TOPOLOGICAL WEAK-MIXING OF INTERVAL
EXCHANGE MAPS

A. NOGUEIRA AND D. RUDOLPH

ABSTRACT. An interval map with only one discontinuity is isomor-
phic to a rotation of the circle, and has continuous eigenfunctions.
What we show here is that for almost any choice of interval lengths
this is the only way an irreducible interval exchange can have a
somewhere continuous eigenfunction. We show slightly more, con-
sidering certain towers over the internal exchange, showing that
outside of a set of interval lengths of measure zero these have a
somewhere continuous eigenfunction only if they are isomorphic to
either a rotation, or a tower of constant height over an interval
exchange.

1. INTERVAL EXCHANGES

Virtually all the material we develop here is taken from the papers of
Kerckhoff and Veech [4], [8]. We include many arguments not just for
completeness but because later we will need the particular structures
developed.

Fix a value n € N and let 7 € S(n). Taking an interval [0,a) and a
vector \ € R} with 37 A = a, we build the interval exchange T, 3;[0, a)
where

TW,X($)2$+ Z )\j—Z)\j ifeel, = [Z)\],Z)\]>
w(j)<m (%) j<i j<i §<i
What we describe now is a measurable family of interval exchanges,
indexed by the choice of X. Let A(%) be a simplex in the positive cone
of R”, i.e. the convex hull of a set of vectors {t;€;}, t; > 0, {&;} the
standard basis. Let p; be normalized (n — 1)—dimensional Lebesgue
measure on A(). Set Ag = A(), the set of probability vectors.
Setting p(7) = 2, P : A(f) — A(I) and is nonsingular. In particu-
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For each X € A(f), there corresponds an interval exchange T s(z).
These form a measurable family of transformations. We can define

T.(X x) = (X T 5(2))
acting on

A ={(X

A(
TP, ) ( ||A||1>

. 5o
A T) — ,
) <||A||1 ||A||1>

conjugates T, on A(Z) to T on A(l).

We concern ourselves with the yp; - a.s. dynamics of T) 5. Our
results are definitely only true at this level. Arnoux has shown that
particular choices of nontrivial X can possess somewhere continuous
eigenfunctions [1]. Obviously one need ask this only on Ay, but the
argument structure developed to date involves the dynamics of Rauzy
induction which progress from one simplex A(Z) to another.

We want to complicate the picture just a bit more in fact, by con-
sidering a tower construction Tn,X of a special sort.

1), X €[0,[|A]1)}-
of course

i.e. the map

Definition 1.1. For v € R”,X € A(f) we define a function we write

as

DN, Aj)

J<i J<i
i.e. a step function taking value v; on the interval I; of the exchange.
This is perhaps an odd vocabulary, using the name of the vector (V) as
the first part of the name of the step function (U;) whose values are the
components of U but this correspondence of vectors to functions, for A
fized is a linear map, and so it is quite natural to identify the vector
with the function.

For H = (Hy,--- , H,) € N* we define a tower over [0, ||\||,) using

the height function Hs (x) and the space
A H) = {(X,x,h); (X, z) € A(H),0 < h < Hy(z),h € Z}.

Uz(z) =wv; if v €

We get a natural extension of Ty to this tower:

. Na,h+1)  if h< Hyz) -1
T . =9 7
w,H ()\7 x; h) { ()\’ TW,X(:U)’ 0) Othe’ru”;se
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The restriction of this to a particular X we write as

o[ (@h+1) ifh<Hy(z) -1
Tn,)\,H(m’h) _{ (T, x(z),0)  otherwise

T

We will identify the subset X x {0} with X itself.

g —

Notice p(X, z, h) —> <ﬁ, ﬁ, h) conjugates (1.3, A(#, H)) to the
standard system
(T, 7 A1, H)).

We say 7 is reducible if some initial subset (1,2,---,m),m < n, is
7 invariant. In this case T ; is clearly never ergodic or minimal. In
fact a tower system (Tﬁﬁ,f\(z H)) would split as a disjoint union of
invariant systems. Irreducibility will always be assumed.

The work from which we will build began with a result of Keane
[3] that if 7 is irreducible, and 7 5 satisfies the “infinite distinct orbit
condition” (that two discontinuities of 7/ 5 never lie on the same orbit),
then T/ 5 was minimal. This i.d.o.c condition is obviously a.s. true.
Veech [8], and independently Masur [6], showed that in fact Ty is a.s.
uniquely ergodic.

Definition 1.2. We say 7 is a rotation iof T 5 always has exactly one
discontinuity, i.e. w(1) = (1 +k — 1)mod n + 1, for some k. If 7 is a

2N
rotation, me 15 congugate to rotation by an angle 2w (JITAflll ), and so

possesses continuous eigenfunctions.

What we will consider is when 7 is not a rotation. Basically what we
will see that for a.e. A\, Ty, if it has an eigenfunction, that eigenfunc-
tion must be everywhere discontinuous. This is a slightly unnatural
result, but as you see has more natural forms in Theorem 4.1 and
6.5. In fact topological weak-mixing of such T is very reminiscent of
Keane’s result of minimality. We fully expect,the stronger fact, that
a.s. T 5 is weakly mixing, to also be true.

Veech has shown that some 7 a.s. cannot possess measurable eigen-
functions. Many cases, the smallest being (1,4,2,3) on four intervals,
remain open. For continuous eigenfunctions we will give the complete
(a.s.) answer.

2. RAuzy INDUCTION

Our task now is to describe the structure of Rauzy induction on a
tower system (1" z,A(l, H)).
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This will be a map R which will split the simplex A(f) into two
subsets, A (), and A® (£), mapping each linearly to another simplex
A(fM) and A(£?). On each of these will be defined new permutations
7 and 7 and towers H® and H® so that T s e is canonically
isomorphic to its preimage mey i Let T

AO@) = {Xe A A > A}
A(Q)(i) = {X € A(i), A < AW*l(n)}-

This is a p-equivariant splitting, p(A®(¢)) = A®(I). These subsim-
plexes intersect on the boundary section where A, = Ar-1(). In this
situation, when we induce, these two intervals will coalesce into one.
There will be a choice as to what we label this one interval, and that
will correspond to regarding it as in AM(Z) or A®)(%).

Discussing A1 (£), define

Tf; 0, Y N|—=10 Y N

j#m=1(n) j#m=1(n)

to be the induced return-time map on this interval. It is a computation
that 7"
was a tower over T’ ;. Hence it is canonically isomorphic to a tower

a
over me, i.e. to a map of the form T’ ) 50 Fa)-

is again an interval exchange on n-intervals. The map T 5 5

We wish to identify explicitly the parameters 7V, X) and H®. Con-
sider the n X n matrices

1
1 0
A =
0
-1 1
m(n)

and
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1
1 0
1 _ (ASTI)T)A — . 1|7 (n)
0
1
One computes
(2) D = AWX

and
A0 = O
We can also consider the translation vector

ﬂ(X), where T( ) =g +TZ(X),$ eT;

i.e.
= 2 N2 N
7)< (i) j<i
If we define
1, @) <w(i), j>i
vij(m) =< =1, 7(j) >n(), j<i
0, otherwise
and

V() = [vs;(r)] then 7(X) =V (m)A.

One computes 7(AY) = BY (7(X)). As this applies to an open set of

.
(3) V(xW)AD = BV (r).

—1
Another important observation is that as B7(rl) = (ASTI)T> ,

(00, %) = (ADG, BUF,).
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More fundamental, as we will see, is the relation of 7 to 7. Write
the matrix representation M(7) = (m; ), m;; = 1 if j = 7(¢) and 0
otherwise. If

then M(7™) is obtained from M () by moving the last column
of M(m) to just after column 7(n), and shifting the other columns
to the right of 7(n) one place further to the right. We indicate this
schematically
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1 .. .
Let qbfr )5\. i be the canonical isomorphism between me’ 5 and Tﬂ.(l)’;\‘(l)’ A

and set R : A(7, H) — AFD, HY) to be
Rz, h) = (AD(R), 6% 4 (x,h)

an isomorphism between T, 5 restricted to AD(7, H) and T go-

Even though det(A{)) = det(B{") = 1, it is not necessarily measure
preserving, as we use (n — 1)-dimensional Lebesgue measure.
Carrying out the same discussion on A® (%), we define

@,
T’

0, Z)\]) — [o, ZAj>

JEn JZEN

by inducing T 5 on this interval. Tf))\ is an exchange on n-intervals.

As Tw,X, i 18 a tower over TF,X, it is canonically isomorphic to a tower

Tn(2),X(2),ﬁ(2)-
In this case

- _
1 -1

4O 0 (1) - 01|« 71(n)
_ 10]

and
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One checks that

50 = @3,
N® = BOF,
(4) 2 2)(=2(Y
) = B (7(\)) , and so

V(r®)A® = BAV (r

™

~—

To understand the relation between M (w) and M (7®) write
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