Name: Chef Time allowed: 50 minutes.
Calculators are not allowed.

M369 Linear Algebra (section 1) : Solutions to 1st Midterm Exam

Problem 112131415 | 6 | Extra Credit | Total
Score
Maximum | 12 | 15| 18 | 20 | 15 | 20 (15) 100

1. Determine whether the following subsets of vectors in R? are vector subspaces.

T
a) all vectors | mo such that x1 — 29 + 23 = 0;
xs3

Yes, it is a subspace. If x and'y satisfy x1 —xo +x3 = 0 and y1 — y2 + ys = 0 respectively, then
1+

their sumx+y = | x2+1ys | satisfies
T3+ Y3

(1 +y1) — (224 y2) + (3 +y3) = (1 — 22+ 23) + (Y1 — Y2 +y3) =0

AT
and the scalar multiple ax = | axy satisfies
T3

ary — axe + axrz = a(ry — o + x3) = 0.

Therefore the subset is closed under vector addition and scalar multiplication. It is clearly
non-empty.

x
b) all vectors | o such that xyxex3 = 0.
T3

No, it is not a subspace. Rather than writing down a general equation here, it is better to find a

1 0 1
simple example: 1 and | 0 both belong to the subset, but their sum | 1 does not.
0 1 1
Therefore the subset is not closed under vector addition. Note however that it is closed under
aTy
scalar multiplication, for if X satisfies x1x0x3 =0 then ax = | axy | satisfies
QT3

(az)(axs)(axs) = a®(r17973) = ®.0 = 0.



2. Solve the system of equations

$1+3$2+1’3+21’4 =
201 + 79+ 323+ b2y =
31’1+7$2+1’3+41’4 =0

and write down a basis for the solution space.

The coefficient matriz and reduced row echelon form are

1 3 1 2 1 0 -2 -1
2 7 3 5 and 01 1 1
3 71 4 00 0 O
So x5 and x4 are the free variables and the solution is all x € R* such that x; = 2x5 + x4 and
To = —x3 — x4. In other words, the solution space is
T
{ To €R4| T = 223+ T4 )
Z3 Lo = —T3 — T4
Zyg
which is the same as
2x3 + x4 2 1
{ —T3 — X4 — —1 +x -1 }
T3 - 1 4
T4 0 1
2 1
. . . —1 —1
Thus a basis for the solution space is 1 , 0



3. For each of the following sets of vectors in R3, determine whether they are linearly indepen-
dent, whether they span R?, and whether they form a basis for R3.

4 9
a) [vi,va] = 91, 1 ;
1 4

Two vectors in R® cannot span and cannot form a basis. They are linearly independent since
neither vector is a multiple of the other.

2 0 1
b) [V17V27v3] = 1 ) 2 ) 0 3
0 1 2

The determinant of the corresponding 3 x 3 matrix is 9. Since this is non-zero the vectors are
linearly independent. Now in general n vectors in R™ are linearly independent if and only if they
span R™. Therefore the vectors also span R3, and thus form a basis. We could also consider

100
the corresponding 3 x 3 matrixz, and show that it’s reduced row echelon formis [ 0 1 0
0 01
This has rank 3, so the vectors span R and are linearly independent.
0 0 0 1
C) [Vl,V27V37V4] = 0 ) 0 ) 1 ) 1
0 1 1 1

Four vectors in R must be linearly dependent. Moreover, any set of vectors containing the zero
vector must be linearly dependent. This implies that they cannot form a basis. They span as
an arbitrary vector in x € R® can be written

T 0 0 1
o | =(xz3—a2) [ O | +(wo—z1) | 1 |+ | 1
3 1 1 1

This can also be seen by calculating the reduced row echelon form of the corresponding 3 X 4
matrix, and observing that it has rank 3. However, it does not make sense to talk about the

determinant of this matriz: only square matrices have determinants, whereas this matrix is
3 x 4.



4. Let A be an m X n matrix.
a) Define the rank and the nullity of A, and state the Rank-Nullity Theorem.

The rank of A is the dimension of the row space of A. The nullity is the dimension of the null
space N(A) = {x € R"|Ax = 0}. The Rank-Nullity Theorem says that the rank plus the nullity
of A is equal to n, which is the number of columns of A.

b) Prove that if the rank of A is less than n, then there exists a non-zero vector x € R" such
that Ax = 0.

Suppose the rank r of A is less than n. By the Rank-Nullity Theorem, the nullity is equal to
n —r, which must be greater than zero since r < n. Therefore the null space N(A) has positive
dimension, and in particular is not just the zero vector, N(A) # {0}. Thus there ezists a
non-zero vector x € R™ in the null space N(A), i.e. a vector x such that Ax = 0.

Another way to solve this is to observe that the rank r is the number of non-zero rows in
the reduced row echelon form U of A. FEquivalently, r is the number of lead variables. Since
there are n columns, this means there are n —r > 0 free variables. So there is at least one free
variable, which means Ux = 0 has a non-trivial solution x. This non-zero vector x will also be
a solution of Ax = 0.

Warning: If you mention “vectors of A” you should specify whether you mean row or column
vectors of A. Also, “dimension of A” doesn’t really have a meaning. Similarly, the determinant
of A only exists when m = n.



5. Determine which of the following are linear transformations from R3 to R?.

0
a) L(x) = ( T+ 13+ 23 );

No, this is not a linear transformation. For example,

0 0
0 0

L| 2 :( )#2( ):2L 1

0 4 L 0

so L is not compatible with scalar multiplication.

01569 = (101 )

[Hint: First expand and simplify the right hand side.]

Yes, this is a linear transformation. Ezpanding and simplifying gives

L) = ( (22 + 2z, + 1)2?(93? — 2z +1) ) - < iii ) '

Therefore
AT
Liax)=L| azy | = ( 2ty ) =« ( 205 ) = aL(x)

4oy 4xq
T3

and

Lix+y)=L 2132 = ( 2z + 1) ) = ( 20> ) + < 202 ) = L(x) + L(y)

A(z1 4+ Y1) 4x4 4y

T3+ Y3

for all vectors x and 'y in R? and o € R.



6. Let L be the linear operator on R? given by

= (1)

a) Write down the matrix A representing L with respect to the standard basis for R?.

We calculate the columns of A:

Therefore

b) Write down the matrix B representing L with respect to the basis

i [()-(3)]

The transition matrixz to change from the basis F' to the standard basis is

(1)
sesas= (5 A (DN ) ()

9 _
1 3
from R? with the basis F' to R? with the standard basis. The matriz B is the matriz representing
L as a linear transformation from R? with the basis F' to R? with the basis F'. For instance,
the second column of S™1A is

Therefore

Note that S™'A = <

) would be the matrix representing L as a linear transformation

L(uy) = ( _37 ) wrt the standard basis.
To get the second column of B we have to rewrite this wrt the basis F'. We find that

( _37 ) wrt the standard basis = —9u; + 4u,

and thus the second column of B is ( _49 )



[EXTRA CREDIT]

7. a) Find the transition matrix corresponding to the change of basis from

wn=[((2)] » s3]

1 2

9 5 ) and the transition

The transition matriz from [uy, ug] to the standard basis is U = (

2 5
1 3

e (3 2)(3)-(7 F)

b) If x = 3u; — uy, find the coordinates of x with respect to [vy, vol.

matriz from [vyi, va] to the standard basis is V = ( ) Therefore the required transition

matrix 1s

The coordinates of x wrt [uy, us] are < _31 ) Therefore the coordinates wrt to [vyi,Va] are

(5)=(7 ) (5)=(7)

i.e. X = —2vy + vao. To check this, you could calculate both 3u; — uy and —2vy + vy wrt the

standard basis; in both cases you would get . However, there is no reason to calculate

1
1
1
1
ingful. The whole point of S is that it changes coordinates wrt to [uy, uy] to coordinates wrt to

[V1, Vo], without any need to write the vector wrt the standard basis.

o : 1 , :
at the beginning of the problem, and certainly S 1 won’t give you anything mean-



