APPENDIX A
Appendix

Our intent in this appendix is to provide a linkage to the two previous

papers the authors have written on restricted orbit equivalence. We say
that an r-size is a size function m as defined in this current work, in
Section 2.2. (The “r” denotes “rearrangement”.) We will see that the
notion of m-equivalence developed in [20] (where m is a p-size, where
“p” denotes “permutation”) is subsumed by our work here. On the
other hand, we will not quite be able to show this for the work in [36].
What we will see though is that a slight strengthening in the definition
of the equivalence relation associated with a 1-size, (size as defined in
[36]) will make it possible to describe the equivalence relation as a re-
stricted orbit equivalence in the sense we describe here. As we will see,
this change will have no effect on the examples described in [36], and
the m-f.d. systems for the original equivalences is unchanged by this
strengthening. Whether some equivalence classes of arrangements are
possibly changed for some 1-size, we do not know. As we now consider
the definition in [36] to have been a very preliminary, perhaps unre-
fined, attempt to axiomatize the notion of restricted orbit equivalence,
we have not pursued this issue further. Our main interest here is to
bring the examples, in particular examples 3 and 4 (referred to as my,
and mg) under the umbrella of our work here.

We break this work into two sections. First we will handle the
notion of a size, here called a 1-size (for 1-dimensional)) used in [36]
for actions of Z. This will be our most detailed section. Then we
will discuss the notion of size first put forward in [20], here called p-
sizes, for actions of Z? In so doing we will also consider a preliminary
axiomatization we have given for discrete amenable group actions, as it
lies somewhere between that of [20] and what we have discussed here.

What we do here is rather technical, and is perhaps not of great
interest to the general reader, we will not provide a great deal of mo-
tivation. We also will assume that an interested reader has a copies of
[20] and [36] in hand to refer to.
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164 A. APPENDIX

A.1. 1-sizes

The notion of a 1-size, as set up in [36] begins at the level of per-
mutations 7 of intervals of integers (¢,7 + 1,...,7), lifts from here to
bijections of Z via the definition

m(f) = liminfm(ms ;)
J]—00
where 7y (; ) is the “push-together” of fl(; ;), i.e. the permutation of
(¢,7) that reorders points exactly as f|(; ;) does. In [36] a bijection of Z
is indicated by a function f. To any such bijection f there corresponds
a unique bijection fixing 0 that reorders points exactly as f does:

h(n) = f(n) = f(0).
(as we are in Z we use additive notation). Axiom ii) (page 7 of [36])
requires that m be “stationary”, i.e. as a calculation on a permutation
depend only on the number of terms and the way they are reordered,
not on where the block (i,7) is placed. Thus the calculation m(f) is
translation invariant (regarding f as an element of Z%), m(h) = m(f).
This then implies, using our notation, that

m(h) =m(5%(h)) as S%(h)(n) = o(f)(n) = o(f)(0).
The value of the 1-size distance between a pair of arrangments
(m(a1,a)) (called orderings on Z) is now set to be the almost-surely

constant value of m(h212).
Notice that we could have written this as

mlarsas) = [ m(hz) dy

Written this way, we see this can be viewed as the integral with respect
to various invariant measures of the Borel function m(h) on G.

Two arrangements are defined to be m-equivalent (written o ~ a3)
in [36] if there are full-group elements ¢; and m(ay¢;, az) — 0. The

given m is not a metric (soon we will see how easily it can be made
one) but taking it to be one, what we are doing is taking the m-closure
of the set of all a3¢ in the full-group.

This approach is most different from our current one in that it
evaluates a distance between arbitrary arrangements rather than just
rearrangement pairs (a, @). This is best understood by the introduction
of the collapsing of one arrangement onto another, which converts a pair
of arrangments into a rearrangment. This has a serious fault, that the
collapsing of a pair «, a¢ will produce a new pair a, a¢’ where ¢ and
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¢’ are not necessarily close in L'. This leads to a serious difficulty in
obtaining Axiom 3 for the r-size we construct. This is more than just
technical, as Axiom 3 plays a pivotal role in all of our development. It
did as well in the development of [36], in particular in trying to develop
the m-f.d. notion. This is the motivation for the consideration there of
dividing rearrangements, and the restrictive definition of an m-joining,
requiring the two processes to be covered by a third in which they sit
linked by a bounded rearrangement. Lying behind this is the fact that
if (o, ¢) is in fact bounded then collapsings (o, ¢') can be chosen such
that ¢ and ¢’ are L'-close (Corollary 4.5 of [36]).

This problem that a collapsing of a rearrangement is not necessarily
a small L'-change is also hidden in the interplay between the definition
of m(ay, az) via collapsing of blocks and the requirement that m satisfy
an approximate triangle inequality. For these to coexist for the same
notion of m forces severe restrictions, and is in some sense the reason
we can show all of our examples are equivalent to r-sizes, and also the
reason that a-equivalence [7] comes from a p-size but not a 1-size.

We introduce two ideas to provide the linkage we wish to demon-
strate between 1-sizes and r-sizes.

DEFINITION A.1.1. We say a rearrangement (o, ¢) is bounded if

the function f** = a(z,$(z)) is bounded p-a.s. We say a rearrange-
ment (a, @) is blocked and bounded (abbreviated BEB) over a subset F

if the return-time rp(xz) = min(n > 0: T2 (z) € F) is bounded, and ¢
acts as a permutation of each return-time block

(z,17(2), .. Ty (), @ € FL

TF

LEMMA A.1.2. Those ¢ with (a, ¢) bounded form a subgroup of the
full group and Theorem 5.2 lells us thatl those ¢ with (a, ¢) BEB over

some set are ||-,-||2-dense in the full group.
DEFINITION A.1.3. Aziom v) of a 1-size lells us that for any e > 0
there are § and N so that if (a,$) is B& B over some set F' with

L. rp(z) > N for all x € F and
2. M7y (0,0 p(2)-1)) < O Lhen

m(a,ag) < e. Any (o, @) blocked and bounded over a set F satisfying
(1.) and (2.) we will call m,e-B& B.

DEFINITION A.1.4. We say a sequence of rearrangements (o, ¢;)
is nicely-blocked over Fy if each of the rearrangements (ag;, ¢7 ' ¢iy1) is
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blocked and bounded over a set F; where F; 1 C F;. Moreover on each
return time block

(z, T (), ..., Tﬁpé(z)—l(x)% x € F;

the next full group element ¢; acts as a fized power of T*. Thatl is lo
say, for each x € F; there is a value j(x) and for all ' in the return-
time block over x, ¢iq1(2') = Tﬁz)(:z:’).

We say the sequence of rearrangements is m-nicely blocked over F;
if for alli < 3, (ads, o7 ¢;) is BEB over F; and is in fact m,27" —27-
B&B.

LEMMA A.1.5. If (e, ¢;) is nicely blocked over the sequence of sets
F; and p(F;) — 0 then ad; is converging in L' to an arrangement
B. Furthermore the sequence (3,¢:") is also nicely blocked over the
sequence of sets ¢;(F;) and Bé;" — a in L'. We get no symmetry like
this for m-nicely blocked sequences as m is only assumed symmetric for

arrangements and not for permutations in that knowing m(w) is small
does not a-priori imply that m(w~') is small.

DEFINITION A.1.6. Form a I-size we say a; ~ oy nicely if there
s an m-nicely blocked sequence of rearrangements ¢; with

m(a1;, az) - 0.
This relation cannot be assumed either symmetric or transitive.

DEFINITION A.1.7. We say a 1-size m is a 17 -size if for any e > 0
there is a § and for any rearrangement (a, ¢) with m(o, ad) < §, and
any €1 > 0 there is a bounded ¢' with

Lop({z: o(x) # ¢'(2)}) < e and

2. m(a,ad’) <e.

THEOREM A.1.8. All of the examples of 1-sizes discussed in [36]
are 11 -sizes.

PROOF. Note: In these arguments we will assume the reader has
access to [36]. The two examples (mg and me,) and two classes of
examples (my and my) all have the common feature that m(ay, as)
can be defined without reference to collapsing. For mg this is done in
Lemma 2.6 of [36], for m, is Lemma 2.10 of [36], for m, in Lemma
2.14 of [36], and notice for m.,, if Mmoo (a1, a9) < 1 then oy = as.
Modifications of their proofs give the arguments we seek.
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We really only need consider m, and mg. Suppose we consider
a = oy and ozqg = ay. Theorem 4.0.27 gives a method to modify qg
by less than any preassigned amount in L' to a qAb’ so that (oz,g%’) is
bounded. We show that given any ¢ > 0 there is a § so that if the
original m(oz,aqg) < 4 then the new value m(oz,ozg;’) < &. When we
refer to a tower block or block of the tower here we mean a consecutive
sequence of orbit points that begins at the base of the tower and moves
up to the top of the tower.

For my, consider the construction in Theorem 4.0.27 in which the

rearrangement (a,qAb) is modified to a bounded rearrangement (a,qAb’ )
by cutting the orbit into tower blocks by a Rokhlin tower, and taking
those points thrown out of a block by qg and mapping them to those
points whose preimages are outside the block. We describe now why
m(a, ozgg') must be small if m(a, ozgg) is. In fact one can use the same set
A of Lemma 2.10 of [36] to show this. Consider an interval (u,v) as a
block of points in the orbit of some point x. This segment of orbit will
be covered by a sequence of Rokhlin tower blocks, with two perhaps
partial blocks at the end, which we write as (u,uy) and (vq,v). The
cardinality of the set f&?((u,v))A(u,v) is twice the cardinality of the
set B'(u,v) consisting of those points in (u,v) whose image under fo¢'
is not in (w,v). Now the only points that can possibly be in B'(u,v)
are those in (u,uy) or (vy,v). Let B(u,v) be those points in (u,v) that
are thrown out by the original map f?. Notice that if j € B'(u,v)
but j ¢ B(u,v) it must be the case that j originally was thrown out
of the Rokhlin tower block containing T*(z), but to a point closer to

x on the orbit, and when qAb’ was constructed, it was moved to a point
further out away from = but inside the Rohklin tower block containing
T¢(x). This means j lies outside (u1,v1) but its image under 129 lies
inside (u1,vy). This implies that one of the two calculations

#U2(w,0) D, 0)) o H#F2 (ur,00)) A (us, 1))
is at least half the size of

(™ ((u,0)) A, v)).

As ¥(n)/1¥(2n) is required to be bounded away from zero in n, we
obtain the result.
For my, work from the characterization of my in Lemma 2.14 of

[36]. Note that we will represent full-group elements here by g% and g%’
to avoid misunderstanding with the use of ¢ as a parameter of m. To
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begin, fix 1/4 > ¢ > 0 and select a value By so that

A

p{z - laz, é(2))] < Bo}) > 1 —¢/10

Next choose a value By so that for any [|i| > By,

$it+Bo) and 28
o) <1-—¢/10 () > 1 —¢/10.
Next choose a value B, so that
pl{a < fo(e, ()] < Ba}) > 1= 5o

Thus:
p({z: f2*(=By1, By)) C (=By — By, By + By)}) > 1 —¢/10.

Choose N so large that Ne/20 > By + By.

In Theorem 4.0.27 be sure the Rokhlin tower has height H > N
and covers all but /10 in measure of X. Apply the construction of
Theorem 4.0.27 to this tower. That is, map those points = in the tower
whose image under qAb throws the point out of the tower block containing
x to those points in this tower block that do not have q%—preimages in it.
On points outside the tower, we replace g; with the identity, to create
the new full-group element qg’ .

It is a direct calculation from our choices for By, By, By, N, and H
that p({z : qAb(:z:) # ¢(x)}) < e. To see that m¢(oz,ozgg’) is still small,
we assume mgy(a, ozqg) < § < 1/4 and let A be the set given by Lemma
2.14 of [36].

Remove from A all points that are

1. outside the tower,

2. within e H/5 of either end of a tower block, or for which
3. hg7a(£|(—B17Bl) 7£ hg7a(£,|(—B17Bl)'

Call the remaining set A’. It follows from our estimates that

H(A) > p(A) —c.

We wish to show that this set now can be used in Lemma 2.14 of
[36] to show that my(a, ad’) < 36 + . We do this by showing that for
any ¥ € A" and any 2’ in the orbit of x, that
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¢(la(z, z))
$(la(d'(x), &(a"))])
Note: if |[a — 1| < d < 1/2 then |a — 1| < 3d and if |a — 1| < d then
la — 1] < d. A A
To begin, we only need consider those =’ with ¢(2') # ¢'(z’) as oth-

erwise we already have the estimate. Hence we can assume |a(z, z')| >
Bji. Suppose z’ is such a point. There are two possibilities:

-1l <d+¢/3.

1. qg'(;z:’) =a' or

2. 2’ lies in a tower block, but is thrown out of it by qAb, and hence
2" = ¢(a') lies in this tower block, but ¢~!(z") does not.

To understand (1.) notice

A

a(d(2),d(a") = alz,2") + a(d'(2), ).
As |a(g;’($),;z:)| < By and |a(z,2")| > By, we conclude:

B(la(d'(x), @' («))])
¢(lo(z, 2")])
To understand (2.) we describe the case when all three points z, 2’

and z” lie in the same tower block. When they do not, the estimates
improve. Once more there are three possibilities:

1. Both |a(z,2")| and |a(qAb(:1c),:l:”)| >ecH/10, or

— 1] < ¢/10.

2. |a(z,z')| < both |a(d(z),z")| and cH/10 or
3. |a(¢(z),z")| < both |a(z,z'))| and eH/10.

lo(z,2")]|
la(é(x),2")]
10/e and both numerator and denomerator are larger than B; and we

conclude that

In case (1.) we will have that must lie between ¢/10 and

o(la(¢'(z), ¢'(x")])]
Cases (2.) and (3.) will be handled in a parallel fashion. For (2.),

A

we will have |a(d(z), d(z))] > e H/10 but |a(d(z),z")| < H and so:
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(e, 2)] & |a(z,2))]

12— > > :
~leé(z), 2] T 10 ja((z), o))

Thus
Sotr.))  _ pllae.))  dlla(d). )
S(Lla(b(x), o)) lla(d(z), (")) (2Lla(d(x), d(x"))])
> (1=6)(1—¢/10) >1—4§ —¢/10.

For (3.) just do the same argument as for (2.) but from the point
of view of ¢!, i.e. replace x with ¢(z) and z’ with z” and ¢ with ¢!
throughout. This completes the calculation and the proof. O

Having seen that the examples of [36] are 1*-sizes, we now want to
explain the link between nice m-equivalences and 1*-sizes. To begin we
now remind the reader in more detail of the construction of collapsings.
This is carried out on pages 47-48 of [36]. By a collapsing @, of az on
oy one means the construction of a full group element ¢ (@ = a;1¢) so
that (a1, ¢) is blocked and bounded over a set F' and for each z € F|

T,a,& or
212 (0 pz)—1)

ﬂ-ffl’QQ,(O,rp(z)—l) = { ld

That is to say, ay is obtained by pushing together or collapsing the
image points f21°2((0,...,rp(z) — 1)) into a consecutive block. It is
convenient to allow the collapsing to act as the identity on some of
these blocks. Such a collapsing is called an £, K-collapsing if (in our
vocabulary)

,LL({J} : hgl’a2|(_](7]() = hgl’a2 |(—K,K)) >1-—¢.
Note: Having ¢ in the definition in [36] will give an & in this defini-
tion. Having an £ in this definition will give /2 in the [36] definition.

DEFINITION A.1.9. In [36] there was also given the notion of an
e, &, K-collapsing where one also asked that

m(ay, az) < e.

We give here a stronger definition for this notion than the one actually
used in [36]. Notice thal an é, K-collapsing is a B&B rearrangement.
If it is in fact an m,e-BEB arrangement we call it an e,é, K -collapsing
(See Definition A.1.2) This in particular forces m(ay, a1¢) < €.
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LEMMA A.1.10. (3.2 of [36]) Given any ¢ > 0 there is a § so thal
if m(ag,a9) < & then for all £, K there exists an ¢,é, K-collapsing @y
of ay on ajy.

PROOF. Although [36] only claims to obtain its definition of an
e, &, K-collapsing, it does so by obtaining a collapsing satisfying our
Definition A.1.9. U

Collapsings behaves particularly nicely with respect to bounded
rearrangements (or more generally what are called dividing reorderings
in [36]). We recall a few simple facts about rearrangments of Z. Recall
that a¢ = a¢' iff ¢’ = T o ¢ (we are assuming ergodicity universally.)
Next recall that for («, ¢) a bounded rearrangement,

[ ate.éte) dn

is always an integer, which we call J(«, ) (the average translation
induced by ¢.) Thus we can replace ¢ by ¢ = T_aj(a’qb)gb to obtain
a rearrangement («,¢') with J(a,¢') = 0 and a¢p = ad’. As the
calculation of m for a rearrangment is m(a, a¢), this change is invisible
to m, and hence we can always assume our rearrangments are such that
J(a, ¢) = 0. Also notice that for a collapsing a;1¢ of any az on a; we
always have J(a, ¢) = 0. The next lemma explains the value of this.

LEMMA A.1.11. If (e, ¢) is a bounded rearrangement with J(o, ¢) =
0 then for the collapsing ad’ of ag onto o over a set F,

p{z: () # ¢(2)}) < 2u(F)|alz, ¢(2))]|oo-
PROOF. See Lemma 4.3 and Corollaries 4.4 and 4.5 of [36]. O

We now need a little trick which we will discuss in more detail later
under the notion of a convergence criterion. For now we need just a
very special case.

LEMMA A.1.12. Suppose (a,¢;),1 = 1,..., N is a finite sequence
of blocked and bounded rearrangements which for alli < j, (ad:, &7 ¢;)
is m,27" — 279-BEB. Assume further that they are nice in that the
base sets I over which they are blocked are nested and on any return-
time block of F; the rearrangement (ag;, ¢;~ ¢iy1) acls by a constant
translation. (This is saying that the finite list is the beginning of a
potentially m nicely blocked sequence.)

There is then a dn depending on this finite list so that for any
bounded rearrangement (o, pny1) with J(a, dn41) = 0 and

m(agn, apny1) < 0
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we will be able to construct a new list (o, ¢t), 1 =1,..., N+1 of blocked
and bounded rearrangements, satisfying all the conditions of the original

list but with N replaced by N + 1 and with, for all2=1,...,N +1,
p{x : dilz) # di(x)}) < 27777

PRrROOF. Notice that if § is small enough, we can obtain ady,, as
a collapsing of gy, on agy with all its conditions, and its base set
Fny1 as small as we like. Set ¢ = Qb]_\71+1¢§v+1 and define ¢! = ¢;¢p for
all 7. We can assume p({z : ¥(z) # z}) < 27V=10, The rearrangements
¢! are B&B with base sets F! = ~'(F;). The base set Fy41 may
not lie in the various F/, 1 < N. This is really all we lack. For each
x € Fyy1 consider the return-time block for FJ containing it, and the
return-time blocks just preceding and following this one. Be sure that
p(Fng1) is so small that the set all points in these blocks has measure
less than 27V =11. Modify each ¢! to ¢?, i < N by making it the identity
on these blocks. Now modify the sets F, i < N on these blocks so that
all the new return-time blocks are still long enough for the collapsings
on them to still be m,27" — 279-B&B, so that they are nested and all

contain the new point in Fy1. O

The following result now follows rather directly from this corollary.
It is complex to state, but the basic picture is easy to understand.

THEOREM A.1.13. For each N and finite list of bounded rear-
rangements (o, ¢1), (e, ¢2), ..., (o, ¢n) with J(a,¢;)) = 0 there is a
value

5N((av¢1)7 R (a7¢N))

so that if (o, ¢;) is an infinite sequence of bounded rearrangements all
with J=0 satisfying

m(a¢i7 aqu-l) < 5i((a7 951)7 ey (Od, sz))a
then there is an m-nicely blocked and bounded sequence of rearrange-
ments (o, %) with

p{z: di(x) # ¢i(x)}) <277
for all 1.
This will mean that there is a 3 with m(a¢}, 3) — 0 and hence thal

a ~ 3. Furthermore we will see that there is a 1 in the full-group with
lads; Bl — 0

which is to say the a¢; are converging to an arrangement (3 that is
m-equivalent to «.
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ProoF. We will construct inductively using Lemma A. . . At
stage o t e induction we will ave constructed a se uence o rear
rangements . ese will satisy t e y ot eses
o Lemma A. . . e value will e t e value o t is Lemma.

u osing

let ete o t e lemma as and
are identical in distri ution. Lemma A. .
now tells us we can modi y eac o t e to t e new and add
on t e new term
rom Lemma A. . we nowt at or eac

im lying t e ull grou elements converge in  to t e ull grou
element we call ~ wit

ur inductive construction ma es

and so summing ac ward to we see t at or all

We will re ne t is estimate a it later.
at t e limit elements orm an  nicely loc ed and ounded
se uence o rearrangments is clear rom t e inductive construction.
otice t at or an  nicely loc ed se uence o rearrangements
t e converge in  to some
We saw a ove t at

and so

w ic 1s summa le. is tells us t at t e are auc y in
t e ull grou ence converging to some . us

converges in  to t e arrangement nis ing t e result. O

e ollowing corollary now indicatest elin  etween  si es and
nicely loc ed se uences o rearrangments.




























































