CHAPTER 4

Copying Lemmas

Copying lemmas play a pivotal role in Dye’s Theorem [8], Vershik’s La-

cunary Isomorphism Theorem [50] and most significantly in Ornstein’s
[somorphism Theorem for Bernoulli shifts. The Burton-Rothstein ver-
sion of this last result puts them in an even more central role as the rest
of the argument becomes soft analysis. We are generalizing from this
Burton-Rothstein perspective of course, making the core of our equiv-
alence theorem rest on category. Copying lemmas will play a pivotal
role for us in two contexts. First in the equivalence theorem they will
play the same role as always, allowing one to copy partitions and in our
case full-group elements from a joining of two systems into one of the
two. We will also use a copying lemma as a basic tool in our develop-
ment of m-entropy to show that sizes are either “entropy-preserving”
or “entropy-free”.

These two applications have one fact in common. As indicated
above one must copy not only partitions but full-group elements. Hence
we will have to investigate how one does this. These copying lemmas
will also have one very real difference. For use in the equivalence the-
orem one will want the copied process to have as much entropy as one
can hope for, but for use in the entropy theory, one will want the copy
to kill as much entropy as possible. Hence we really must give two
copying lemmas. They will be parallel in structure, but in assigning
names in one case we will try to make the assignment as close to 1-1
as possible, and in the second, as far from 1-1 as possible.

We have tried to make our copying lemmas “modern”, avoiding the
unnecessary use of Hall’s Marriage lemma and making no minimum
entropy-bound assumption on the image system. We do more here
than is essential for our work, hoping to provide a tool-box of copying
lemmas. The basic technical lemmas are Theorems 4.0.30 and 4.0.38.
We establish various corollaries of these that state explicitly the precise
technical versions we will use.

Let R = {H; x A;}?Y, be an e-Rochlin tower for T, (see Theo-
rems 3.0.12 and 3.0.13). For x € A; we set

S(z) ={z" € T(H; x {z}) : 2’ has a unique preimage in H; x {A;}}.
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These are the slices through the tower and are the atoms of a measur-
able partition of the tower image, given by

{z" € T(U(H; x A;)) : ' has a unique preimage in U (H; x A;)}.
We set

g9(x) ={g € Hi: Ty(z) € S(2)},

the slice viewed as a subset of H; C G.

Suppose ¥ is some finite labeling set and n; : A; — X assigns to
each z € A; a X, H;-name, that is to say, an element in XH:, We
want to describe the notion of painting the names n; onto the tower
{H; x AL,

For any 2z’ € S(z), and z € A; there exists ¢ € H; such that
' =T,(z). Set P(z') = n;(x)(g), thus defining a map

P : tower image — X.

To complete the definition of P we must extend P outside the tower im-
age. We will discribe how to do this, depending on the circumstances.
If no explicit description is given, then any extension will do.

As described twice earlier, first in Section 2.1 when discussing re-
arrangements, and later in Chapter 3 when developing entropy, for a
choice of symbol space ¥, finite or countably infinite, we can place
two measures of closeness (one a metric, the other a pseudometric) on
Y-valued partitions. These generalize what we have already described
as the L' and distribution topologies on rearrangements and on finite
partitions. Our description here is parallel to that given earlier.

If P, P, : X — ¥ then

!\PthHl:—Zu H(no) APy H(no)) = p({z : Pr(x) # Pa(x)})

- /d(Pl(:c), Py(x)) dp

where d is the discrete 0,1 Valued metric on Y. For any partition P :
X — ¥, we can define a map P:z—x¢ given by

P(z) = {P(Ty(2))}sec-

This is just the map taking = to its name. If ¥ is finite, then ¢ will be
compact in the product topology. If ¥ is countably infinite, adjoining
a single point at infinity, it becomes compact, and again we can regard
¥ as compact. Hence the space of probability measures on ¢ is a
compact and convex metric space in the weak*-topology.
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The distribution pseudotopology on Y-valued processes is this weak™
topology on the Borel measures ﬁ*(lu) It will be useful to have in mind
a way to verify that two processes are in fact close in distribution. We
lift to this context the distribution metric described earlier for both
rearrangements and finite partitions. For F' any finite subset of G,
the map Pr : z — {P(T,(z))},er maps X — ¥ which is an at most
countable set. Thus P} (i) can be regarded as simply a vector of masses
on ¥F and one can calculate the ¢; distance between these vectors,

Ty, Pr), (T, Po)|e = [P e (), P () -

For F; some increasing sequence of finite sets, exhausting G (for
example a Fglner sequence), we can define
o

(71, Pr), (T, Pl =) %K’Tn B), (13, P)

=1

F;-

Notice that as F; C Fiyq,
|(T17P1)7 (T27P2)|Fi < |(T17P1>7 (T27P2)

Figr-
Thus

H(Tlapl)v (T27P2)H* < |(T17P1)7T27P2) 7t 1/22 for all u.

We now proceed to demonstrate our copying lemmas. It will be
useful to restrict our attention to finite partitions.

If P is a finite partition, let ¥p be its range, that is to say, its
labeling set.

For a rearrangement (o, ¢) we have already associated a countable
partition

Jau)() = a(z, P(z)) = f2%(id) € G.

Notice that f% is precisely the 7%, 9(a,p)-name of the point z. We say
a rearrangement is bounded if the partition g 4 is finite, which is
equivalent to saying the values a(x,¢(z)) lie in some finite subset of

G.

DEFINITION 4.0.26. Given a tower {H; x A;}N,, we say a re-
arrangement (o, ¢) respects the tower if for any v € A;,2' € S(z),
o(z') is also in S(x), and for any other x', oulside the tower image,

o(z') =2’
Notice that a rearrangement (o, ¢) that respects a tower {H; x
A}, will be bounded, and hence g(4,4) will be a finite partition. Fur-

thermore any ¢ which respects a tower will be of finite order as its
cycles are at most slices through a tower.
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THEOREM 4.0.27. For any rearrangement (o, ¢) and € > 0, there
exvists K C G so thal if Hy, ..., Hy are (5, K)-invariant and if {H; x
A}, is an -Rochlin tower for T, then there exists ¢' € FG(O) so
that

1. (o, @) respects the tower {H; x A}, and
2. |9(00) Graonll <e.

In particular the rearrangement (o, ¢') is bounded and ¢' is of finite
order.

PROOF. Choose K finite so that u({z : gn.4)(z) € K}) > 1—%.

€

Suppose Hi,...,Hy are (£, K)-invariant and {H; x A;}Y, is an =-
Rokhlin tower for 7.

We identify a set of good points C' in each slice of the tower. For
x € Ai, 2’ € S(x), we say that 2’ € C if also ¢(z') € S(x). Notice that
for z € A;,

(a) ale!, 6(a)) ¢ K or

(b) a(z’,¢(z")) € K,z" =T, (x) for some g € H;,
but a(a, o(«"))g ¢ Hi, or

(c) ¢(z') € T(H; x A;) but ¢(z') doesn’t have
a unique preimage in H; x A;}.

Hence we compute that

@) zp( U S@)—p( U S@)\C)

> (1-— %) —uf{z’: (a) holds} — pf{z": (b) holds}
— p{z": (c) holds}
z(l—%—f—zu{ U TE(T(H; x A))AT(H; x A)}
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For 2’ € C define ¢/(2') = ¢(2’). Then for each slice S(z) we have
defined ¢’ : C'N S(z) — S(x). Furthermore

#{z' € S(z): ¢’ is not yet defined at z'}
= #{z' € S(z) : 2’ is not yet in the range of ¢'}.
Next, extend ¢’ to LZJT(HZ x A;)\ C so that for each z, ¢’ is a 1-1 map
from
{z' € S(z) : ¢ not yet defined at z'}
onto
{z" € S(z) : 2’ not yet in range of ¢'}.

This can be done measurably, since these two sets, as functions of x,
were measurably chosen.
Finally, outside of UX., T'(H; x A;), define ¢/ = identity.
This constructs ¢’ € FG(O) with ¢'|c = ¢, so that
19(a.6)> G|l <&
O

The following result will fill the gap for us between copying parti-
tions and copying full-group elements.

THEOREM 4.0.28. Suppose (a, @) is a rearrangement of the free
and ergodic G-action (X, F,u,T*). Given any e > 0 there exists § > 0
(depending on (a, @) as well) so that if P' : X1 — G is a partition of
the free and ergodic G-action (X1, F1, pu1, 1) salisfying:

(T, ga), (T, P ||« <6,
then there exists ¢’ in the full-group of T{" with
1P, gm0yl < &

Notice that we could immediately also obtain:

H(a,gﬁ), (a17¢/)”* < e

as this will be implied if the “c” and “§” in Theorem 4.0.28 are small
enough.

PROOF. As P’ maps X; — (@, we can construct an associated ele-
ment f,, € G% by

far(g) = PU(TY).
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The only issue is that H(f;,) might not, a.s., be a bijection of GG. If it

o

were then ¢'(z1) = 17 Pr(a) (1) would already be the full-group element
we are after.
Also note that if we construct ¢’ with

p{zy @ (1) # Pl(a1)}) <ef2
then we will have
1F"s g ol < e
To begin, select K C G so that
A={o:ale,d(x)) = [24(id) € K}
has
p(A) >1—¢/4.

Select K7 C G with id € K7 so that for any g ¢ Ki,1d ¢ KgK (i.e.
KK C K)).
Now choose § > 0 so small that if

(T, gag)): (T7, P« < 6
then:
i. Setting Ay = {z; € X1 : P'(z1) € K}, we will still have
/Ll(Al) >1-— 5/4

and:

ii. Setting G = {z; € X; : for some z € X, f*?|x, = fu,|K,} We
will have 1 (G) > 1 —¢/4.

Set G1 = A1 NG and pq(Gh) > 1 — /2. We claim that the map
Ty — Tloj]lj’(zl)(xl)

is 1-1 on G;. To see this, suppose for two points z; and 2} = T} (z1) €
(; we have

Tflew(zl)(l'l) = Tff};,(I,l)(x’l).
This translates directly to the identity

21 = Tk (p) () (%1)s

which is to say

H(f:)(9) = for(9)g S (id)™" = id.
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As both z; and ] are in Gy, both f,, (id) and f;,(g) are in K and
we conclude that g must lie in K;. But now since for some © € X we
have

f§7¢|1{1 = le |K17

we get that

fm(g)gle(id)_l = h§’¢(g) =id.

But for all z, h%? is a bijection of 7, and so ¢ = id.

On the set G set ¢'(x1) = ﬁ;,(zl)(:z:l). This is a 1-1 map, as we
just saw, and consists piecewise of elements of T}"'. Hence it must be
measure preserving. This means that the two sets Gf and ¢'(G1)° have
the same measure, which is in fact less than £/2. It is a standard fact,
and also a rather simple exercise using the Ornstein-Weiss Rokhlin
lemma and mean ergodic theorem that in a free and ergodic system
like the T system there will always be full-group elements taking any
one set to any other, as long as the two sets have the same measure.
This means that ¢’ can be extended to a full-group element that takes
G5 to ¢'(GH)°, finishing the result. O

To any e-Rochlin tower R = {H; x A;}I¥, for T, we can associate
a tower partition Ilg by

(1,5(x)) ifze A
My =
(0,0) for all other z.

LEMMA 4.0.29. For anye > 0 and N, there exists § < % such that
if R={H; x A;}, is a 8-Rochlin tower with #H; > , for all i, then
H(HR) <E.

PROOF. First notice that, for all 7,

| 5
) < < .
MA)S AT STog <

Each A; is partitioned by a choice S(z) into at most (511;[}1, ) sets. Thus

N
1 1
#H,;
H(HR) < —25N1n(25) + T ZEZI myz 1n<5#H¢) < e,

if 0 is chosen small enough. O

We now prove the first basic copying lemma. The proof follows
fairly standard lines, but a number of parts in the statement are a
bit different from the usual. We have tried to tie together in this one
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result all of the copying type arguments we will need. In the corollaries
following the proof we will specialize to the variety of cases we will use.

THEOREM 4.0.30. Suppose (X, F,pu,T) is a measure preserving
ergodic G-action and P : X — Xp and () : X — Yg are lwo finile
partitions. For any ¢ > 0 there is a & > 0 salsifying the following.
Suppose (X1, F1,p1,T1) is another measure preserving and ergodic G-
action, and ()1 : X — Xqg is a parlition salisfying

L. H(Tth)v (TaQ)”* < 4.
Then there exists a partition P’ : X1 — Yp satisfying:
V(T PV @), (T, PPV Q)| <e, and
2. h(Tla P/) > (h(Tlv Ql) - h(T7 Q)) + mln{h(Tv P)ah(Ta Q)} —&.
PROOF. Fix e. Let 15 = [logy(2/¢)] + 1 so that if

(T, PV Q),(T1, P'V Q1)

we will have obtained (17).
Let

Fi, <€/2

a=min{u(f): p(f) >0 and fis an atom of VvV T,—1(PVQ)}.

g€Fy,

Let ng be the number of elementsin \/ T,-1(P V Q). Let
g€F;,

~ € a
°T <1o> T
Choose K C GG with F;;, C K, choose § and N so that, by Theo-
rem 3.0.12, for any (4, K)-invariant sequence Hy,..., Hy, we can con-
struct an z-Rokhlin tower, R = {H; x A;}Y, in any free ergodic G-
action (in particular, (X, F1,u1, T1) once it is chosen).
Fixing N, we will place further requirements on the sets Hy, ..., Hy,
as follows:

1. for any z-Rokhlin tower R = {H; x A;}Y,, by lemma 4.0.29,

&
H(llR) < =
() < 157
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2. for any atom f € \/ T,-1(PVQ), by the mean ergodic theorem,
gEFiO

N 4T, - u(f)h < &

geH;

#H
3. letting
Ci(P)=A{f € V T,(P): p(f') = 27 EPERFEY, and

Ci(Q) =1{f" € gE\/H‘Tg_l(Q) Cu(f1) = 2~ (WTQUETI#H: Y

the H; are sufficiently invariant that the Shannon-McMillan the-
orem (Corollary 3.0.17) gives u(C;(P) N C;(Q)) > 1 — &% and

4. the H; are so invariant that
#(F HiAH)
#H;
Set

{fE \/T (PVQ): for some z € f and all

geH;

Je .y Tm(PVQ), Zlf (f)|<€}.

QEH

By (2), above, we know that u( U f) > 1 — &2 Define
feD;

feb;

Bi = {f” € Ci(Q): p(f" N (LU f)) = (1 —&)u(f") and

(ﬂﬂ@w(ﬁwzﬂ—@Mﬂ%-
One calculates that 'u(f“LeJEifH> > 1 — 3¢
For f" € F;, let
n(f")={f €Ci(P): [=["n[ €D}
We know that for each f "e F;,
o (f Nf") > (1 =28)u(f").

fe

We want to assign to each f” € F;an atom f’ € n(f"). This assignment
need not be 1-1, but we want to control how close it is to being 1-1.
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Choose a model non-atomic measure space (M;, ) of total mass

i, 0 () > 1= 3

frek; flen

Partition M; into pieces labeled by sets f'0 f", f" € E;, f' € n(f"),
each of mass p(f' N f”). In this model, a set f’ is just a union of all
sets labeled f' N f”, and similarly for f”.

Choose an integer N; with

logy(Ni) = | AT, Q) — min(A(T', P), h(T', Q)) + —

(Note that this requires #H; > 12.)

Refine each atom f' N f” in the model into N; sets of equal mass,
labeled {1,..., N;}. Let fi be the union of pieces whose first label is
f" and third label is 57 € {1,..., N;},

fi= Y (rnrrag).

f/l

g
+ —| #H,.
10 #

We calculate that

for all f" € Ci(Q).

3 1
Making sure that 16—0;#9[-[Z > log(=) we see that v(f!) < cv(f").
5

Select a 1-1 map
pE2_>{f]/]:17277N27 f/EOZ(P)}

with the condition that p(f”)N f” # 0, and such that v(Domain(p)) is
of maximal size. Let U; = Domain(p).

We claim that v(U;) > 1 — 42. If not, then there is a collection
U, of atoms f"” € F;, not in the domain of p, with v(U; ) > £. Let

= {f} € Range(p)}. Since pis 1-1 and each v(p(f")) <& (f"),
we see that v( ) < & ence there must exist some f” € U; and
fi e suchthat f”N fi# 0 and p could be extended to f” by setting
p(f") = f}. his contradicts the maximality of U; completing the claim

If p(f") = fi where f} = f,,LEJE,(f’ N f"Nj), then define

(/= (e p,
the T, p, H;name of [’
We are now ready to select . or any free and ergodic -action
( 1, 1,p1,T1) and partition @1 : 1 — ¢, orany f” € eH‘T 1(Q),

?



















































