CHAPTER 6
m-Joinings

6.1. Polish Topologies

Our objective here is to produce topological dynamical systems,
that is to say actions of G by homeomorphisms of some topological
space on which the notions of arrangements and rearrangements are
given by continuous functions, such that to move from one measurable
example to another is to choose a different invariant measure on the
model. This will allow us to topologize the set of all rearrangements
by a weak™topology on this space of measures. To accomplish this,
the topological space must be rather elaborately defined, and in fact
cannot be compact.

Sufficient to our purposes though they will all be Polish spaces in
that the topological space is metrizable and, for some choice of metric,
is complete and separable. Usually we will give explicit metrics for
these spaces, and quite often they will not be complete for that metric,
but will always sit as residual subsets of their completion, as this is a
universal property independent of the choice of metric. We will rely in
an essential way on the results of Varadarajan [49] that the space of
probability measures on a Polish space is again a Polish space in the
weak™ topology of convergence on bounded continuous functions.

Recall the following definition.

DEFINITION 6.1.1. [5] A topological space (X, 7) is called a Polish
space if it can be metrized as complete and separable metric space.

Polish spaces are functorially quite robust. Of particular interest
to us, are those listed in the following lemma.

LEMMA 6.1.2.

i. Any countable set in the discrete topology is a Polish space.
ii. Any countable product of Polish spaces (in the product topology)
s a Polish space.
iii. Any open, closed or Gs subset of a Polish space is a Polish space.

PROOF. See [5]. O
95



96 6. m-JOININGS

One fact about Polish spaces, which will be important for our work,
is that a Polish space is a universal G, that is to say, a Gs-subset of its
completion, relative to any metric giving the topology. In particular,
we have the following lemma from [5].

LEMMA 6.1.3. Let X be a Polish space. Then a subspace of X is
Polish iff it is a Gs in X.

PROOF. See [5]. O

DEFINITION 6.1.4. Let M(X) be the space of real valued Borel
measures on the Polish space (X,7) (we suppress the topology in the
notation). Let My(X) be the probability measures in M(X).

THEOREM 6.1.5. ([49]) In the weak™ topology of convergence on
bounded continuous functions, M is again a Polish space.

PROOF. Theorems 14 and 17 of [49] give this result. Note: Topo-
logically complete and separable is equivalent to Polish. O

We find the following picture useful to understand this result.

LEMMA 6.1.6. (X, 7) is Polish if and only if it is a residual subset
of some compact metric completion.

PRrROOF. If (X, 7) is a residual subset of some compact metric space,
it is separable, and as any (s subset of a complete metric space is
topologically complete we have one direction of the proof. For the
other, suppose (X, d) is a complete and separable metric space. Let z;
be a countable and dense subset of X. Define a map

h(z) = {d(wi, )12,

It is easy to check % is 1-1 and a homeomorphism to its image in RY
with the product topology.
For each z; and j > 1 define an open set O, ; C R by

Oi; = {7 |d(zy, ;) — x| < 277 for all & < max(i,7)},

that is to say, all vectors ¥ which are within 277 of h(x;) on coordinates
1,2,...,max(z, 7). ‘
For any x € X there is an ¢ with d(z,z;) <277 and hence for all k,

|d(zg, ) — d(zp, 2)| < 277 and so h(z) € O, ;.
Thus O; = |J; O;; is an open cover for the range of h, and

range(h) C ﬂ O;.
J
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Suppose § € (); O;. Then in fact there must be a sequence i(j) with
7=,
J

(it is easy to see that such an intersection is at most a single point.)
Thus in particular for any 5 > 1,
|d(zi): i) — vieh] = lvin] <27

and as we know for any j' > max(¢(j), 1),
(i), wigin) — yigp| <27 <27,
|d($i(j)7$i(j')| <27*

This implies z;(;) is Cauchy in X, converging to some .

For any k > 0, if sup(j,i(j)) > k then |d(zx, zi(;)) — ye| < 277. As
J =+ 00, d(zy, ziry) — d(xk, ) and so h(z) = y. and range(h) =), O;
is a G5 subset of RY. Now R™ can be compactified as a residual subset
of [0,1]" and hence (X,d) can be embedded as a (G5 subset of this

compact metric space. 0

LEMMA 6.1.7. If (X,7) is a Polish space and Y C X is a G
subset (and hence Polish) then M(Y') consists of the subset of M(X)
of measures supported on Y with the inherited topology.

PRrROOF. This is a direct consequence of Theorem 2.7, page 368 of
[17], that if m; — m in M(X) and ¢ is bounded and continuous m-a.e.,

then
/gduié/gdu-
X X

The above two lemmas tell us that we can view a Polish space as a
residual subset of a compact metric space, and its space of Borel mea-
sures as just the subset of Borel measures on the compactification, with
the inherited weak* topology. Most importantly, this is independent
of our choice of metric compactification.

To bring dynamics into the picture we say (X, 7,{7},},ec) is a Polish
G-action if (X, 7) is a Polish space and {7, },ec is an action of G on
X by homeomorphisms.

For example, if (G is countable and (X, 7) is a Polish space, then the
shift action of G on X¢ is a Polish G-action. If (G is countable notice
that, for this example, there is a metric compactification of X to which
the action of (G extends as homeomorphisms (if (C,d) is some metric
compactificication of X, then C“ is a metric compactification of X ).

O
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LeEMMA 6.1.8. If (X, 7,{T,},ec) is a Polish G action, G a count-
able group, then X has a metric compactification to which {T,},ec
extends as homeomorphisms.

PROOF. Embed X in X% by mapping z to {T,(z)},eq. Call the
map p. Note that p conjugates {7} },er to the shift action {o,},eq. Tt
is easy to see that p is a homeomorphism from X to its range. Let C
be some metric compactification of X, and d some metric on C'“ giving
the product topology. The pull-back d o p of d to X via p is a metric
giving the topology 7. The completion of X with respect to this metric
will embed via p isometrically to the closure of X in C'?, a compact
metric space. As p(X) is o-invariant, so is its closure. O

For (X, 7,{7,},ec) a Polish GG action, GG a countable and discrete
group, for any point @ € X, the set I(z) ={g € G : Ty(z) =z} is a
subgroup. Similarly, for any g € G, {z € X : T,(z) = z} is a closed
subset. For any subgroup H C (G we can define Xy = {2 : H = I(x)}.

LEMMA 6.1.9. For any subgroup H C G, {x € X : [(x) C H} isa
closed subset, and Xg is a Gs subset of it. In particular each Xp is a
Polish space.

PROOF. Certainly {z € X : [(z) C H} = ((,egiz € X : Ty(z) =

z} a closed set. Now

Xy={zeX:I(x) C H}\ |J{r e X :T)(z) =z}
g¢H
a closed set with a countable union of closed sets removed, hence a

Gis. U

LEMMA 6.1.10. Let (X, 7,{T,},ec) be a Polish G-action. The sub-
set of Mq(X) consisting of all {T,},eq-invariant measures is a (per-
haps empty) closed and convex subset of M1(X). The extreme mea-
sures are the ergodic measures for the action and every invariant mea-
sure is an integral of ergodic and invariant measures.

ProoF. If (C,d) is a metric completion to which {7, },c¢ extends
homeomorphically, then in M;(C') the invariant measures are a com-
pact and convex subset. Hence the intersection with M;(X) is rel-
atively closed. As M;(X) is a convex subset of M;(C), we obtain
convexity for the invariant measures.

If we write an invariant measure g as an integral of extreme invari-
ant measures in M;(C) (as we know we can, this is just the ergodic

decomposition)
p= / vdn(v)
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where 7 is a probability measure supported on the ergodic measures in
M;(C), it is an easy calculation that n-a.e. v must be supported on X,
that is to say must be in M;(X) as p is. Hence n must be supported
on the extremal measures in M;(X). It is clear that if y is ergodic for
the action on (' it is ergodic for its restriction to X is. O

This implies that the space of invariant probability measures for a
Polish G-action is a Polish space. We let M (X)) represent the invariant
(stationary) measures, and M.(X) the ergodic ones, suppressing the
other terms of (X, 7,{7,},ec} unless they are not obvious.

COROLLARY 6.1.11. Suppose (X, 7,{T,},ec) is a Polish G-action,
G a countable and discrete amenable group. The space of ergodic and
invariant measures M.(X) in the weak™® topology is a Gs-subset of

M (X) and hence is a Polish space.

PROOF. It is sufficient to prove this for (X,7) = (C,d) a compact
metric space where it is a standard consequence of the mean ergodic
theorem. O

The next definition and theorem are not precisely to our purpose,
but indicate a bit of the impact of this point of view, and are a first
case of the general machinery we are building.

DEFINITION 6.1.12. Suppose (X1, 71,T,) and (X3, 72,T}) are two
Polish G-actions, G a countable and discrete amenable group. Suppose
w1 and po, respectively, are ergodic and invariant measures for these
actions. The joinings of py and py will consist of all invariant mea-
sures for the Polish action (X1 x Xy, 7y X 19, {T) x 17 }yec) which project
to py and pq,respectively, on the two coordinates. We write this set of
measures as J(T1,Ty) suppressing all the space variables.

THEOREM 6.1.13. J(T1,T5) is a closed, convex subset of M (X7 %
X2). Any joining fi € J(T1,T3) will be an integral of ergodic measures in
M. (X1 x X2) which must themselves be joinings. The ergodic joinings
themselves are a Gs subsel of M1(X1 x X3) and hence are a Polish
space.

PROOF. As in earlier arguments, we can again assume X; = ()
and Xy = (3 are compact spaces by extending the actions to some
metric compactification. In the context of compact spaces, the fact that
any joining is an integral of ergodic joinings is well known. As these
ergodic joinings project to py and py they are supported on X; x Xj.
As J(T1,Ty) is a closed subset of M;(Cy x Cy), and the ergodic joinings
are the intersection J(T1, T2) N M. (X1 x X3), an intersection of a closed
set and a (s, the ergodic joinings form a G O
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6.2. Modeling Pairs of Arrangements

We are now ready to introduce the explicit Polish G-actions we
will use to model arrangements and rearrangements, and ultimately
to define the notion of m-joinings for m a size. In this section we
will construct a natural Polish space modeling pairs a and 3 of G-
arrangements, that is to say a Polish topological space on which all such
pairs can be modeled by invariant measures for a fixed orbit-equivalent
pair of G-actions.

This is a dramatic shift in perspective. It is analogous to shifting
from the consideration of all ¥-valued partitions of some fixed space and
G-action to the space of all o-invariant measures on L. In the latter
there is only one partition of real interest, the time-identity partition.

Analogously in our case there will be only a distinctly limited and
precisely encoded set of arrangements and rearrangements of interest
on the spaces constructed. These will not be arrangments and rear-
rangements in the precise sense we have given earlier, as they will not
sit on a single measure space. Rather, they will be topological ana-
logues. There will always be a base arrangment which we will write as
a corresponding to the base action of G defined on the space. This
basic action will be some generalized “shift” action which will be called
o = c*if it is truly a shift on a product space, or S = S* otherwise.
There will also always be some second arrangement (we are modeling
changes of arrangements after all) which we will label 3 with corre-
sponding actions o® or SP,

At times we will define the actions S® and S? as maps before dis-
covering that they are orbit equivalent. Furthermore, for most of our
work no measure will be specified. In the end though, two such actions
will be orbit equivalent, but may not be free. Hence the actions can-
not be said to give rise to arrangements o and 3. At such points we
ask the reader to regard this notation as formal and to look for later
clarification of what precisely a and 3 represent.

Later we will also consider full-group elements intrinsic to the con-
struction. In these models there will first be just one full-group ele-
ment which we will write as ¢, and later a sequence of them written
¢;. Whenever we use this bold-face notation we are indicating the
canonical elements of the construction and not an arbitrary element of
a full-group.

Our topological models will contain all pairs of arrangements, and
later all rearrangments, and convergent sequences of rearrangements,



6.2. MODELING PAIRS OF ARRANGEMENTS 101

not as distinct arrangments on one G-action, but as distinct invariant
measures on one canonical construction.

As usual (G is a fixed, countable and discrete amenable group, and
F; some Fglner sequence in it.

We will stick to certain notational conventions that should help
the reader follow some of the more technical twists we take. For a
G-action (Z,F, u, T®), the symbol p will always represent the function
from a point z to its name in Z9, i.e. p(z) = {T7(2)}4ec- The symbol
g will always represent a standard involution of the spaces involved.
The symbols 7 (w1, or my) will always represent the projection of a
product onto one of its coordinates, i.e. Z; x Z3 onto Z; or Z,. We will
develop more elaborate topological representations of a G-action than
simply the shift map on Z“. Under these circumstances we will us L to
represent a labeling of the action by some more elaborate coordinates.

Remember that to any two arrangements o and 3 and x € X we can
associate a bijection h2? : G — (& which describes the manner in which
(3 arranges an « orbit. Similarly, to any rearrangement pair (a, ¢) and
point z € X we associate a map f>? which describes how ¢ moves
points on the orbit of = as seen by the a-arrangement of that orbit.
The actions T and T (or T°?) act on the spaces of such functions
in an equivariant fashion by acting on the point x. It is these actions
on the corresponding functions that we wish to model topologically.
Keeping this in mind will make our definitons and calculations more
transparent.

Let G be the set of all bijections of GG fixing the identity, that is
to say, the collection of all maps A : G — (' that are 1-1 and onto
and with h(id) = id. These form a group under composition. We can
topologize G as a subset of G, putting on G the product topology
as a product of discrete spaces. It is an exercise that the group action
of composition is jointly continuous, and the map ¢ : b — h™! is a
homeomorphism of G. This is our initial version of the involution q.

In Section2.1 we gave an explicit metric d for the space G making
it a complete metric space. Recall that this metric was invariant for
the involution ¢ : h — h~'. It is useful to notice that G is a zero-
dimensional space, and so in G x G those pairs (hy, hy) with d(hy, hy) < d
for any d form a clopen set.

Also keep in mind the basic description of the topology as the weak-
est topology for which all the functions g : o — h(g) are continuous.
This is a separable topology (for each g; there are only countably many
choices for h(g;)), and hence G is a Polish space.

There are two natural actions of G on G. We will call them S and
5P even though we will not see the arrangments for a while, and in fact
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as the actions are not free, we cannot formally call them arrangments.
They are given by

S5 (h)(k) = h(kg)h(g)™
and
SP(h) = Speagy(h)
SP(h)(k) = h(kh™'(g))g™".

THEOREM 6.2.1. The collections of maps {S&}geq and {59} e
are both G-actions on G by homeomorphisms. As S*(h) = Sf(g)(h),

they are orbit equivalent. They also are conjugate as the map q conju-
gates Sg¥ lo Sgﬁ.

PRrROOF. The following two calculations explain why we have G-
actions:

So 0 Sgy(h)(k) = S5 (S5 () (k)
= Se(h) (k) (S (R) (1))
= h(kg1g2)(h(g2))" ( (9192)h(g2)7")
= h(k9192)h(9192) S;gQ(h)(k)

and for SP showing the conjugation of S to Sg will suffice:

-1

q(Sg(R)) (k) = (S (h) ™ (k) = h™" (kh(g))g™"
= S (") (k) = S5 (a(h)) (k).

g

As (G is a group this implies that all the maps S7* and Sgﬁ are 1-1.
As the topology is the minimal one making all h — h(k) continuous, to
verify continuity of S is just to verify continuity of A — S¥(h)(k) =
h(kg)h(g)™', which has the same level sets as h — h(kg) which is

continuous. That Sg is continuous is the same argument.

O

It is evident that the action of S is not free (in particular, the
identity bijection is a fixed-point of the G-action). Hence we cannot
speak of arrangements associated with the two actions in the form of
maps from the orbit relation to G. We almost can though up to the
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