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Abstract

We study a moduli space s g for Artin-Schreier curves of genugover
an algebraically closed fieklof characteristiqp. We study the stratification
of 454 by p-rank into strataa s ¢ s of Artin-Schreier curves of genugwith
p-rank exactlys. We enumerate the irreducible componentsacfys and
find their dimensions. As an application, whpr= 2, we prove that every
irreducible component of the moduli space of hyperelliticurves with
genusg and 2-ranks has dimensiorg— 1+ s. We also determine all pairs
(p,9) for which 254 is irreducible.
keywords: Artin-Schreier, hyperelliptic, curve, modydiyank.
subjclass[2000]11G15, 14H40, 14K15

1 Introduction

Let k be an algebraically closed field of characterigiic- 0. An Artin-Schreier
k-curveis a smooth projective connectketurveY which is a(Z/p)-cover of the
projective line. The Riemann-Hurwitz formula implies thla¢ genugy of Y is of
the formg=d(p—1)/2 for some integed > 0. Thep-rankof Y is the integes
such that the cardinality of J&¢)[p] (k) is p®. It is well known that 0< s< g. By
the Deuring-Shafarevich formula=r(p— 1) for some integer > 0.

In this paper, we study a moduli spaaes 4 for Artin-Schreierk-curves of
genusg. We study its stratification bp-rank into strataa s s whose points cor-
respond to Artin-Schreier curves of gergisvith p-rank exactlys. Throughout,
we assum@g =d(p—1)/2 ands=r(p—1) for some integersl > 1 andr >0
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since the problem is trivial otherwise. We denote |by and [-] the floor and
ceiling of a real number, respectively. We prove:

Theorem 1.1.Letg=d(p—1)/2withd > 1and s=r(p—1) withr > 0.

1. The set of irreducible components.@§ 45 is in bijection with the set of
partitions{ey,...e 1} of d+ 2 into r + 1 positive integers such that each
ej Z 1 modp.

2. The irreducible component afs g for the partition{ey,...e1} has di-

mension
r+1

d-1-3 (e -1)/p)
=

The proof uses ideas from [2, Section 5.1], [7], and [12]. Aspplication of
Theorem 1.1, we determine all cases whesy is irreducible, using the fact that
every irreducible component afs g has dimension — 1, [9, Cor. 3.16].

Corollary 1.2. The moduli spacezsq is irreducible in exactly the following
cases: (i) p=2;or (i)g =00rg=(p—1)/2; or (iii) p = 3and g= 2,3,5.

Whenp = 2, the moduli spacetsq is the same as{g, the moduli space of
hyperelliptick-curves of genug. By [8, Thm. 4.1],%( is irreducible of dimension
29— 1 whenp = 2. Let#ys C 7y parametrize hyperelliptik-curves of genug
with 2-ranks. Theorem 1.1 yields the following description &fs. This also
generalizes the result ditrgo) = g— 1 whenp = 2 from [13, Prop. 4.1].

Corollary 1.3. Let p=2and g> 1. The irreducible components ofys are in
bijection with partitions of g+ 1 into s+ 1 positive integers. Every component has
dimensiong-1+s.

Whenp = 2, we also give a complete combinatorial description of hiev t
irreducible components of s fit together in#/y, Corollary 4.6.

The geometry of1 s g is more complicated whem> 3. For example, Theorem
1.1 shows that, for fixed ands, the irreducible components afsgs can have
different dimensions and thuss ¢ s is not pure in general whem> 3.

Here is some motivation for this paper, which also gives la@oillustration
how the geometry ofi s 4 is more complicated whep > 3. Recall that the mod-
uli spaceaq of principally polarized abelian varieties ovef dimensiong can
be stratified byp-rank. LetVys C a4 denote the stratum of abelian varieties with
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p-ranks. By [11, 1.6], every component &fys has codimensiog — s in A4g.
SupposeéM is a subspace af(g, the moduli space df-curves of genug. One
can ask whether the imagegM) of M under the Torelli morphism is in general
position relative to thep-rank stratification. A necessary condition for an affir-
mative answer is that codifi(M) NVgs, T(M)) = g—s. This has been verified
whenM = 914 in [5, Thm. 2.3] and wheM = #/4 for p > 3in [6, Thm. 1]. Corol-
lary 1.3 shows that this necessary condition is satisfiedffer #y whenp = 2.
Corollary 3.11 shows that it is not satisfied Mr= 2.54 whenp > 3.

Here is an outline of the paper. In Section 2, we describgranks of Artin-
Schreier curves and the relationship between irreduciheponents and parti-
tions. Section 3 contains the proof of the main result. Ongsfihheorem 1.1 in
Section 3.4, Corollary 1.2 in Section 3.5, and Corollaryifh.Section 3.6.

In Section 4, we consider how the componentsaofys fit together inside
454. One can ask whethetsgs (p1) is in the closure ofasgsin 454. We
give an affirmative answer in some cases (in particular, whernp = 2) and a
negative answer in others. This involves deformations ¢diwramified covers
with non-constant branch locus. We conclude with some opestegpns.

2 Partitions and Artin-Schreier curves

2.1 Partitions

Fix a primep > 0 and an integed > 1, withd even ifp = 2. LetQq be the set of
partitions ofd +2 into positive integerey , e, ... with eachej Z 1 modp. LetQq,
be the subset d®4 consisting of partitions of length+ 1. If E € Qq, letr :=r(E)
be the integer so tha& € Qq,. Write E = {ey,...,& 1} withe; <--- < e45.
There is a natural partial orderingon Qq so thatE < E’ if E’ is a refinement
of E, in other words, if the entries &’ can be divided into disjoint subsets whose
sums are in bijection with the entries Bf Using this partial ordering, one can
construct a directed grapghy. The vertices of the graph correspond to the parti-
tionsE in Qq. There is an edge frorf to E’ if and only if E < E/, andE # E’,
and there is no partition lying strictly in between them.(iieE < E" < E/ for
someE” in Qq thenE” = E or E” = E).
An edgeE < E’ in the directed grapkeq can be of two types. The first type
hasr (E) =r(E’) — 1. In this case, one entgof E splits into two entrieg; andey
of E’ so thate = e; + &> and none of the three is congruent to 1 modul®ne can
summarize this by writinde} — {e1,e}. The second type ha¢E) =r(E’) — 2.



In this case, one entrg of E splits into three entrieg;, e, e3 of E’ so that
e=e+e+ezandeacle; = (p+1)/2 modp. It follows that none of the four is
congruent to 1 modulp. One can summarize this by writif@} — {e1, e, es}.

Example 2.1.Let p= 3 andd = 10. Here is the grapB1o for Q1.

{12}
N
{6,6} {3,9}
Y
{2,2,8} {2,5,5} {3,3,6}
Y } /¢
{2,2,2,6)  {2,2,3,5} {3,3,3,3}
l ~
{2,2,2,3,3}

{2,2,2,2,2,2}

We skip the proofs of some of the following straightforwaedults. Lemma
2.2 is used in [1], while Lemmas 2.3 and 2.4 are used in Se8&ton

Lemma 2.2. The seQq o is nonempty if and only if p(d+1). If pt (d+1), then
Qq o contains one partitiofd -+ 2} which is an initial vertex of @. If p| (d+1),
thenQq 1 consists off (d +1)(p—2)/2p] partitions, and every vertex ofds
larger than one of these.

Lemma 2.3. If p = 2, there is a uniqgue maximal partitiof2,...,2} in Qq with
length d/2+ 1.

Lemma 2.4. Let p> 3. A partition is maximal if and only if its entries all equal
two or three. Every integer+ 1 with (d —1)/3 <r <d/2 occurs exactly once
as the length of a maximal partition. There ard/2| — [(d —4)/3]| maximal
partitions. There is a unique maximal partition if and orfiglie {1,2,3,5}.

Proof. The first statement is true sinceaf> 4 then there are;,e; € Z-g so
thate; # 1 modp ande; + e, = e. For the other statements, Etbe a maximal
partition ofd+2. Letb denote the number of the entriestbfvhich equal 3. Note
that 0< b < (d+2)/3. Letr +1 be the length oE. Thend+2=2(r +1)+band
(d+2)/3<r+1<(d+2)/2. Any choice ofr + 1 in this range yields a unique
choice ofb which determines a unique partitiéh O

4



Remark 2.5. When p = 2, every path inGy from the partition{d + 2} to the

partition{2,...,2} has the same length, whichdg2. Whenp = 3, every path in
Gy from a minimal to a maximal vertex has the same length, whi¢t i3|. This

property does not hold in general fpr> 5.

2.2 Artin-Schreier curves

Here is a review of some basic Artin-Schreier theory. Y.dte an Artin-Schreier
k-curve. Then there is @/p-cover@:Y — IP& with an affine equation of the
form yP —y = f(x) for some non-constant rational functié(x) € k(x). At each
ramification point, there is a filtration of the inertia graipp, called the filtration
of higher ramification groups in the lower numbering [14,.1V]

Let {Pi,...,P11} be the set of poles of(x) on the projective lineP. Let
d; be the order of the pole dff(x) at P;. One may assume thatt d; by Artin-
Schreier theory. Thed is thelower jumpatPj, i.e., the last index for which the
higher ramification group abog is nontrivial. Letej = dj +-1. Thene; > 2 and

€j Z 1 modp. The ramification divisor ofpis D := zgﬁej P;.

Lemma 2.6. The genus of Y isyg= ((zgjej) —2)(p—1)/2. The p-rank of Y is
sy=r(p—1).

Proof. The first statement follows from the Riemann-Hurwitz formuking [14,
IV, Prop. 4] and the second from the Deuring-Shafarevicmida [3, Cor. 1.8].
See [16, Remark 1.4] or [17, Section 2] for details. O

2.3 Thep-rank of Artin-Schreier curves and partitions

The Artin-Schreier curves of gengs=d(p— 1)/2 with p-rankr(p— 1) are inti-
mately related to the partition se@; , as defined in Section 2.1.

Lemma 2.7. There exists an Artin-Schreier k-curve of genus g with gendip —
1) if and only if d:= 2g/(p— 1) is a nonnegative integer arfdy  is nonempty.

Proof. Suppose there exists an Artin-Schreiazurve with genug =d(p—1)/2
andp-rankr(p—1). By Lemma 2.6, this is equivalent to the existenced of) €
k(x) whose poles have ordefs; —1,...,&41— 1} where eacle; # 1 modp and

yit16 =d+2. Thisis equivalent t€q, being nonempty. O



Example 2.8.Let p=2. Letg> 0 and 0< s <g. ThenQygs is non-empty
since @Y+ 2 can be partitioned inte+ 1 even integers. Therefore, there exists an
Artin-Schreierk-curve of genug and p-ranksin characteristic 2.

Example 2.9.Let p > 3. There exists an Artin-Schrei&curve of genug =
d(p—1)/2 with p-rank 0 if and only ifpt (d + 1) by Lemma 2.2. There exists
an ordinary Artin-Schreiek-curve (i.e., withp-rank g) if and only if 2| d. If
21d, the largesip-rank which occurs for an Artin-Schrei&rcurve of genug is
s=g—(p—1)/2 by Lemma 2.4.

3 Moduli spaces of Artin-Schreier curves

Consider fixed parametes g=d(p—1)/2 withd > 1, ands=r(p— 1) with

0 <s<g. Inthis section, we define moduli spacesgs for Artin-Schreier covers
of genusg and p-ranks. We show the irreducible components.@f s are in
bijection with the elements &y, and find the dimension of these components.

3.1 Artin-Schreier covers

Let S be ak-scheme. ArS-curveis a proper flat morphisi¥ — S whose geo-
metric fibres are smooth connected curves. Aktin-Schreier curve YoverSis

an S-curve for which there exists an (unspecified) inclusiotZ/p — Auts(Y)

so that the quotienY /1(Z/p) is a ruled scheme. This means that there is an
(unspecified) isomorphism between each geometric fibré /ofZ/p) and PL.

An Artin-Schreier coveoverSis aZ/p-cover@:Y — IP%. In other words, it

is an Artin-Schreier curv& over S along with the data of a specified inclusion

| : Z/p— Auts(Y) and a specified isomorphiswy1(Z/p) ~ P&,

Consider the following contravariant functors from theeggry ofk-schemes
to sets: 454 (resp.4.5covy) which associates tSthe set of isomorphism classes
of Artin-Schreier curves (resp. covers) ovi&with genusg. As in [15, Lemma
1.4] [9, Section 2.1], one can show that there is an algelstaick representing
45 g (resp.4.scoy) which we denote again by the symbok g (resp.4.s cov).

It is well known that there is a forgetful map froms coy, to 4.5 as follows.

Lemma 3.1. There is a morphism F a5coy — 454 and the fibre of F over
every geometric point of s g has dimensioi.



Proof. There is a functorial transformationscov(S) — a54(S) that takes a
given Artin-Schreier covep:Y — IP% over Sto the Artin-Schreier curv¥ over
S This yields a morphisrk : 25coy — 454 by Yoneda’s lemma.

Given an Artin-Schreiek-curve Y, by definition there exists an inclusion
| 1 Z/p — Aut(Y) and an isomorphisn : Y/1(Z/p) — Pi. ThusY is in the
image ofF. There are only finitely many choices fosince AutY) is finite [4,
Theorem 1.11]. There is a three-dimensional choice forgbmbrphism since
dim(Aut(P})) = 3. Thus the fibre oF overY has dimension three. O

3.2 The ramification divisor

This section is about a morphigiifrom 2.5 coy to a linear system.

Let Sbe ak-scheme. LeP, be the section at infinity oﬁ%. Forne Z-o,
consider the linear systemP,| on PL. Recall that a horizontal divisdd on
PLis in [nPs| if and only if D is effective and de@) = n. If D € |nP,| then,

possibly after a finite extension & one can writeD = eri]iej Pj whereej > 1

and eri]iej = n and where{Py,...,P1} is a set of distinct horizontal sections
of IP%. Letr +1 be the number of sections and wrﬁéD) = {ey,...,e41} with
€ <o < 6. _

There is a natural stratificatiomPs.|z of [nPx| by partitionsE of n (where
the sectiongPy,...,P+1} can vary). Note thab € |nPoo|E(D) exactly when the
horizontal sectiongPy,...,R 1} do not intersect. LeiPs|’ = Uz g [NPs[g

(i.e., all divisors for which eackj # 1 modp). For fixed E, let Hz C S11 be
the subgroup of the symmetric group generated by all trasispos (i, j2) for
whichej, = ej,.

Lemma 3.2.If E € Qq, then|(d +2) Pw|g is irreducible with dimension + 1.

Proof. Let A denote the weak diagonal ¢P1)"+1, consisting of(r + 1)-tuples
with at least two coordinates equal. Consider the quotie(®b" 1 —A by the ac-
tion of Hz. There is an isomorphisfid +2) P |z ~ [(P1)" ! — A] /Hz in the finite

topology, which take® = zﬁﬁ ejP; to the equivalence class OPy,...,Pr1).
Thus|(d + 2)Pw|g is irreducible with dimension+- 1. O

Proposition 3.3. Let d= 2g/(p—1). There is a morphism Bascoy — |(d+
2)P»| which surjects onto the k-points gl + 2)Ps|'.



Proof. Given an Artin-Schreier covep over S, its ramification divisorD is a
relative Cartier divisor of constant degree- 2 by [2, 5.2.3]. LetB(¢) = D.
After a finite extension o8, thenD = zr“ ejPj Wherez““1 gg=d+2and

where{Py,...,P.1+1} is a set of distinct horizontal sectlonslﬁi constituting the

branch Iocus ofp. By [14, IV, Prop. 4],dj = ej — 1 is the lower jump ofp above

the geometric generic point &. ThusD € |(d+ 2)P.|" since eaclej; # 1 modp.
Suppos® € |(d+2)Px|'(k). ThenD = y'*7e;P; for some se{Py, ... P11}

of distinct points of?}. Consider the divisob’ = zrﬁ(ej 1)P;. There is a non-

constant functiorf (x) € k(x) with dive( f (X)) = D’. Consider the covep: Y — P}
given by the affine equatioy? —y = f(x). Then@is an Artin-Schreier cover with
B(¢p) = D andY has genug by Lemma 2.6. Thu® € Im(B). O

Let ASqE (resp.ﬂscong) denote the locally closed reduced subspace of
45 g (resp.a.scov) whose geometric points correspond to Artin-Schreier cove
whose ramification divisor has partitidh The morphism$ andB respect the
partitionE. LetFg:as5coy, g — A5, g andBg i Ascoy g — |(d+2)Px|z denote
the natural restrlctlons

3.3 Artin-Schreier covers with fixed ramification divisor

In this section, we fix a partitiole € Qg and a divisoD € |(d + 2)Ps|z and
study the fibre oB over D. Using [2, Section 5.1], we show that this fibre is
irreducible and compute its dimension. This involves désag the equations for
an Artin-Schreier cover with ramification divisbr.

Notation 3.4. LetE e Qq, be afixed partitio{ey,...,e 1} of d+2. Consider
a fixed divisorD corresponding to &point of |(d + 2)Px|z. HereD = Z:ﬁ eiP
where{Py,...P11} is a fixed set of distinct points d?ﬁ. Let 2scoyp be the

fibre of Bz : 25cov, ¢ — |(d+2)Pw|g overD.

Remark 3.5. In [7, Cor. 2.10], the author constructs a schemewhich is a fine
moduli space for coverg — IP& with groupZ/p and branch locuéPs, ..., P11}
(whereY has unbounded genus). The subspacEoyp of 45coy can be
viewed as a closed subspacesf. Recall from [7] thatar is a direct limit of
affine schemes. This direct limit arises becaus8 # Spe¢K) whereK is a
function field overk thenK is not perfect; it follows that there are non-trivial
Artin-Schreier covers ove8which become trivial after a finite extension&fin
[12], the author addressed this issue usirgpafiguration spacevhosek-points
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are in bijection with covers defined ovkr In this paper, we instead follow the
approach of [2, Section 5.1], where the authors work diyemter Speck).

Notation 3.6. For 1< j <r+1, lettj =d; — |d;/p] whered; = e; — 1. Let
Ng = ¥[27t). LetCj= (AQH™ x (Af—{0}). LetC = x[TIC;. There is an
action onC by the subgroupiz C S ;1 generated by all transpositio(g, j2) for

whichdj, = dj,. DefineCp = C/Hg.

Proposition 3.7. The fibrea scoyyp of Bz over D is isomorphic to £ over k.
Thusa scoyp is irreducible with dimension Nover k.

Proposition 3.7 implies that scoy, ¢ is a vector bundle ovel(d + 2)Pw|¢.
We note that it is not a trivial bundle.

Proof. By the definition ofCp, the first claim implies the second.

For the first claim, let denote a labeling of the+ 1 points in the support
of D. Let ascoyl, be the functor which associates $the set of coverg in
the fibreﬂSCO\/gD’(S) along with a labeling) of the branch locus. It suffices to
show that the moduli space fars CO\); p IS isomorphic taC overk. This follows
immediately from [2, pg. 229]. For the convenience of thedezawe include a
few details of the proof.

Let Sbe an irreducible affine-scheme. Supposge 4.5 coyyp(S) is an Artin-
Schreier cover ove® with ramification divisorD. Theng has an affine equation
yP —y = f(x) for somef(x) € 0(S)(x). The automorphisno = 1(1) acts via
o(y) =y+zfor someze (Z/p)*. Two such covergy : yP —y = f1(x) andgy :
yP—y = fy(x) are isomorphic if and only ifa(X) = (z2/z1) f1(x) + 8P — & for some
€ 0(S)(x), see e.g., [12, Lemma 2.1.5]. After possibly changiiig), one can
suppose=1.

The covergis in standard formif pti for any monomiakix' in f(x) whose
coefficientc; is generically non-nilpotent. Given an Artin-Schreier eog, after
a finite extensior8 — S, then@ xsS has an affine equation in standard form. To
prove this, one uses an étale co®r— Swith equationaP — a = ¢y to remove
a constant coefficienty € 0(S) from f(x). If f(x) contains a monomiatx®"
with w € Z-, one uses a purely inseparable co8er- S’ with equationbP =
c to replacecx¥ with the monomialbx¥. These transformations are uniquely
determined and do not change the isomorphism clags<@fS.

Sinceg has ramification divisoD, thenf(x) has a partial fraction decomposi-
tion f(x) = 3{719;(x) whereg;j (x) € (x—P;) "0 (S)[(x—Pj) 1] is a polynomial
of degreed; in the variable(x — P;)~1 with no constant term. (IP; = Pw, let
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(x—Pj)~! denotex for consistency of notation.) this in standard form, one can

write gj(X) = z;jilcu(x— P;)~' wherec; ; =0if p|i andcy, j is never zero.
Definea : Hom(S,C) — ﬂSCO\&D( S) so thata(x; x'tt Id 1, pi Ci,j) is the iso-

morphism class of the Artin-Schreier cowér—y = zrﬂg,( X) (with the implicit

labeling of {Py,...,P11}). If @is in standard form themp is in the image ofx.
Thena gives an bijection between thepoints ofC and,qsco@D(k). O

3.4 Irreducible components of thep-rank strata

Recall thatg =d(p—1)/2 withd > 1 andd even ifp=2 ands=r(p—1)
with 0 < s < g. The p-rank induces a stratification cfsq (resp.a5coy). Let
A4S gs (resp.ascovys) denote the locally closed reduced subspace ©of (resp.
4.5 covy) whose geometric points hayeranks.

Theorem 3.8. The irreducible components afscoy s are the strataﬂscovg

with E e Qq. If E = {e1,...,&+1}, then the dimension of the irreducible com-
ponentascoy, g is d+2— 3" 7| (ej—1)/p] over k.

Proof. The image ofa.scovs underB is the union of the stratid 4 2)Px|z of
|(d + 2)Pw|" with r(E) = r, Proposition 3.3. The stratuiid + 2)Px|z is irre-
ducible of dimensiom + 1, Lemma 3.2.

ForE € Qqy, consider the morphisiB : 4.5coy, ¢ — [(d+2)Px|z. The fibre
of Bz over a fixed divisoD is irreducible by Proposition 3.7. By Zariski’'s main
theorem,qscov.E is irreducible sincé8; has irreducible fibres and image. Thus
the irreducible components afs coy s are the strata s CoVy g with E Qq,r.

The dimension of1.scoy, ¢ is the sum of the dimensions [H + 2)Pw|z and
of the fibres ofBg. This equals + 1+ 3}*3(dj — [dj/p]) by Lemma 3.2 and

Proposition 3.7. This simplifies -2 — 2r+1 |(ej—1)/p]. O
Theorem 1.1 in the introduction follows immediately frone thext corollary.

Corollary 3.9. The irreducible components afs 4 s are the stratad s g WithE €

Qq. If E = {e1,...,&41}, then the dimensiondof the irreducible component
as,gisd—1-51|(ej—1)/p| overk.

Proof. Let W be an irreducible component afsgs. By Lemma 3.1,F (W)
is a union of irreducible components afscoys. By Theorem 3.8, these are
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indexed by partitiong € Qq,. The morphisnf respects the partitioB. In other
words, given an Artin-Schreier curé, every Artin-Schreier covep:Y — IP’,%
has the same partition. Thus there is a unique partitionraogufor points in
F~1(w), and soF ~(W) is irreducible. So the irreducible componentszf 4 s
are the stratang With E € Qq,. The second statement follows since k) =

dim(F~1(W)) — 3 by Lemma 3.1. O

Example 3.10.Let p= 3 andg = 10. Here are the dimensiods of the irre-
ducible components of 5 195s.

dimension

d{379} =7, d{6,6} =7

dioog =7, diossy =7, dizze =8
di2226y =8, dip235, =8, drz333, =9
di22233 =9

10| dip202222y =9

OO ~INOW

The next corollary shows that the imagems g under the Torelli morphism is
not in general position relative to thgerank stratification ofag whenp > 3.

Corollary 3.11. If p > 3, thencodim(45gs,45g) S g—S.

Proof. Letd =2g/(p—1) andr =s/(p—1). Lete= minzgiﬂ(ej -1)/p]
where the minimum ranges over all partitiojes, . .., &1} with fixed sumd + 2.
By Corollary 3.9, codinia54s,45¢g) = €. Since|(ej —1)/p] < (ej—2)/p, one
seesthat < (d—2r)/p=2(g—s)/p(p—1). Thuse < g—sif p> 3. O

3.5 lIrreducibility of the Artin-Schreier locus

As an application of Theorem 1.1, we determine all paxg) for which 254 is
irreducible.

Corollary 1.2 The moduli space s 4 is irreducible in exactly the following cases:
() p=2;or(i)g=00rg=(p—1)/2; or (iii) p =3and g=2,3,5.

Proof. Letd =2g/(p—1). Recall thatd is the dimension ofas jg. The first
claim is that there is a bijection between irreducible congris ofa s 4 and par-
titionsE e Qg so thatdz =d — 1. To see this, note that [9, Cor. 3.16] implies that
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every irreducible component ef s 4 has dimensiom — 1. If I" is an irreducible
component ofa s 4, then there is a partitioR € Qq and an open subsetc I so
thatU C AS e Thendz = dim(I") = d — 1. Conversely, supposk: = d — 1 for

someE € Qq. Then the irreducible spaces ;g is open in a unique irreducible
component” of 45 .

Thus, a5 is irreducible if and only if there is exactly one partitiéne Qq
with dimensiondz =d —1. WriteE = {er,...,&1}. By Theorem 1.1dz =d -1
ifandonlyifej < p+1forl<j<r+1.

If p= 2, only one partition satisfies the conditiep< 3 for eachj, namely
the partition{2,...,2}, Lemma 2.3. Thusgig is irreducible for allg whenp = 2.

For arbitraryp, if g= 0 (resp.g = (p—1)/2) thend = 0 (resp.d = 1), and
there is only one partition satisfying < p+ 1, namely the partitioq2} (resp.
{3}). Thusasgis irreducible in these cases.

If p=3andd =2 (resp. 3, 5), only one partition satisfies the condigpr 4,
namely{2,2}, (resp.{2,3}, {2,2,3}). Thusasgis irreducible in these cases.

Supposep > 3 andd > 2 and thatasg is irreducible. IfE is a maximal
partition, then its entries satisgf <3 < p+1. ThusQq has a unique maximal
partition. By Lemma 2.4, this impliee {2,3,5}. If p> 5, then there are at least
two partitions satisfyin@; < p+ 1: for example{4} and{2,2} whend = 2; {5}
and{2,3} whend = 3; {2,5} and{2,2,3} whend = 5. This is a contradiction
and so cases (i)-(iii) are the only cases whesy is irreducible. O

3.6 Hyperelliptic curves in characteristic 2

Let 744 be the moduli space of hyperelliptiecurves of genus. Let #ys denote
the locally closed reduced subspacesqf parametrizing hyperellipti&-curves
of genusg with p-ranks. Whenp = 2, # is the same ag.5g. This yields the
following result.

Corollary 1.3 Let p= 2. The irreducible components ofy s are in bijection
with partitions of g+ 1 into s+ 1 positive integers. Every component has dimen-
sion g— 1+ s over k.

Proof. By Corollary 3.9, the irreducible components#g s are in bijection with
the partitions ofd + 2 = 2g+ 2 into s+ 1 even positive integers, which are in
bijection with the partitions o+ 1 intos-+ 1 positive integers. The dimension of
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the irreducible component fd = {ey, ..., es1} is (d—1) — y577( (g — 1)/2].
This simplifies tog — 1+ ssincee; is even and (ej — 1) /2] =ej/2— 1. O

4 Deformation results and open questions

In this section, we give some results on how the irreduciblamonents ofa 5 g s
fit together withing s ¢. This involves deformations of wildly ramified covers with
non-constant branch locus.

4.1 A deformation result for wildly ramified covers

Proposition 4.1. Suppose pe; and p| e2. Suppos@), is an Artin-Schreier cover
over k, branched at a point b with lower jumpe e —1. Let S= Speck][t]]).
Then there exists an Artin-Schreier cougg over S whose special fibre is iso-
morphic toy,, whose generic fibre is branched at two points that spe@abzb
and which have lower jumpg e 1 and & — 1, and whose ramification divisor is
otherwise constant.

Proof. Consider the Artin-Schreier cover, : Y, — Z, which is wildly ramified

at the pointy, €Y, aboveb where it has lower jump; + e — 1. Let(. : Y, — Z,

be the germ of}, aty,. It is an Artin-Schreier cover of germs of curves. Using
formal patching, (see e.qg., [7, Prop. 2.7] or [2, Thm. 3.Bdgformations of},
can be constructed locally via deformationsef With this technique, one can
suppose that the deformation @f, and thus the ramification divisor, is constant
away fromb.

Lete=e; +e. NowZ, ~ Speck|[x1]]). After a change of variables, one can
suppose that the restriction @f to Speck((x1))) has equatioy? —y = x¢1.

The equatiory? —y = x¢~1 is well-defined away froox = 0. To construct
the deformation, one can consider an integral equationfor Leta; = e;/p
anda; = e/p anda=a; + ap. Letx=1/x and lety = x®y. A normal model
for §), above Spek[[x1]]) is given by the equatiop® — X3P~y = x. It has an
automorphisno(y) = y+ X2 of orderp.

Consider the deformatiafis of (), overS= Speck|[t]]) given by the normal
extension of Spe&[[x~1,t]]) with the following equation:

yp _ )—(al(p—l) ()—(_ t)aZ(p—l)y =X
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This has an automorphisa(y) = y+ %% (X —t)® of orderp. Away fromx 1 =0,
the deformation has equatigh—y = x1 /(1 —xt)® wherey = x® (X —t)®y. On
the special fibre, when= 0, then{yg is isomorphic to the given covér,.

On the generic fibre, when# 0, then{is is branched above= 0 and above
Xx—t=0. Also (x—1)2(P-1 is a unit wherx = 0 andx®(P-1 is a unit when
X —1t = 0. Thus the coveips is ramified abov& with ramification breakpa; — 1
and abovex —t with ramification breakpa, — 1. So the generic fibre afs is
branched at two points that specializelt@nd these points have lower jumps
e, —1ande, — 1. O

4.2 Closures of thep-rank strata

In this section, we show that the combinatorial data in ttephGy gives partial
information about how the irreducible componentsaofy s fit together inas .
Furthermore, we show that the gra@ gives complete information about this
guestion wherp = 2.

Fori = 1,2, consider a partitioEi € Qqy,. Lets =ri(p—1). Let I'Ei =
AS4g be the irreducible component afsqg corresponding td; as defined
below Proposition 3.3. There is a partial orderiagn Qq from Section 2.1.

Lemma 4.2. If T¢ isin the closure of ¢ in 25y, thenE; < E,.

Proof. Let S= Speck([t]]) and consider an Artin-Schreier covgs so that the
generic fibre yields &((t))-point of e, and the special fibre yieldskapoint of
Mg, This is only possible if the branch points @f coalesce wheh= 0. Since
B(ws) is a relative Cartier divisor of constant degree, the estothe partition
sum together under specialization and the partition deeem size. O

The next example and lemma show that the condifigr: E, is frequently
not sufficient forl ¢ to be in the closure df in 255 whenp > 5.

Example 4.3.Let p= 5 andg = 4 and consideE; = {4} andE, = {2,2}. Then

Mz andlz are both components afs 4 with dimension one. Although; < E,
1 2 . . . .

at most a zero-dimensional subvarlety'%fl can be in the closure (FfEZ. In fact,

Mg, is the supersingular family parametrizedySy- y = x3 + cx?; while Mg, is the
ordinary family parametrized by’ —y = x+c¢/x.

Fora € Z-o, letabe the integer so th@=amodpand 0<a < p.

14



Lemma 4.4. Supposé&; < E, with an edge fronk; to E».

. Ifthe edge is of the forge} — {e;, e} with2<e +8 <p, thendimk(rél) =
dlmk( ,) andlg is notin the closure of g in 5.

2. In all other casesdlim(I'g ) = dimy(Fg,) — 1.

Proof. The dimension comparison follows from Theorem 1.1. If dif ) =
dime(T"g,), thenl"g is not in the closure of ¢ sincea.s g is separated. O

It is sometimes possible to show tHI_EEt is in the closure of ¢ . For example,
[10, Thm. 6.5.1] implies thafE is in the closure or~ for an edge of the form
{2p—¢+1} — {p,p—¢+1}aslongad | (p—1). Here is another such result.

Proposition 4.5. LetE; < E, with an edge of the forrfie} — {e;, e} fromE; to
Eo. If p| e and p| ey, thean1 is in the closure oIL“E2 inA4sg.

In other words, under the hypothesis of Proposition 4.5¢ ifs an Artin-
Schreier curve with partitio&; overk, then there exists an Artin-Schreier curve
YsoverS= Speck|[t]]) whose special fibre is isomorphicYpand whose generic
fibre has partitiorEs.

Proof. Fori = 1,2, let FE =AS4E- LetY, be the Artin-Schreier curve corre-
sponding to &-point of Mg, There exists an Artin-Schreier coves : Y, — IP’&

overk. The elemenein the partitionﬁl determines a branch poibte IP& so that
the lower jump ofp, abovebise— 1.

Let S= Speck[[t]]). By Proposition 4.1, there exists an Artin-Schreier cover
@s over S whose special fibre is isomorphic tp and whose generic fibre is
branched at two points that specializeitand that have lower jumps — 1 and
e — 1. Furthermore, the ramification divisor is otherwise canst Thus the
generic fibre ofps has partitiorEs. Thuer1 is in the closure of‘E2 inasqg. O

The next corollary shows that the grafa gives a complete combinatorial
description of how the irreducible componentsaf 4 s fit together ina.s g when
p= 2. This resultis used in [1].

Corollary 4.6. Suppose p- 2. Thean1 isinthe closure oFE2 in4.5gifand only
if E; < Ep. Thus, every component &, is in the closure oy s 1 if g > s> 0.
Proof. Lemma 4.2 implies the forward direction. For the converse educes

to the case that there is an edge frBito E,. Sincep = 2, the edge has the form
{e} — {e1,e} wheree; ande, are even. Then Proposition 4.5 applies. [
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4.3 Open questions

Question 1: What are necessary and sufficient conditions on the ¢dye—
{e1, e} or the edge(e} — {ey, ez, €3} for g to be in the closure df in AS?

Partial results on Question 1 appear in Section 4.2.

Question 2: LetE e Qq . What Newton polygons occur for pointsgtng?
Whenp > d, the Newton polygon occurring for the generic pointxf , ¢ is
found in [16]. Its limit asp — o has slopes 0 and 1 occurring with mu?fiplicity

r(p—1) and slopeg -+ ej_z} with multiplicity p—1 foreach I< j <r +1.

e—1""e-1

Question 3 If p> 3 andg > s> 0, is every component oty s in the closure of
.7‘[9754,_]_?

If p> 3, [6, Thm. 1] implies that every component&js is in the closure of
Hgg. An answer to Question 3 would give more information aboatgeometry
of the p-rank stratification ofig, thus generalizing Corollary 4.6.
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