CHAPTER 3

The Ornstein-Weiss Machinery

In this section, we describe the constructive tools we will need in or-
der to continue with our work. From the beginnings of the Ornstein
approach to constructive ergodic theory and in particular the Isomor-
phism Theorem it has been understood that there are three basic tools
necessary to work constructively with dynamical systems. These are
some version of the Rokhlin lemma, some version of the Ergodic the-
orem and some version of the Shannon-McMillan theorem. It has also
been understood for some time that a natural context in which all these
results hold is that of locally compact and amenable groups. The re-
sults described here are lifted almost verbatim from the seminal work
of Ornstein and Weiss on this subject [28]. We include them here to
provide the reader with ready access to them and as in places we vary
their statements slightly. Since we will consider only countable discrete
amenable group actions, we do not need the most general form of their
results. Thus, for clarity, we have stated these results in the context
of discrete group actions. Furthermore, we have opted for a classi-
cal description of entropy, using finite partitions and name-counting
techniques.

Two notions of essential invariance of finite subsets ' C G are
central to [28].

DEFINITION 3.0.8. Let 6 > 0. Let K C G be a finite sel. A subsel
F C G is called (6, K)-invariant if

#(KK~'FAF)
#F
To say thal a set I is sufficiently invariant means that there exist
d >0 and a finite set K C G such that F is (6, K)- invariant.
To say thatl a list of sels Fy, Fy, ..., F} is sufficiently invariant is

to say that there exist § > 0 and a finite set K C G, such thal, setting
Fo =K, for each j € {1,2,...,k}, the set I} is (8, F;_1)-tnvariant.

< 4.

We now describe our version of the Ornstein-Weiss quasi-tiling the-
orem.
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46 3. THE ORNSTEIN-WEISS MACHINERY

DEFINITION 3.0.9. A finite list of sets Hy, Hy,..., Hy C G, with
id € H;, for allu, is said to e-quasi-tile a finite set F' C G if there exist
“centers” ¢;j, 1 =1,2,...,k, j =1,2,...,1(1), and subsets H;; C H;
such that

1. #Hi,j Z (1 - E)#Hi, fO?‘j = 1, e ,Z(Z),
2. the H; jc; ; C F are disjoint, and

3. #(UHijcij) > (1 —e)#F.

THEOREM 3.0.10. [28] Given € > 0, there exists N = N(¢) such
that in any countable discrete amenable group G, if Hy, ..., Hy is any
sufficiently invariant list of sets, then for any D C G that is sufficiently
invariant (depending on the choice of Hy,..., Hx), D can be e-quasi-
tiled by Hy,..., Hy.

This theorem is the essential content of Theorem 6,1.2 [28]. Our
definition of e-quasi-tiling is slightly different; weaker in that we do
not ask that H;c;; N Hrcpy = 0,7 # k, and stronger in that we require
H; jci; C F. Obtaining the latter from Theorem 6,1.2 [28] is easy if D
is sufficiently invariant and N is fixed.

We have described this result, as the picture it gives makes much
of [28] more accessible. We will not go further into the development of
families of tilings, which are the essential tools of their proofs. Rather,
we will move on to state their principle results. In particular, we will
discuss their version of the Rokhlin and strong Rokhlin lemmas, which
can be regarded as dynamical versions of the tiling theorem.

Suppose (X, B, ) is a standard probability space. Suppose T is a
measure preserving free action of G on X. For a finite set I’ C G and
measurable subset A € B with u(A) > 0, consider F' x A C G x X. As
a measure on F' x A, put the direct product ¢ x g of counting measure
¢ and p. Consider the map 7' : F' x A — X given by T(g,z) = T,(z).
On each level set g x A, T is 1-1 and measure preserving. On any fiber
set I x z, T is again 1-1. We definitely do not expect T' to be 1-1 on
F x A. It is clear, though, that T' is nonsingular and, at most, #F to
1. In particular, if 7" is j-to-1 at = € X, then

dT (;x,u)(x) _;
1

Rokhlin lemmas concern the degree to which maps 7', as above, can
be made 1-1. In particular, within a set F' x A, one can look for large
subsets S on which T is 1-1. We will ask that S be large in a rather
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strong sense. For S C F' x A, we get a counting function, defined on
X, given by

cs(z) =#{g € F;(g,z) € S}.

Of course
(ex 1)(8) = [ esla) duta).

Set
¢(S) = min es(x).

z€A
DEFINITION 3.0.11. We say that F' x A maps an e-quasi-tower
if there exists a measurable subset S C F' x A such thatl

1. T|s is 1-1, and

2. ¢(S) > (1 — )4 F.

The e-quasi-tower itself is T'(F x A) C X. Notice that we may
always assume T'(S) = T'(F' x A). Also notice that if there exists an S C
F x A, such that T"is 1-1 on S and (¢ x p)(S) > (1 —&?)(ex u)(F x A),
then there must exist an A" C A, with p(A’) > (1 —e)u(A), such
that es(xz) > (1 —e)#F, for all x € A’. Hence F' x A’ maps to an
e-quasi-tower.

We now state our version of the Ornstein-Weiss Rokhlin lemma .
It is only a minor modification of Theorem 5,11.2 of [28].

THEOREM 3.0.12. [28] Suppose G is a discrele amenable group.
For any ¢ > 0, there exist § >0, K C G and N = N(¢) such that for
any sequence Hy, ..., Hy of (0, K)-invariant subsets of G, and any free
measure-preserving G-action T = {T,},eq, acting on (X, B, p), there
exist sets Aq,...,An € B such that

1. each H; x A; maps to an e-quasi-tower R; in X,
2. fori#£j, RiNR; =0, and

3. (U, R) > 1 —e.

A collection of sets of the form {H; x A;}Y, satisfying (1), (2) and
(3), we call an e-Rokhlin tower.
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As we indicated earlier, Ornstein and Weiss prove this for a slightly
different notion of e-quasi-tower. We commented above that using &?
in their result gives the ¢ in ours.

Their statement differs slightly in another respect. They partition
each A; further into sets A; ; with T" actually 1-1 on each H; x A; ;. In
fact, for any set A € B, and finite set H C (G, A can be partitioned into
a countable list of sets A; with 7" 1-1 on each H x A; simply because
T acts freely. Hence this added structure is automatic.

THEOREM 3.0.13. [28] Given any finite partition P of X, one can
select the sets A; in Theorem 3.0.12 with
A L gE\/HiTg—l(P).
PROOF. This result is Theorem 6,11.2 of [28]. Again, we have stated

a slightly strengthened version. The important observation from The-
orem 6,11.2, is that setting “c”= £/10, one obtains N and (4, K') for

Theorem 3.0.12. Then for (6, K)-invariant sets Hy, ..., Hy, one is now
at liberty to choose a finite partition (), which we set to be
vV T,~1(P).
gEUH; 7 1( )

Theorem 6,11.2 contains an extra parameter § with A; 1% Q. But as
Ornstein and Weiss point out following the proof, by slightly shrinking
the A;, one obtains strict independence. O

We now describe the entropy of an ergodic, measure preserving
G-action. We use a name-counting approach, as described in [37].
Because we are considering only discrete amenable group actions, the
entropy function we describe appears simpler than that described by
Ornstein and Weiss in [28], where they consider names that take values
in some compact metric space. Here we will count names that take
values in some finite partition (or state space). In fact, though our
approach appears to be different, the entropy function we describe is
the same as that described in [28].

DEFINITION 3.0.14. A finite partition of a set X is a map P from
X to some finite symbol space. We will write the symbol space as Xp
which is simply the range of P. By the cardinality #P of course we
simply mean the cardinality of YXp.

Later we will consider partitions where the nature of the state space
is important, but for considerations of entropy it is simply their cardi-
nality that will come into play.
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Nonetheless it is convenient to use symbol spaces as, for example,
the partition P V @) is then easily described as the tensor product of
the two partitions.

We can topologize the Y-valued partitions of a fixed space X with
an L' metric | Py, Py|jy = p{z; Pi(z) # Py(z)}. This is usually referred
to as the partition metric.

We can also topologize the partitions taking values in ¥ with a
distribution topology. This is actually a pseudo-metric topology. As we
saw when we considered the distribution topology on rearrangements,
this is a weak™-topology on measures.

To any finite partition P labeled by ¥ we can consider the map to
names.

P(z) = {P(Ty(2))}sec € .

As X% is compact and metrizable the dual of the continuous functions
is precisely the space of Borel measures. The shift action ¢ of GG acts
on names in ¥¢ and P conjugates the action of T' to that of . Hence
ﬁ*(lu) is a o-invariant Borel probability measure. Hence we can pseudo-
topologize the “process” (that is to say, a G-action (X,F,pu,T) and
partition P (usually abbreviated just (7', P)) with the weak™ topology
on ﬁ*(lu) We give an explicit metric giving this topology as follows.
For a Fglner sequence {F}}, for each ¢, consider the finite names N; =
{n: F; = ¥}. For each i and n € N; define the cylinder set associated
with such a name by

C(n) = {7 € X9 :7i(g) = n(g) for all g € F;}.

All such sets are clopen and so their characteristic functions are contin-
uous. Furthermore the finite linear combinations of such characteristic
functions are uniformly dense in the space of continuous functions.
Hence to say m; — m weak* for Borel measures on {1,..., N}% is
equivalent to saying m;(C(n)) — m(C(n)) for all names n € N; and
all 7.

For each 7 we can define a pseudometric on the Borel probability
measures on X by

Iy, ma|* = % Y Imi(C(n) = ma(C(n)].

neN;

It is an easy calculation that this is a pseudometric and is uniformly
bounded by 1. (There are natural reasons for the coeffiecient 1/2 which
we will not go into here).
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Notice that as F} is nested and increasing, the values ||my, ms||* are
non-decreasing in .
Define a metric on the probability measures on ¢ by

(|71, Mol = Z lmy, ma |27,
=1
Our earlier discussion makes it clear that this metric gives the weak™
topology on Borel measures. By pulling it back to

(7, P), (1", Pl = [[(P)* (), (P')" ()]

we get an explicit metric giving the distribution topology on processes.
We now begin our description of entropy.
Let P : X — Yp be any finite partition of X. As earlier we lift P

to a map P:X > Y& given by
(P(2))(g) = P(T,z), for all g € G.
We call ]3(1') the Ty P-name of @. For any finite set F' C G, we

—

may restrict P to I’ to get a map Pr: X — L. We say that ﬁF($) is
the Ty P, F-name of .

Let {F;} be a nested Fglner sequence with {F;} /' G and id € F},
for all 7. For each fixed F}, there are at most # P#F possible T', P, F-
names covering X.

Let p € M(X). Let ¢ > 0. Starting with the names of least
p-measure, remove as many as possible, in such a way that the u-
measure of the union of the remaining names is still greater than
1 —e. Let S(T,P; F;,e) be the collection of remaining names. Let
N(T, P; F;,e) = #S(T, P; F;,¢). Notice that N(T, P; F;,e) < #P#F.

Define

1
WT, P; Fe) = ﬁ1og2 N(T, P; Fy,e).

Certainly h(T, P; F;,e) < logy(#PF). Define
(T, P) = lin% liminf h(T, P; F;, ).
e—

11— 00

LEMMA 3.0.15. For T ergodic, P a finite partition, for any c" with
¢ <e <1, we have

limsup (T, P; F;,&') <liminf h(T, P; F}, ¢).

=00 11— 00



3. THE ORNSTEIN-WEISS MACHINERY 51

PROOF. Let ¢ > 0, with ¢ < 1. Let ¢/ < e. Let n < &’. [In the
following, for brevity, we use the notation {F;}, even after passing to
a subsequence.] Select a subsequence of {F;} such that

li)m h(T, P; F;,e) = liginf (T, P; F;,e) = h(T, P;¢).
We may assume that this subsequence is sufficiently invariant. By
Theorem 3.0.10, this means that these Fglner sets may be used for
quasi-tiling. To be more specific, use Theorem 3.0.10 to select K so that
if F,..., Fgisasufficiently invariant sequence, then for any sufficiently
invariant set F', I’ may be n-quasi-tiled by Fi,..., Fg.

Fix such sufficiently invariant Fi, ..., Fx so that forall: =1,... K,

[h(T, P; Fye) = h(T, Pie)| < 1.

Fix F, sufficiently invariant to be n-quasitiled by Fi,..., Fx. Then for
each : =1,..., K, we have that
N(T, P: Fiyz) < 20T Porsien,
There must exist centers ¢;;, 1 = 1,...,K, 7 = 1,...,1(z), and
subsets F; ; C F; such that
Lo |Fl > (1= m)#F;, for j = 1,....1(i),

2. the F j¢; ; C F are disjoint, and

3. #(%Fm‘czpy‘) > (L —n)#F.

We want to count the “good” names across F'. Specifically, we want
to estimate N(T', P; F,n).
There exists a set D C X with p(D) > 1 — 2 such that for z € D,

N #HE s pma(To,z) > (1—2)Y #F;.
i) Y]

We will consider names of points z in . The number of such T, P, F-
names of points in D is bounded by the product of three terms, as
follows:

The first term is the number of ways the sets Fi, ..., Fx could arise,
which is bounded above by the number of subsets of size at most n# F'
in a set of size #F. Standard Stirling’s formula estimates show that
this term is bounded above by

Q(H(n)#F+%)7
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where, as usual,

H(a) = —alog,a — (1 — a)logy(1 — a).

The second term is the product over all 7, 5 of the number of possible

good names across each F; ;c; ;. This is bounded above by LT Pie)+gl#F

Finally, the third term is the number of possible names outside the
tiling, which is bounded above by

#PW#F‘

Putting this all together, the number of T, P, F'-names covering all
but n of X is

N(T,P;F,n) <2

where

r< #FTH) + 2EF e wp 4 T, o).

24 F 10
This holds for all sufficiently invariant F', and thus

W(T. Py Fon) < H(n) 4 log, # P + 76+ h(T, Pie).

Letting n — 0, since n < &', we have that
limsup (T, P; F;,e') < h(T, P;¢),
1—>00
which completes the proof. O

Note that the preceding argument shows that the definition of en-
tropy is independent of the choice of Fglner sequence.

Define
h(T) = sup{h(T, P); P € P}.
The Ornstein-Weiss version of a Shannon-McMillan type theorem,

in our situation, reads as follows ([28], section 11.4, Theorem 5).

THEOREM 3.0.16. Suppose (X,B,u,T) is an ergodic G-action, (G
a discrete amenable group). Suppose P is any finite partition of X. For
any e > 0, if F' C G s sufficiently invariant, there exist T', P, F'-names
Py, P,,..., Py such that

1. /,L(Ulepi) >1—¢,

2. k < 2W(TP)+)#E - ynd
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3. for all i, p(P;) < 2-(WTP)=e)#F

It will be helpful to restate this in a slightly different form:

COROLLARY 3.0.17. Suppose (X,B,pu,T) is an ergodic G-action,
(G a discrete amenable group). Suppose P is any finite partition of
X. For any e > 0, if FF C G 1is sufficiently invariant, there exist
T, P, F-names Py, P,, ..., Py such that

Lou(UE,P)>1—¢, and

2. for all i, u(P;) = 2~ (MTP))#F

PROOF. Just notice that for the P; of Theorem 3.0.16 we can calcu-
late that the measure of the union of all P, whose measure is less than
2~ (MTP)+2)#F s at most 27°#F. For F to be very invariant it must be
large, in particular large enough to make 27°#F < . This says we can
obtain the result for 2¢ just by taking the list of P; from Theorem 2.2.9
for € and deleting the elements that are too small. 0

From this, we get the following useful corollary.

COROLLARY 3.0.18. Suppose (X,B,u,T) is an ergodic G-action.
Suppose P is any finite partition of X. Let ¢ < 1. Then
R(T, P)= lim h(T, P; F;,¢).
T—> 00
PROOF. Theorem 3.0.16 tells us that for all ¢ > 0, there exists [
such that for all ¢ > [, for all § < 1, N(T, P; F}, ) lies within

o(h(T,P)e) #F,
so that
(T, P; F;,0)
lies within A(T, P) t+ ¢. O
Note that the corollary implies 11_{% Zli>r(r)10 (T, P; F;,e) = h(T, P).

Notice that the entropy of a process h(T, P) is actually a function
of the image measure ﬁ*(lu) as it only depends on the measures of finite
names. Thus we can write () instead of h(T, P) where i = ﬁ*(lu)
For our subsequent work, we will need to know that not only entropy,
but conditional entropy, as a function of this measure is upper semi-
continuous in the weak*-topology. This is a very well-known fact. In
particular Weiss has recently shown that it is precisely the amenable
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group actions for which it is true. As the proof is not available else-
where we include the counting argument that leads to it. As with the
Shannon-McMillan theorem in this context, it is a direct consequence
of the Ornstein-Weiss quasi-tiling theorem, through its corollaries, the
mean ergodic Theorem and the Shannon-McMillan Theorem.

DEFINITION 3.0.19. For P : X — Yp and QQ : X — Xg two
finite partitions of a free and ergodic G-action (X, F,u,T) we define
the conditional entropy as follows.

For any finite set F' C GG, and finite partition R and x € X let

CE(z) € VyerT,~1(R)

be the cylinder containing x.
Now let

N(Tv P|Q§ F,g)(;l:)

be the minimum number of elements of \/ o T,~1(P V Q) il takes to

cover all but a fraction ¢ in measure of the cylinder C’g(:p)
Note: If Q is the trivial partition this is N(T, P; F,¢).
Set

1
h(Tv P|Q7 F,g)(l’) = ﬁlogQ(N(Tv P|Q7 F,@)(l’))
LEMMA 3.0.20. The functions h(T, P|Q; F,¢) are all bounded by

10g2(#2p X #ZQ)

For {F;} a Folner sequence and any e < 1,

h(T, P|Q; Fe)(x) — (T, PV Q) — h(T.Q)
in distribution and hence in L.

PRrROOF. From Corollary 3.0.17 for any € > ¢’ > 0, if F; is suffi-
ciently invariant, then for all but % in measure of the z € X,

H(C8 (2)) = 2T R

9
and

H(OFO(@)) = 3T PvaRRes

We call these the “good” ) and PV () atoms, respectively.
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Hence for all but 22 of the z € X, CIC;% is a good () atom and is all
but a fraction € in measure covered by good P V () atoms. Thus any
subset of all but a fraction ¢ of Cﬁ(:p) must contain at least

o(MT.PVQ)=HTQ)=2#F: (] _ . _7)

elements of I (PV Q) (the good atoms still in the set).
urthermore, as € ¢, all but a fraction ¢ is indeed covered by
fe er than

o(MT.PVQ)-h(T,Q) 2E)#F;
atoms of P (PV Q) (the good atoms).
Hence once  is su ciently invariant, for all but € of the z € X,
( PVQ)— ( Q)—-2
( PQ &)z
( PVQ-( Q) 2 log(l—=c—2)
The result follo s by choosing € small enough that 1 —¢ — 2 and

letting . O
( PQ)
P Q
( PQ) ( PVvQ)—- ( Q)
€
€ 2
(X ) P Q
X P Q
( PQ )
1
( PQ) 2
i avaluee hose value e ill set later. hoose ,
and  so that for any invariant se uence in
any free and ergodic action (X )and nite artitions P and @
e can constuct an ¢ o hlin to er (Theorem . .1 ) ith

v (PVQ)

1


















