystery of how a neural system stores and processes information is one of the
main goals of mordern neuroscience. Recently, a self-organized criticality phenomenon, which was
called “neuronal avalanche”, was observed in both cultured and acute cortical slices [1, 2], and has
been often associated to the capability of the network to enhance information transmission and
store and retrieve information [3, 4]. In the past several decades, as a typical example of coupled
nonlinear dynamical systems, formal neural networks have attracted much interest in mathematics
[5, 6, 7, 8, 9]. In this report, we demonstrate how patterns and patterns sequences (heteroclinic
cycles) can be stored in a hopfield-type neural network, and briefly discuss the effects of two
parameters on the network dynamics.

The paper is organized as follows: in section 2, we introduce the hopfield-type neural network,
pseudoinverse learning rule, and heteroclinic cycles. In section 3, we demonstrate the storage of
both fixed points and heteroclinic cycles in networks. In section 4, we briefly discuss the effects of
two parameters on the network dynamics.

2 Heteroclinic Cycles and Pseudoinverse Learning Rule

2.1 Neural Network Model

In this paper, we consider the following Hopfield-type neural network with continuous time [5, 6]:

{

d
dt

u = − 1
τ
u + J · v + I

v = θ(λu)
(1)

where u denotes mean internal potential of neurons in the network. It is a N -dimensional column
vector, and N denotes the number of neurons in the network. τ is the relaxation time of a single



neuron. λ is an arbitray parameter which controls the steepness of the sigmoid activation function.
J describes the synaptic connection among neurons, and is called the synaptic matrix [10, 14]. For
a network of N neurons, J is an N × N matrix. θ : RN → RN is an invertible function, which is
bounded above and below, and usually is taken as a sigmoid function. Since it converts internal
potential into firing rate output of the neurons, it is called the activation function. I is the direct
external inputs, such as sensory inputs and so on, to the neurons in the network. For the dynamical
system described by the equation (1), the equilibria are solutions of the equations

u = τ(J · θ(λu) + I). (2)

In section 3, we consider spontaneous evolution of the network. Accordingly we neglect the direct
external input term I by combining the external input into the initial conditions of the network. If
we rescale the relaxation time τ to 1, then the conditions for the equilibria of the system become:

u = J · θ(λu) (3)

2.2 Heteroclinic Cycles

Let ξ1, ξ2, · · · , ξm be the hyperbolic equilibria of a dynamical system. If there exist trajectories
{y1(t), y2(t), · · · , ym(t)} with the property that yi(t) is backward asymptotic to ξi and forward
to ξi+1, then the collection of trajectories {ξi, yi(t)} is called a heteroclinic cycle [12]. Figure 1
illustrates an example of a heteroclinic cycle.

Figure 1: Sketch of a flow on a Möbius band that is a heteroclinic cycle from α to β and back.
Taken from [12]

2.3 Storage of Patterns and Pattern Sequences

For a network designed to store and retrieve information, the storage takes place in the synapses.
Several ways, which are called learning rules, can be used to determine the synaptic matrix
[13, 14, 15, 16]. Inspired from biological nervous systems, a simple but elegant and widely used
learning rule, which was called the Hebbian learning rule was introduced in 1949 [13]:

Jij =
1

N

∑

µ

ξ
µ
i ξ

µ
j . (4)

However, as is known, this learning rule is well-suited for random uncorrelated patterns only,
whereas in real world patterns entering the network can be correlated. To address this issue,
Personnaz et al [17, 18] proposed the pseudo-inverse (PI) learning rule. The PI learning rules,
which are mainly used in this paper, can be implemented with two different procedures [14].
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The synaptic matrix produced by the first procedure, which requires that the patterns to be
memorized are orthogonal to each other, is called the standard PI synaptic matrix; and the synaptic
matrix produced by the second procedure, which does not require the patterns to be orthogonal
to each other, is called the sequential PI synaptic matrix. Here we refer to the two procedures
as the standard PI learning rule and the sequential PI learning rule respectively. In section 3, all
simulations are implemented by the standard PI learning rule.

2.3.1 Standard PI learning rule

In the Hopfield-type neural network model (1), the memorized patterns are read from the output
firing rates of the neurons in the neural network. Since the output firing rate of each neuron is
denoted by vi, i = 1, 2, . . . , N , we have vi = θ(λui), i.e., ui = 1

λ
θ−1(vi). Thus the memorized

patterns {ξ(µ)} are actually the stationary solutions (equilibria) to the following equation:

−
1

λ
θ−1(v) + J · v = 0. (5)

Suppose ξ(i) · ξ(j) = 0 for i 6= j, and the patterns ξ(µ) form a matrix Σ, where Σi,j = ξ
(j)
i . Then

1

λ
θ−1(Σ) = J · Σ. (6)

Approximate the inverse sigmoid activation function 1
λ
θ−1(ξ

(µ)
i ) by a linear function βξ

(µ)
i , then (6)

can be solved as:
J = βΣ · Σ+ (7)

where Σ+ is the pseudoinverse of Σ, and can be calculated by Σ+ = (ΣT Σ)−1ΣT .
Since the patterns stored in the network are equilibria of the coupled dynamical system 1, in order
to adjust the synaptic matrix to memorize pattern sequences, extra conditions must be imposed.
Let {ξ(µ)}p

µ=1 be the sequence to be stored in the network. Due to the symmetry of the activation

function θ, the sequence can form a cycle in two ways: ξ(1) → ξ(2) → · · · → ξ(p) → ξ(1) and
ξ(1) → ξ(2) → · · · → ξ(p) → −ξ(1) → −ξ(2) → · · · → −ξ(p) → ξ(1). Here we take the second way.
Thus, the conditions for storing pattern sequences are:

1

λ
θ−1(ξ

(µ+1)
i ) =

N
∑

j=1

Jijξ
(µ)
j (1 ≤ µ ≤ p) (8)

where ξ
(p+1)
i = −ξ

(1)
i . Similarly, the equation (8) can be rewrite in matrix form:

J = βΣ1 · Σ
+, (9)

where Σ1 = (ξ(2) ξ(3) · · · − ξ(1)).

2.3.2 Sequential PI learning rule

Suppose the initial synaptic matrix has stored a pattern sequence {ξ(µ)}p
µ=1, in which ξ(i) · ξ(j) = 0

for i 6= j, and the patterns ξ(µ) form a matrix Σ, where Σi,j = ξ
(j)
i . Since the memorized patterns

are equilibria of the network, following the condition 3, we have J · Σ = θ−1(Σ), i.e.,

J = Σ · Σ+ (10)
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Suppose an arbitrarily given pattern ζ is adding to the sequence which has been memorized, then
the updated synaptic matrix is given by the sequential PI learning rule

J̃ = J +
(ζ − Jζ) ⊗ (ζ − Jζ)

N − ζTJζ
, (11)

where ⊗ denotes the direct product of two arbitrarily given vectors:

[A ⊗ B]ij = AiBj

The updated synaptic matrix satisfies the following conditions:

J̃Σ = Σ (12)

J̃ζ = ζ (13)

Following the same reasoning in the preceding section, the condition for storing pattern sequences
can be obtained. Since in the next section, only the standard PI learning rule will be used in
simulations. So we are not going to discuss the sequential PI learning method in more details.

3 Simulations

In this section we demonstrate how to save patterns and pattern sequences in equilibria and
heteroclinic cycles. First, we demonstrate storing of patterns as equilibria in a network. Consider
a continuous Hopfield-type neural network:

dui

dt
= −ui +

N
∑

j=1

Jij tanh (λuj) (14)

In order to combine the conditions for storing patterns and pattern sequences, we rewrite the
equations in terms of the firing rate vi = tanh (λui):

dvi

dt
= λ(1 − v2

i (t))[−
1

λ
arctanh(vi(t)) +

N
∑

j=1

Jijvj(t)] (15)

3.1 Storing Patterns as Equilibria

Let ξ(1), ξ(2), · · · , ξ(p), be p patterns (binary vectors) to be stored in the network. Then vi = β1ξ
(µ)
i

with 0 < β1 ≤ 1 are equilibria of the system (15), i.e.,

λ(1 − (β1ξ
(µ)
i )2)[−

1

λ
arctanh(β1ξ

(µ)
i ) + β1

N
∑

j=1

Jijξ
(µ)
i ] = 0

Since ξ(µ) is an arbitrarily given binary vector, we have

−
1

λ
arctanh(β1ξ

(µ)
i ) + β1

N
∑

j=1

Jijξ
(µ)
i = 0

i.e.,

1

λ
arctanh(β1ξ

(µ)
i ) = β1

N
∑

j=1

Jijξ
(µ)
i
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Since for |kx| < 1 and 0 < k ≤ 1, arctanh(kx) ≈ arctanh(k)x, we have:

1

λ
arctanh(β1)ξ

(µ)
i = β1

N
∑

j=1

Jijξ
(µ)
i

arctanh(β1)

λβ1
ξ
(µ)
i =

N
∑

j=1

Jijξ
(µ)
i

Let βK = arctanh(β1)
λβ1

, we get:

βKξ
(µ)
i =

N
∑

j=1

Jijξ
(µ)
i

Since the patterns can be written in matrix form: Σ = [ ξ(1) ξ(2) · · · ξ(p) ], the above equation
can be rewritten as:

βKΣ = J · Σ

i.e.,
J = βKΣΣ+

where Σ+ is the pseudoinverse of Σ. Given a group of patterns to be memorized Σ, β1 and λ,
the temporal evolution of an arbitrarily given pattern can be shown numerically by solving the
differential equations (15). Our numerical simulations indicates that the larger λ is, the more
stable the equilibria are, and the faster the orbits approach the equilibria.
Here we illustrate the results of one simulation. We choose

Σ =









1 1 1
−1 1 −1
−1 −1 1
−1 1 1









i.e., we choose N = 4, p = 3, and ξ(1) = (1 -1 -1 -1)T , ξ(2) = (1 1 -1 1)T , and ξ(3) = (1 -1 1 1)T .
Here ξ(1), ξ(2), and ξ(3) are orthogonal to each other, so we can determine the synaptic matrix by

J = βKΣΣ+ directly. Here we set β1 = 0.99, λ = 2, we get:

J =









1.0025 −0.3342 −0.3342 0.3342
−0.3342 1.0025 −0.3342 0.3342
−0.3342 −0.3342 1.0025 0.3342

0.3342 0.3342 0.3342 1.0025









Figure 2 shows the results of one simulation with Euler method, where dt = 10 ms, and
v(0) = ( 0.9611 −0.9982 0.2913 −0.9837 )T . Figure 2 (A) shows the firing rate of each of
the four neurons in the network as a function of time. It is easy to see that although the initial
pattern is very different from any one the three memorized patterns, the firing rate of the four
neurons quickly evolves into the closest memorized pattern. In order to describe the similarity
between the pattern of the firing rate of the four neurons and each one of the memorized patterns,
“overlap” m(t) is defined as:

m(t) = ( m1(t) m2(t) · · · mp(t) )

where

mµ(t) =
1

N

N
∑

i=1

ξ
(µ)
i vi(t).
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Figure 2: Example of retrieving one of the patterns (1 -1 -1 -1) stored as equilibria. (A) the temporal
evolution of firing rate vi(t) of the four neurons in the network; (B) overlap {m1(t),m2(t),m3(t)};
(C) the 3D projection of the phase portrait into (v1 − v2 − v3) subspace. The blue arrows indicates
the state evolution direction of the network.
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Figure 2 (B) shows that the pattern of the firing rate of the four neurons becomes more and more
similar to the memorized pattern ξ(1) directly. In figure 2 (C) we illustrate the three dimensional
projection of the four dimensional phase space. From this projection, we also can see that the phase
trajectory of the network moves to the equilibrium, which corresponds to the memorized pattern
ξ(1) directly.

3.2 Storing Pattern Sequences as Heteroclinic Cycles

Let ξ(1), ξ(2), · · · , ξ(p), be p patterns (binary vectors) memorized in the network as hyperbolic
equilibria. Suppose these equilibria can be linked by heteroclinic orbits. Then, the pattern
sequences can be memorized as heteroclinic cycles. According to the transition condition (9),
we have

−
1

λ
arctanh(β1ξ

(µ+1)
i ) + β1

N
∑

j=1

Jijξ
(µ)
i = 0

i.e.,

1

λ
arctanh(β1ξ

(µ+1)
i ) = β1

N
∑

j=1

Jijξ
(µ)
i

Since for |kx| < 1 and 0 < k ≤ 1, arctanh(kx) ≈ arctanh(k)x, thus:

arctanh(β1)

λβ1
ξ
(µ+1)
i =

N
∑

j=1

Jijξ
(µ)
i

Let βK = arctanh(β1)
λβ1

, we get:

βKξ
(µ+1)
i =

N
∑

j=1

Jijξ
(µ)
i

Since ξ(p+1) = −ξ(1), the patterns can be written in matrix form: Σ1 = [ ξ(2) ξ(3) · · · ξ(p) −ξ(1) ].
Thus the above condition can be rewritten as:

βKΣ1 = J · Σ

i.e.
J = βKΣ1Σ

+.

However, here in order to combine both the fixed-point and transition behaviors in one network, a
pair of weighting factors C0 and C1 are introduced and the pseudoinverse learning rule becomes:

J =
βK

2
(C0ΣΣ+ + C1Σ1Σ

+) (16)

Numerical simulations indicates that the larger βK and λ respectively are, the closer to equilibria
the orbits will be, and the longer the orbits will stay around the equilibria. Next, we demonstrate
a simulation of storing and retrieving a given pattern sequence in the network. In this simulation
we use the network used in the preceding example. First we set β1 = 0.9999, λ = 10, and use the
same patterns: ξ(1) = (1 -1 -1 -1)T , ξ(2) = (1 1 -1 1)T , and ξ(3) = (1 -1 1 1)T . Thus

Σ =









1 1 1
−1 1 −1
−1 −1 1
−1 1 1
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Figure 3: Example of retrieving one of the pattern sequences (ξ(1) → ξ(2) → ξ(3) → −ξ(1) →
−ξ(2) → −ξ(3) → ξ(1)) stored as a heteroclinic cycle. (A) the temporal evolution of firing rate vi(t)
of the four neurons in the network; (B) overlap {m1(t),m2(t),m3(t)}; (C) the 3D projection of the
phase portrait into (v1 − v3 − v4) subspace. The blue arrows indicates the state evolution direction
of the network.
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Figure 4: Effects of the parameters βK and λ on the network dynamics. (A) βK = 1, λ = 1; (B)
βK = 1, λ = 10; (C) βK = 10, λ = 1; (D) βK = 5, λ = 5.
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and

Σ1 =









1 1 −1
1 −1 1

−1 1 1
1 1 1









We set C0 = 0.1, C1 = 1.9, then by formula (13), we get:

J =









0.1362 0.1114 −0.3590 −0.1114
0.1114 −0.3343 0.1114 −0.1114
0.1114 0.1114 0.1362 0.3590
0.3590 −0.1114 −0.1114 0.1362









In figure 3, we set initial firing rate as: v(0) = ( 0.9611 −0.9982 0.2913 −0.9837 )T , and
choose dt = 10 ms as the iteration step size, and use the Euler method to numerically solve the
differential equations (15). Figure 3(A) illustrates the firing rate of the four neurons, figure 3(B)
illustrate the overlap of the orbit starting from v(0) as a function of time, and figure 3(C) illustrate
the three dimensional projection of the four dimensional phase space. From this projection, we
can see that the phase trajectory of the network asymptotically converges to the heteroclinic cycle
stored in the network. From figure 3(C) we can see that the six equilibria the orbit visits are,

v1(t) v2(t) v3(t) v4(t)
1 ? −1 −1
1 ? −1 1
1 ? 1 1

−1 ? 1 1
−1 ? 1 −1
−1 ? −1 −1

By checking the simulation results, we fill in the second column and see that these six points are
exactly ξ(1) → ξ(2) → ξ(3) → −ξ(1) → −ξ(2) → −ξ(3).

4 Discussions

Finally, we discuss the effects of the two parameters, βK and λ. Since in the system of firing rate,
β1 will not appear, βK and λ actually become independent of one another. And in numercial
simulations, we saw that those two parameters affect the rate that the orbit converges to the
heteroclinic cycle. So in this section, we briefly illustrate that increasing each or both of these two
parameters will increase the rate of the convergence of the orbit starting at some prescribed initial
point to the memorized heteroclinic cycle.
Figure 4(A) shows that when both βK and λ are small (βK = 1, λ = 1), the orbit failed to
converge to the heteroclinic cycle; in other words, the attempt of retrieving the stored pattern
sequence failed. Figure 4(B), (C), and (D) show that when each or both of the two parameters are
increased, the orbit converges to the stored heteroclinic cycle, and the effect of increasing λ seems
more significant than βK .

5 Conclusion

In summary, in this report, we have shown how patterns or pattern sequences can be stored and
retrieved in a Hopfield-type neural network, by using the standard PI learning rule. When combined
with the sequential PI learning rule, the network can be used to store and retrieve patterns and
pattern sequences in real-time.
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