MAT 542 Complex Analysis I : Exercise Sheet Five

. The following functions have isolated singularities at z = 0. Determine the nature of each
singularity. If it is removable, define f(0). If it is a pole, find the singular part of the
Laurent series. If it is essential determine the image of a small anulus {z |0 < |2| < ¢}
under f.

a) f(z) = z"Hog(z + 1) b) f(z) = zcos(z71)

c) f(z) =1 —e)7! d) f(z) = 2"sin(z7")

. Find all singularities of f(z) = (sin(z7'))~'. Which are isolated and which are not?

. A function f defined on {z||z| > R}, R > 0, has a removable singularity, a pole, or an
essential singularity at infinity if f(27') has the same.

a) Prove that an entire function with a removable singularity at infinity must be a con-
stant.

b) Prove that an entire function with a pole of order m at infinity must be a polynomial
of degree m.

. Suppose that f is analytic in the punctured unit disk B(0,1) — {0}, except for a sequence
of poles {a,,} which converge to zero. Let A be an complex number. Show that there is a
sequence {z,} of complex numbers which converge to zero and such that limf(z,) = A.

A 1 S 1
exp {5 (z—l—;)} :ao—l—z (z"—l—z—n)
n=1

for 0 < |2] < oo, where

. Let A € C. Show that

s
a, = — [ e cosnt dt.
T Jo

. Let A > 1. Show that A — z — e~* = 0 has exactly one solution in {z = = + iy |z > 0},
and this solution must be real. What happens as A — 17

. [The Minimum Principle] Suppose f is a non-constant analytic function on a bounded
open set GG, and continuous on the closure G. Prove that either f has a zero in G or |f]
attains its minimum on 0G.

. Let 0 <r < Rand put A= {z|r <|z| < R}. Show that there is a positive number € > 0
such that for every polynomial p,

sup{|p(z) — 27| |z € A} > e.
This says that 27! is not the uniform limit of polynomials on A.

. If f: G — C is analytic except for poles, show that the set of poles of f cannot have a
limit point in G. Find an example with a limit point on the boundary 0G.
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Let f be analytic on the open unit disk B(0,1), continuous on B(0,1), and |f(z)| = 1
whenever |z| = 1. Prove that either f is constant or it has a zero in B(0,1).

Suppose f : B(0,1) — C satisfies Ref(z) > 0 for all z in B(0,1) and suppose that f is
analytic and not constant. Show that Ref(z) > 0 for all z € B(0,1).

Suppose |f(z)| < 1 for z € B(0,1) and f is a non-constant analytic function. By consid-
ering the function g : B(0,1) — B(0,1) defined by

_ f(x)—a
9(z) = ?f(z)

where a = f(0), prove that

[£(O)] =[]

o LFO) e
T e = A=

— £ 0)] - 12|
for |z] < 1.

a) Does there exist an analytic function f : B(0,1) — B(0,1) with f(1/2) = 3/4 and
f(1/2) =2/37 If so, find such an f. Is it unique?

b) Does there exist an analytic function f : B(0,1) — B(0,1) with f(0) = 1/2 and
f(0) = 3/47? If so, find such an f. Is it unique?

Suppose f is analytic in a region containing B(0,1) and |f(z)| = 1 when |z| = 1. Suppose
that f has a zero at z = (1 +)/4 and a double zero at z = 1/2. Can f(0) = 1/27?

If f(2) is analytic and Imf(z) > 0 for Imz > 0, show that

|f(2) - f(20)| > |Z—ZO|
1f(2) = f(z0)] — |7 = ol

e e
z
< - where z = x + 1.
Imf(z) ~y
Show that |f(z)] <1 for |z] <1 implies

£(2)] |
T~ /()P = 1- [P

Let f be analytic on the upper half-plane H, and |f(z)| < 1 for all z € H. Find a sharp
upper bound for |f’()|, and find all functions which give equality.

Let f be analytic on C except for isolated singularities ay, as, ..., a,. Define the residue
of f at infinity to be the residue of —z72f(z7!) at zero. [Why would we define it in this
way?] Prove that

Res(f;00) + En:Res(f;ak) = 0.

k=1



19. Calculate the following integrals:
dx b) [ costd gy

fO m2+1 (z2+2) 0 x

C fO Wd@ where a >1

20. Calculate the following integrals:

a) f—oooo fi/; dx b) fooo 11:3%)261‘75
c) fo 13?;726 dx

21. Let 7 be the rectangle from n—l—%+m’ to —n—%—l—m‘ to —n — % —nt ton+ % —ni then

back to n + % + ni. Evaluate
/ meotmz
72dz
L (2 +a)

where a is not an integer. Show that as n — oo the integral tends to zero. Deduce that
2 > 1

D S
sin’ra (a+n)?
n=-—o00

Finally, by substituting a = %, show that
~(2n+1)2 8

22. Show that a single-valued analytic branch of /1 — 22 can be defined in any region such
that the points +1 are in the same component of the complement. What are the possible
values of

/ dz
v V1— 22

over a closed curve in the region?



