
LECTURE PLAN FOR MATH 474
INTRO TO DIFFERENTIAL GEOMETRY

Fall 2013

1 Aug 26

Given Babyexam. Talked about dg at large.

2 Aug 28

Spend a bit of time discussing answer to baby exam. What is a linear
function and what is the differential of a function between euclidean spaces.

Definition 1. A parameterized differentiable curve is a differentiable
function

α : (a, b)→ R3.

More definitions: trace of α, tangent (velocity) vector at a point (t0).

Example 1.
(x(t), y(t), z(t)) = (0, 0, 0).

(x(t), y(t), z(t)) = (t, 0, 0).

(x(t), y(t), z(t)) = (2t, 0, 0).

(x(t), y(t), z(t)) = (t3, 0, 0).

(x(t), y(t), z(t)) = (t, t, t).

(x(t), y(t), z(t)) = (sin(t), cos(t), t).

Example 2. Find a parameterization for the cusp. Give as exercise to find
one for the nodal cubic. Also ask to produce a parameterized differentiable
curve whose trace is the graph of absolute value.

Got here, and discussed how to reparameterize a curve, as in just by
composing with a surjective differentiable maps to the domain interval

3 Aug 30

Definition 2. A parameterized differentiable curve α is regular if for every
t in the domain α′(t) 6= 0.

Definition 3. The arc length of α is a function

s(t) :=

∫ t

t0

|α′(t)|dt

When you compose α ◦ s−1 you say that the curve α(s) is parameterized
by arc length.
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Example 3. Re-parameterize by arc length all the curves of Example 1.

Theorem 1. The shortest path between to points in Rn is the straight line
segment.

Proof:

1. by FTC: α(t1)− α(t0) =
∫ t1
t0
α′(t)dt

2. by linearity of dot product and integration (α(t1)−α(t0))·v =
∫ t1
t0
α′(t)·

vdt

3. if |v| = 1, then
∫ t1
t0
α′(t) · vdt ≤

∫ t1
t0
|α′(t)|dt.

4. choosing v = (α(t1)−α(t0)
|(α(t1)−α(t0)| gets you the result.

Theorem 2. Let α(s) be parameterized by arc length, or in general α(t)
be a parameterized regular curve with constant speed (i.e. such that |α′(t)|
is constant). Then for every value of the parameter, the acceleration is
perpendicular to the velocity.

Proof.

0 =
d

dt
α′(t) · α′(t) = 2α′′(t) · α′(t)

4 Sep 4

Definition 4. Let α(s) be parameterized by arc length, then we define the
curvature of α at s = s0 to be k(s0) = |α′′(s0)|.
The unit vector n(s0) = α′′(s0)/|α′′(s0)| is called the normal vector at s0.
The plane spanned by α′(s0) := t(s0) and n(s0) is called the osculating
plane at s0.
The binormal vector at s0 is b(s0) := t(s0)∧n(s0). The torsion at s0 is
defined by τ(s0)n(s0) := b′(s0).

Note that we need α′′(s) 6= 0 for every value of s in order to have a well
defined osculating plane at every point of the curve. We therefore impose
this condition to be verified for the curves we study. If we want to emphasize
this condition, we call α a very regular curve

Also, it is easy to see that

b′(s0) = τ(s0)n(s0).

Theorem 3. α(s) is a plane curve if and only if the binormal vector is
constant (i.e. the torsion is 0).
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Proof. For the interesting direction (assume b(s) = b0 constant), note that

(α(s) · b0)′ = 0,

which implies α(s) · b0 constant, i.e. α lives in a plane perpendicular to
b0.

Example 4. Look at all of this stuff for the ascending spiral of radius r
raising with vertical speed v. (Observe the case v = 0).

Definition 5. The triple of vectors {t, n, b} is called Frenet Frame. It is
a moving frame adapted to the local geometry of the curve. It satisfies the
Frenet equations”

t′ = kn (1)

n′ = −kt− τb (2)

b′ = τn (3)

5 Sep 6

Theorem 4 (Fundamental Theorem of the Local Theory of Curves). Given
two scalar differentiable functions k(s) and τ(s) such that k(s) > 0 for every
value of s, there existe a unique parameterised curve α(s) such that:

1. s is arclength;

2. k(s) and τ(s) are the curvature and torsion of α;

3. α(0) = (0, 0, 0);

4. t(0) = (1, 0, 0), n(0) = (0, 1, 0), b(0) = (0, 0, 1).

Note that 3. and 4. could be omitted and replaced by the uniqueness of
α holding up to rigid motions (this is how the book phrases this theorem).

Proof. Think of t(s) = (t1(s), t2(s), t3(s)) as three scalar functions, and
similarly for n(s) and b(s). Then the Frenet equations give a system of
9 linear ODE’s. We know from analysis that such a system has a unique
solution given the appropriate initial conditions, which we choose to be 4.
in the theorem.

Now that we have t(s), we can construct α(s) by integration:

α(s) :=

∫ s

0
t(x)dx =

(∫ s

0
t1(x)dx,

∫ s

0
t2(x)dx,

∫ s

0
t3(x)dx

)
Observe that 3. and 4. hold by construction.
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To prove 1. and 2. it will be useful to observe that the moving frame
t(s), n(s), b(s) obtained from the Frenet ODE is orthonormal for every value
of s. We do so by considering the linear system of ODE’s given by all scalar
products:

(t · t)′ = 2k(t · n) (4)

(n · n)′ = −2k(t · n)− 2τ(n · b) (5)

(b · b)′ = 2τ(n · b) (6)

(t · n)′ = k(n · n)− k(t · t)− τ(t · b) (7)

(t · b)′ = k(n · b) + τ(t · n) (8)

(n · b)′ = −k(t · b)− τ(b · b) + τ(n · n) (9)

(10)

This is a linear system of 6 ODE’s and it should admit a unique solution
given the initial conditions (t · t)(0) = 1, (n ·n)(0) = 1, etc... It is immediate
to see that the constant functions (1, 1, 1, 0, 0, 0) satisfy this system, giving
the desired solutions.This shows that the frame remains orthonormal for all
values of s. Not only that, but becauset(s) = α′(s) and n(s) = α”(s)/k(s),
we do have that this for every s the Frenet frame for the curve α.

Now we incidentally have proved 1.: α′(s) = t(s), and we just showed
that t(s) is always a unit vector. Finally because the Frenet frame satisfies
the Frenet equations, which define curvature and torsion, then k and τ are
indeed the desired quantities for α.

6 Sep 9-11-16

Theorem 5. Given a fixed length L, the largest area enclosed by a simple
closed curve of length L is realized if and only if the curve is circle.

Theorem 6 (Isoperimetric Inequality).

4πA ≤ L2

Area of the Region Bounded by a Curve

1

2

∫ 2π

0
xdy − ydx.

S tart by simple case where it is obtained by “Calc 1”. Progress to
Green’s Theorem. Mention Stokes’ theorem.
Strategy:

1. Prove isoperimetric inequality by Fourier Analysis.

2. Prove that the circle is the only shape extremizing the Area Functional
by Calculus of Variations and Lagrange Multipliers.
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Isoperimetric Inequality
Assume (WLOG) that L = 2π and α(s) = (x(s), y(s)) is parameterized

by arc length, so that we can consider x, y as periodic functions with period
2π and use Fourier analysis. Note that with this normalization we have to
show A ≤ π.

Let:

x(s) =
1

2π

∑
Z
ane

ins (11)

x′(s) =
1

2π

∑
Z
inane

ins (12)

y(s) =
1

2π

∑
Z
bne

ins (13)

y′(s) =
1

2π

∑
Z
inbne

ins (14)

(15)

Now first consider:

2π =

∫ 2π

0
(x′2 + y′2)ds =

2π

4π2

∑
Z
n2(|an|2 + |bn|2). (16)

Then use Stokes’ theorem for the area:

A =
1

2

∫ 2π

0
(xy′−yx′)ds =

π

4π2

∑
Z
|n|(anbn+anbn) ≤ π

4π2

∑
Z
n2(|an|2+|bn|2) = π.

(17)
Circle Recall briefly Lagrange multipliers and how to obtain functional (di-
rectional) derivatives for a functional defined by integration. Point out the
integration by parts and the importance of the vanishing boundary condi-
tions.

We need to solve the following problem:

A =
1

2

∫ 2π

0
(x(t)ẏ(t)− y(t)ẋ(t)) dt → max under the constraint

D =

∫ 2π

0

√
ẋ2 + ẏ2 dt = L and x(0) = x(2π), y(0) = y(2π).

Using the Lagrange multipliers and setting up the Euler-Lagrange equations
for the functional

L =

∫ 2π

0
L(x, y, ẋ, ẏ) dt =

∫ 2π

0

[
1

2
(xẏ − yẋ)− λ

√
ẋ2 + ẏ2

]
dt
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we get

d

dt

∂L

∂ẋ
=
∂L

∂x
=⇒ ẏ/2 =

d

dt

(
−y/2− λ ẋ√

ẋ2 + ẏ2

)
d

dt

∂L

∂ẏ
=
∂L

∂y
=⇒ −ẋ/2 =

d

dt

(
x/2− λ ẋ√

ẋ2 + ẏ2

)

Thus,

y + c2 = λ
ẋ√

ẋ2 + ẏ2
and x+ c1 = λ

ẏ√
ẋ2 + ẏ2

,

or (x+ c1)
2 + (y + c2)

2 = λ2, which gives us the circle. Then

D =

∫ 2π

0

√
ẋ2 + ẏ2 dt = 2πλ = L =⇒ λ =

L

2π
= r,

and so A = πr2, as we wanted.
This ended up taking up three classes, but it looked like the students really

enjoyed it (even though they were a little frazzled admittedly...)

7 Sep 18

Definition 6. A regular surface in R3 is a subset S ⊂ R3 such that for
every point p ∈ S there exists a neighborhood Vp and a function x : U → Vp
such that:

1. U is an open set in R2.

2. x is a differentiable function (as a function R2 → R3).

3. x is a homeomorhpism.

4. x is an immersion:= the differential at every point is injective.

x is a local parameterization or a system of local coordinates around
p. Vp is called a coordinate neighborhood or a chart. Sometime by chart
one intends the pair (Vp,x). An atlas for S is a collection of charts that
cover all of S.

Discuss a bit the notion of local coordinates, and how condition 4 is the
analogous to the regularity condition for curves. In this case you want the
notion of a tangent plane to be defined!

Example 5. Show that the sphere is a regular surface in R3.
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Example 6. Show that a couple natural parameterization for the icecream-
cone in a neighborhood of the vertex are not good parameterizations:

(u, v,
√
u2 + v2)

(fails condition 3).

(u2v, uv2, uv
√
u2 + v2)

(fails condition 4).

Theorem 7. The graph of a differentiable function f : R2 → R is a regular
surface.

Definition 7. Given a differentiable function f : Rn → Rm a point p ∈ Rn
is a critical point for f if df|p is not surjective. A point q ∈ Rm is a
critical value for f if it has a preimage which is a critical point. A point
(resp. value) is regular if it is not critical.

Theorem 8. The inverse image of a regular value for a function f : R3 → R
is a regular surface.

For Theorem 8, what we need is to remember

Theorem 9 (Inverse Function Theorem). If f : Rn → Rn and x such that
df|x is an iso, then there exists a local inverse.

Then the proof follows from observing the following diagram. Assume
WLOG that Fz|p 6= 0, with F (p) = a and a is a regular value.

R3 −→ R2 × R
(x, y, z) 7→ (x, y, F (x, y, z))

↑(x,y,a)
R2

The inverse function theorem gives us a local inverse to the horizontal arrow.
Composing the vertical arrow with such inverse gives us a local parameter-
ization for F−1(a) in a neighborhood of p.

8 Sep 25

Theorem 10. The transition functions are diffeomorphisms.

This has to be proven in this case. It is a consequence of the inverse
function theorem. Extend the parameterization to a cylinder by shooting
off linearly in a direction complementary to those making the regularity
assumption hold. Then you have thickened the parameterization in a way
that can be inverted.

Now we can make the natural definition.
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Definition 8. A function S → R is differentiable at a point if its composi-
tion with any local parameterization around that point is.

The previous theorem assures that this is a well defined definition, i.e.
that differentiability at a point is independent of the choice of local param-
eterization. We can then extend this notion to functions between surfaces,
where we say that a function is differentiable if any local expression for it is
differentiable.

Example 7. Consider the vertical projection from an open punctured cone
of radius 1 to the sphere, and note how the differentiability of this func-
tion is equivalent to the differebentiability of the identity function from the
punctured disk to itself.

9 Sep 27

We now want to define the tangent plane at a point of the surface. The
issue we run into is that if you choose a parameterization to define it (as we
did for curves), then one would have to check, painfully, that this definition
is independent of the choice of parameterization. We get around this by
defining tangent vectors at P as the set of “velocity vectors” of curves going
through the point P . Then we prove the following statement, which recover
what we wanted to say!

Theorem 11. If ϕ is a local parameterization around P , then the tangent
plane at P (defined as the set of tangent vectors as above) is the image of
dϕ|(0,0).

10 Sep 30- Oct 2 - Oct 7 -Oct 9

Did the worksheet on metrics. (Metric.pdf)

11 Oct 11

Wrap up the discussion on metric and check everyone is on the same page
by doing the following examples using the sphere. Recall that with the
trigonometric parameterization the metric is:

Gϕ =

[
R2 cos2(v) 0

0 R2

]
,

Area of a sphere of Radius R:
Here we have |e1|G = R cos(v) , |e2|G = R and θG = π/2. Therefore:
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A =

∫ 2π

u=0

∫ π/2

v=−π/2
R2 cos(v)dudv = 4πR2

Length of a Parallel:
β(t) = (t, θ)

β′(t) = (1, 0)

|β′(t)| = R cos(θ)

L =

∫ 2π

0
R cos(θ)dt = 2πR cos(θ)

Length of a meridian:
β(t) = (θ, t)

β′(t) = (0, 1)

|β′(t)| = R

L =

∫ π/2

−π/2
Rdt = πR

11.1 Orientation

We introduce the notion of orientation of surfaces. On the plane we have
a notion of orientation just by saying “clockwise” or “counterclockwise”.
Mathematically, we can say that the plane is oriented by e1, e2 thought of
as tangent vectors at every point, because the angle between them remains
constant. But really what we care about is whether the angle between an
ordered pair of vectors is less than or greater than π.

One way to measure this is the following:

o : R2 × R2 → {−1, 0, 1}

where o(x,y) := sgn(det(Ax,y)), where A is the determinant of the matrix
whose first column is given by the coordinates of x and second column by
the coordinates of y.

Note that o−1(1) are all pairs of vectors such that the angle between the
first and the second is strictly less than π. Any element of o−1(1) defines the
same orientation on the plane. Any element in o−1(−1) define the opposite
orientation on the plane.

Generalization to surfaces: here each coordinate chart is orientable, since
it is “like a piece of plane”. So to orient a surface we must be able to choose
compatible orientations for a collection of charts that cover the surface.

Let ϕ,ψ be two local parameterizations, and T = ϕ−1 ◦ ψ be the transi-
tion function.
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Definition 9. The parameterizations ϕ,ψ are compatible if

det(dT ) > 0.

A surface S is orientable if there exists an atlas of compatible charts. A
choice of such an atlas is called an orientation.

Theorem 12. The sphere is orientable.

A nice proof of this theorem is just by observing that any surface which
can be covered by two charts in such a way that the intersection is connected
has to be orientable.

Theorem 13. A regular surface in R3 is orientable iff it admits a differen-
tiable vector field of normal unit vectors.

Theorem 14. If S = F−1(a) is the inverse image of a regular value for a
differentiable function F , then S is orientable.

The field of normal unit vectors is

N(p) :=
dF|p

|dF|p|
.

12 The Gauss map

Assume S is an oriented surface. Then we can assume the existence of a
differentiable vector field of unit normal vectors. This is a map

N : S → S2

For any point P ∈ S, the tangent spaces TpS and TN(p)S
2 are parallel

and therefore we can canonically identify them. In other words if P is in
the image of a local parameterization ϕ, then we can think of ϕu, ϕv as a
privileged basis for TN(p)S

2.

Definition 10. The Gauss map at a point P is the differential of dN|P .

Two ways of understanding the Gauss map:

local coordinates: locally, we can just represent the Gauss map by a 2×
2 matrix, by using our privileged basis ϕu, ϕv. Examples: cylinder,
cylinder over a parabola (u, u2, v) (here the nontrivial entry of the
Gauss map is again the 11 entry which is (1 + u2)−3/2)

living in R3: we can think of the action of the Gauss map on tangent vec-
tors by remembering that tangent vectors are velocity vectors of curves
through P . Then the vector dN(α′(t)) is, by chain rule, just the deriva-
tive of N(α(t)) with respect to t. This way we work in the ambient
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space R3 without ever even using local coordinates. From this point
of view the partial derivatives Nu and Nv are very natural: they are
the images via the Gauss map of the basis vectors ϕu, ϕv (can look at
cylinder example again from this point of view. ).

An interesting example:
Consider the surface of revolution (r(v) cos(u), r(v) sin(u), z(v)), where

the plane curve that defines the surface is parameterized by arc length (i.e.√
r′2 + z′2 = 1) Then:

ϕu = (−r(v) sin(u), r(v) cos(u), 0)

ϕv = (r′(v) cos(u), r′(v) sin(u), z′(v))

N = (z′(v) cos(u), z′(v) sin(u),−r′(v))

Nu = (−z′(v) sin(u), z′(v) cos(u), 0) =
z′(v)

r(v)
ϕu

Nv = (z′′(v) cos(u), z′′(v) sin(u), r′′(v)) =
z′′(v)

r′(v)
ϕv

13 Oct 25

Theorem 15. For any point P ∈ S, the differential dN|P is represented by
a (not necessarily) symmetric matrix. However, it is a self-adjoint linear
map. I.e.:

〈Nu, ϕv〉 = 〈Nv, ϕu〉.

Prove this by taking partial derivatives of

〈N,ϕv〉 = 0

〈N,ϕu〉 = 0

Definition 11. The second fundamental form is a quadratic form II :
TP (S)→ R defined as:

II(x) = −〈dN|P (x,x)〉.

Note that in the basis ϕu, ϕv the second fundamental form is represented
by the matrix −GdN

Definition 12. Let α(s) a curve on S (assume wlog it is parameterized by
arclength). Then the normal curvature of α at P = α(0) is

kn(P ) = 〈α′′(0), N(0)〉

Since N is a unit vector, this equals the projection of the second derivative
of α in the direction of N .
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Now from orthogonality of N and the tangent plane we get the equality:

〈N(α(s)), α′(s)〉 = 0

We differentiate wrt s to obtain

−〈dN|P (α′(s)), α′(s)〉 = 〈N(α(s)), α′′(s)〉

And we note that LHS of the above equation gives precisely II(α′(s)),
which gives a geometric interpretation of what the second fundamental form
does. As an obvious corollary we get the not so intuitive fact:

Theorem 16. Any two curves on S through P with the same tangent line
have the same normal curvature.

14 Oct 28

Theorem 17. A self adjoint bilinear form has an orthonormal basis of
eigenvectors.

1. A symmetric matrix can always be diagonalized.

2. If the eigenvalues are the same, then the matrix is a multiple of the
identity. Find an orthonormal basis using Graham-Schmidt.

3. If the eigenvalues are distinct, self adjointness implies they are orthog-
onal, then can normalize for orthonormality.

Further, the value of the associated quadratic form for the eigenvectors
corresponds precisely to the eigenvalue.

Definition 13. The eigenspaces for dN|P are called principal directions
at P and the negative values of the eigenvalues are called principal curva-
tures at P .

If we denote e1, e2 two independent norm 1 vectors in the principal di-
rections, then the second fundamental form is represented by the diagonal
matrix with entries k1 and k2. The principal curvatures are the maximum
and minimum values of the second fundamental form restricted to the unit
circle.

Definition 14. A line of curvature is a differentiable curve such that the
tangent at every point is a principal direction.

Definition 15. The Gaussian curvature K is the product of the princi-
pal curvatures, or equivalently the determinant of dN|P . The mean cur-
vature is the arithmetic mean of the principal curvature, or equivalently
−Tr(dN|P ).
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We can use this information to classify surface points to “second order”.
This is done in terms of the sign of the Gaussian curvature.

Definition 16. P ∈ S is called:

hyperbolic if K < 0

elliptic if K > 0

parabolic if K = 0 but dN|P 6= 0

planar if K = 0 and dN|P = 0

Definition 17. An umbilical point is a point P such that the principal
curvatures are the same.

15 Oct 30

As an example, let us resume surfaces of rotation. Here we have computed
the matrix of dN to be: [

z′

r 0

0 z′′

r′ = − r′′

z′

]
Draw a couple of pictures and show how the surface behaves. Do something
nice like the torus, and then something random

16 Nov 1

A plane and a sphere are two surfaces such that all points are umbilical. In
fact the converse “pretty much” holds.

Theorem 18. If a connected surface is such that all of its points are um-
bilical, then it is an open subset of either the plane or a sphere.

We simplify our life by assuming the surface is all contained in one
coordinate patch. For every P ∈ S,

dN|P = λ(P )Id.

First we show λ is a constant function: differentiate with respect to v

Nu = λϕu

and with respect to u
Nv = λϕv

Subtract the results from each other to obtain λu = λv = 0.
Now, if λ = 0, then N is constant and S is contained in a plane.
If λ 6= 0, then P − N

λ is a constant function, which means P belongs to
a sphere of radius 1/|λ|.
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Theorem 19. If a surface is tangent to a plane along a curve, all points of
the curve are either parabolic or planar.

At each point P of the curve dN |P (t) = 0 (where t is the tangent vector
to the curve). Therefore the tangent to the curve is a principal direction
with principal curvature = 0.

17 Nov 4

Theorem 20. If P is an elliptic (resp. hyperbolic) point, locally the surface
is all on one side of the tangent plane (resp. it is on both sides of the tangent
plane).

Consider the taylor expansion of φ and the inner product:

〈ϕ(Pu+δu, Pv+δv)−P,N(P )〉 = 〈1/2(ϕuuδ
2
u+2ϕuvδuδv+ϕvvδ

2
v)+E,N(p)〉 =

= IIp(δu, δv) + 〈E,N(p)〉,
where the equality with the second fundamental form comes from integrating
by parts the scalar products of the double derivatives of ϕ with N . Now
because the error term has higher than second order, we can conclude our
theorem.

Theorem 21. Let P ∈ S and let K denote the Gaussian curvature at P . Let
Br denote a ball of radius r around the origin of a coordinate neighborhood
centered at P . Then

K = lim
r→0

A(N(ϕ(Br)))

A(ϕ(Br))

Note that from the area formula for regions of surfaces we have

lim
r→0

A(N(ϕ(Br)))

A(ϕ(Br))
= lim

r→0

∫ ∫
Br
|Nu ∧Nv|dudv∫ ∫

Br
|ϕu ∧ ϕv|dudv

Applying the mean value theorem and taking the limit we obtain the result.

18 Nov 6

Definition 18. A diffeomorphism f : S1 → S2 is called an isometry if for
every P ∈ S1, for every x,y ∈ TpS1,

〈x,y〉 = 〈df|Px, df|Py〉

A differentiable function f : S1 → S2 is called a local isometry if for
every P ∈ S1, for every x,y ∈ TpS1,

〈x,y〉 = 〈df|Px, df|Py〉
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Example of a local isometry is the trigonometric parameterization of
the cylinder: the fact that the metric is the identity matrix means that
the cylinder is locally isometric to the plane, but clearly the map is not a
diffeomorphism since it cannot be bijective.

Two surfaces are locally isometric if they locally ”share the same met-
ric”. Which means that independently of how they are put in 3d space, any
question that involves measuring lengths or areas is equivalent on the two
surfaces. From a more philosophical and general point of view, any question
that is invariant by local isometries does not care about a particular embed-
ding of the surface in 3d space... all it cares for is what the induced metric
on the surface is. Such properties are called intrinsic. This leads the way
to the notion of abstract Riemannian surface.

19 Nov 11

Want to study now the variation of our distinguished vectors:

ϕuu = Γ1
11ϕu + Γ2

11ϕv + eN (18)

ϕuv = Γ1
12ϕu + Γ2

12ϕv + fN (19)

ϕvu = Γ1
21ϕu + Γ2

21ϕv + fN (20)

ϕvv = Γ1
22ϕu + Γ2

22ϕv + gN (21)

Nu = a11ϕu + a21ϕv (22)

Nv = a12ϕu + a22ϕv (23)

Immediate things we can say:

1. aij are the coefficients of dN represented in the ϕu, ϕv basis.

2. e, f, f, g are the coefficients of II represented in the ϕu, ϕv basis.

3. Christoffel symbols are symmetric in the lower indices.

4. Christoffel symbols can be expressed in terms of the coefficients of the
metric and their derivatives. Look at:

Eu = 2〈ϕuu, ϕu〉 (24)

Fu = 〈ϕuu, ϕv〉+ 〈ϕu, ϕvu〉 (25)

Gu = 2〈ϕvu, ϕv〉 (26)

Ev = 2〈ϕuv, ϕu〉 (27)

Fv = 〈ϕuv, ϕv〉+ 〈ϕu, ϕvv〉 (28)

Gv = 2〈ϕvv, ϕv〉 (29)

Now one can compute the RHS of these equations using equations (18) to
obtain a linear system that can be solved to express the Christoffel symbols
in terms of the derivatives of E,F,G.
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Theorem 22 (Gauss Theorem Egregium). The Gaussian curvature is in-
trinsic

Recall first that:

K =
eg − f2

EG− F 2

One obtains an expression for K in terms of Christoffel symbols and their
derivatives by comparing the ϕv coefficients of

ϕuuv = ϕuvu.

There are in principle a ton of other relations, because one can look at a
bunch of partial derivatives done in different orders and set them equal...it
turns out however that you don’t end up getting too many relations - in fact
you get the Gauss formula many times, and the Codazzi-Mainardi Equa-
tions. Look at N coefficient of:

ϕuuv = ϕuvu.

and

ϕvvu = ϕuvv.

Theorem 23. Given E,F,G and e, f, g differentiable function satisfying
E,G > 0, EG−F 2 > 0 plus the Gauss and the Codazzi-Mainardi equations.
There exists a surface (unique up to rigid motion) such that it has said
metric and II fundamental form.

Proof is similar to fundamental thm of curves. One looks to integrate
the differential equations given by the system (24) and now, since it is a
system of PDE’s, there are some compatibility requirements, that end up
being precisely the Gauss and CM equations.

How to differentiate a vector field?
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