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Abstract

We study a moduli spaceA S g for Artin-Schreier curves of genusg over
an algebraically closed fieldk of characteristicp. We study the stratification
of A S g by p-rank into strataA S g.s of Artin-Schreier curves of genusg with
p-rank exactlys. We enumerate the irreducible components ofA S g,s and
find their dimensions. As an application, whenp = 2, we prove that every
irreducible component of the moduli space of hyperelliptick-curves with
genusg and 2-ranks has dimensiong−1+ s. We also determine all pairs
(p,g) for whichA S g is irreducible.
keywords: Artin-Schreier, hyperelliptic, curve, moduli,p-rank.
subjclass[2000]11G15, 14H40, 14K15

1 Introduction

Let k be an algebraically closed field of characteristicp > 0. An Artin-Schreier
k-curveis a smooth projective connectedk-curveY which is a(Z/p)-cover of the
projective line. The Riemann-Hurwitz formula implies thatthe genusg of Y is of
the formg = d(p−1)/2 for some integerd ≥ 0. Thep-rankof Y is the integers
such that the cardinality of Jac(Y)[p](k) is ps. It is well known that 0≤ s≤ g. By
the Deuring-Shafarevich formula,s= r(p−1) for some integerr ≥ 0.

In this paper, we study a moduli spaceA S g for Artin-Schreierk-curves of
genusg. We study its stratification byp-rank into strataA S g,s whose points cor-
respond to Artin-Schreier curves of genusg with p-rank exactlys. Throughout,
we assumeg = d(p−1)/2 ands= r(p−1) for some integersd ≥ 1 andr ≥ 0

∗The first author was partially supported by NSF grant DMS-04-00461.
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since the problem is trivial otherwise. We denote by⌊·⌋ and ⌈·⌉ the floor and
ceiling of a real number, respectively. We prove:

Theorem 1.1.Let g= d(p−1)/2 with d≥ 1 and s= r(p−1) with r ≥ 0.

1. The set of irreducible components ofA S g,s is in bijection with the set of
partitions{e1, . . .er+1} of d+ 2 into r + 1 positive integers such that each
ej 6≡ 1 modp.

2. The irreducible component ofA S g,s for the partition{e1, . . .er+1} has di-
mension

d−1−
r+1

∑
j=1

⌊(ej −1)/p⌋.

The proof uses ideas from [2, Section 5.1], [7], and [12]. As an application of
Theorem 1.1, we determine all cases whenA S g is irreducible, using the fact that
every irreducible component ofA S g has dimensiond−1, [9, Cor. 3.16].

Corollary 1.2. The moduli spaceA S g is irreducible in exactly the following
cases: (i) p= 2; or (ii) g = 0 or g = (p−1)/2; or (iii) p = 3 and g= 2,3,5.

When p = 2, the moduli spaceA S g is the same asH g, the moduli space of
hyperelliptick-curves of genusg. By [8, Thm. 4.1],H g is irreducible of dimension
2g−1 whenp = 2. LetH g,s ⊂ H g parametrize hyperelliptick-curves of genusg
with 2-ranks. Theorem 1.1 yields the following description ofH g,s. This also
generalizes the result dim(H g,0) = g−1 whenp = 2 from [13, Prop. 4.1].

Corollary 1.3. Let p= 2 and g≥ 1. The irreducible components ofH g,s are in
bijection with partitions of g+1 into s+1 positive integers. Every component has
dimension g−1+s.

When p = 2, we also give a complete combinatorial description of how the
irreducible components ofH g,s fit together inH g, Corollary 4.6.

The geometry ofA S g is more complicated whenp≥3. For example, Theorem
1.1 shows that, for fixedg ands, the irreducible components ofA S g,s can have
different dimensions and thusA S g,s is not pure in general whenp≥ 3.

Here is some motivation for this paper, which also gives another illustration
how the geometry ofA S g is more complicated whenp≥ 3. Recall that the mod-
uli spaceAg of principally polarized abelian varieties overk of dimensiong can
be stratified byp-rank. LetVg,s ⊂ Ag denote the stratum of abelian varieties with
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p-rank s. By [11, 1.6], every component ofVg,s has codimensiong− s in Ag.
SupposeM is a subspace ofM g, the moduli space ofk-curves of genusg. One
can ask whether the imageT(M) of M under the Torelli morphism is in general
position relative to thep-rank stratification. A necessary condition for an affir-
mative answer is that codim(T(M)∩Vg,s,T(M)) = g− s. This has been verified
whenM =M g in [5, Thm. 2.3] and whenM = H g for p≥ 3 in [6, Thm. 1]. Corol-
lary 1.3 shows that this necessary condition is satisfied forM = H g whenp = 2.
Corollary 3.11 shows that it is not satisfied forM = A S g whenp≥ 3.

Here is an outline of the paper. In Section 2, we describe thep-ranks of Artin-
Schreier curves and the relationship between irreducible components and parti-
tions. Section 3 contains the proof of the main result. One finds Theorem 1.1 in
Section 3.4, Corollary 1.2 in Section 3.5, and Corollary 1.3in Section 3.6.

In Section 4, we consider how the components ofA S g,s fit together inside
A S g. One can ask whetherA S g,s−(p−1) is in the closure ofA S g,s in A S g. We
give an affirmative answer in some cases (in particular, whenever p = 2) and a
negative answer in others. This involves deformations of wildly ramified covers
with non-constant branch locus. We conclude with some open questions.

2 Partitions and Artin-Schreier curves

2.1 Partitions

Fix a primep > 0 and an integerd ≥ 1, with d even if p = 2. LetΩd be the set of
partitions ofd+2 into positive integerse1,e2, . . . with eachej 6≡ 1 modp. LetΩd,r

be the subset ofΩd consisting of partitions of lengthr +1. If ~E ∈Ωd, let r := r(~E)
be the integer so that~E ∈ Ωd,r . Write ~E = {e1, . . . ,er+1} with e1 ≤ ·· · ≤ er+1.

There is a natural partial ordering< onΩd so that~E < ~E′ if ~E′ is a refinement
of ~E, in other words, if the entries of~E′ can be divided into disjoint subsets whose
sums are in bijection with the entries of~E. Using this partial ordering, one can
construct a directed graphGd. The vertices of the graph correspond to the parti-
tions~E in Ωd. There is an edge from~E to ~E′ if and only if ~E < ~E′, and~E 6= ~E′,
and there is no partition lying strictly in between them (i.e., if ~E < ~E′′ < ~E′ for
some~E′′ in Ωd then ~E′′ = ~E or ~E′′ = ~E′).

An edge~E < ~E′ in the directed graphGd can be of two types. The first type
hasr(~E) = r(~E′)−1. In this case, one entryeof ~E splits into two entriese1 ande2

of ~E′ so thate= e1+e2 and none of the three is congruent to 1 modulop. One can
summarize this by writing{e} 7→ {e1,e2}. The second type hasr(~E) = r(~E′)−2.
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In this case, one entrye of ~E splits into three entriese1, e2, e3 of ~E′ so that
e= e1+e2+e3 and eachej ≡ (p+1)/2 modp. It follows that none of the four is
congruent to 1 modulop. One can summarize this by writing{e} 7→ {e1,e2,e3}.

Example 2.1.Let p = 3 andd = 10. Here is the graphG10 for Ω10.

{12}

{3,9}{6,6}

{2,2,8} {2,5,5} {3,3,6}

{2,2,2,6} {2,2,3,5} {3,3,3,3}

{2,2,2,3,3}

{2,2,2,2,2,2}

We skip the proofs of some of the following straightforward results. Lemma
2.2 is used in [1], while Lemmas 2.3 and 2.4 are used in Section3.5.

Lemma 2.2. The setΩd,0 is nonempty if and only if p∤ (d+1). If p ∤ (d+1), then
Ωd,0 contains one partition{d+2} which is an initial vertex of Gd. If p | (d+1),
thenΩd,1 consists of⌈(d + 1)(p−2)/2p⌉ partitions, and every vertex of Gd is
larger than one of these.

Lemma 2.3. If p = 2, there is a unique maximal partition{2, . . . ,2} in Ωd with
length d/2+1.

Lemma 2.4. Let p≥ 3. A partition is maximal if and only if its entries all equal
two or three. Every integer r+ 1 with (d−1)/3≤ r ≤ d/2 occurs exactly once
as the length of a maximal partition. There are⌊d/2⌋− ⌈(d− 4)/3⌉ maximal
partitions. There is a unique maximal partition if and only if d ∈ {1,2,3,5}.

Proof. The first statement is true since ife≥ 4 then there aree1,e2 ∈ Z>0 so
thatej 6≡ 1 modp ande1 +e2 = e. For the other statements, let~E be a maximal
partition ofd+2. Letb denote the number of the entries of~E which equal 3. Note
that 0≤ b≤ (d+2)/3. Letr +1 be the length of~E. Thend+2= 2(r +1)+b and
(d+2)/3≤ r +1≤ (d+2)/2. Any choice ofr +1 in this range yields a unique
choice ofb which determines a unique partition~E.
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Remark 2.5. When p = 2, every path inGd from the partition{d + 2} to the
partition{2, . . . ,2} has the same length, which isd/2. Whenp = 3, every path in
Gd from a minimal to a maximal vertex has the same length, which is⌊d/3⌋. This
property does not hold in general forp≥ 5.

2.2 Artin-Schreier curves

Here is a review of some basic Artin-Schreier theory. LetY be an Artin-Schreier
k-curve. Then there is aZ/p-cover φ : Y → P1

k with an affine equation of the
form yp−y = f (x) for some non-constant rational functionf (x) ∈ k(x). At each
ramification point, there is a filtration of the inertia groupZ/p, called the filtration
of higher ramification groups in the lower numbering [14, IV].

Let {P1, . . . ,Pr+1} be the set of poles off (x) on the projective lineP1
k. Let

d j be the order of the pole off (x) at Pj . One may assume thatp ∤ d j by Artin-
Schreier theory. Thend j is thelower jumpat Pj , i.e., the last index for which the
higher ramification group abovePj is nontrivial. Letej = d j +1. Thenej ≥ 2 and
ej 6≡ 1 modp. The ramification divisor ofφ is D := ∑r+1

j=1ejPj .

Lemma 2.6. The genus of Y is gY = ((∑r+1
j=1ej)−2)(p−1)/2. The p-rank of Y is

sY = r(p−1).

Proof. The first statement follows from the Riemann-Hurwitz formula using [14,
IV, Prop. 4] and the second from the Deuring-Shafarevich formula [3, Cor. 1.8].
See [16, Remark 1.4] or [17, Section 2] for details.

2.3 Thep-rank of Artin-Schreier curves and partitions

The Artin-Schreier curves of genusg = d(p−1)/2 with p-rankr(p−1) are inti-
mately related to the partition setsΩd,r as defined in Section 2.1.

Lemma 2.7. There exists an Artin-Schreier k-curve of genus g with p-rank r(p−
1) if and only if d:= 2g/(p−1) is a nonnegative integer andΩd,r is nonempty.

Proof. Suppose there exists an Artin-Schreierk-curve with genusg = d(p−1)/2
andp-rank r(p−1). By Lemma 2.6, this is equivalent to the existence off (x) ∈
k(x) whose poles have orders{e1−1, . . . ,er+1−1} where eachej 6≡ 1 modp and
∑r+1

j=1ej = d+2. This is equivalent toΩd,r being nonempty.
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Example 2.8. Let p = 2. Let g ≥ 0 and 0≤ s≤ g. ThenΩ2g,s is non-empty
since 2g+2 can be partitioned intos+1 even integers. Therefore, there exists an
Artin-Schreierk-curve of genusg andp-ranks in characteristic 2.

Example 2.9. Let p ≥ 3. There exists an Artin-Schreierk-curve of genusg =
d(p−1)/2 with p-rank 0 if and only ifp ∤ (d + 1) by Lemma 2.2. There exists
an ordinary Artin-Schreierk-curve (i.e., withp-rank g) if and only if 2 | d. If
2 ∤ d, the largestp-rank which occurs for an Artin-Schreierk-curve of genusg is
s= g− (p−1)/2 by Lemma 2.4.

3 Moduli spaces of Artin-Schreier curves

Consider fixed parametersp, g = d(p−1)/2 with d ≥ 1, ands= r(p−1) with
0≤ s≤ g. In this section, we define moduli spacesA S g,s for Artin-Schreier covers
of genusg and p-rank s. We show the irreducible components ofA S g,s are in
bijection with the elements ofΩd,r and find the dimension of these components.

3.1 Artin-Schreier covers

Let S be ak-scheme. AnS-curveis a proper flat morphismY → S whose geo-
metric fibres are smooth connected curves. AnArtin-Schreier curve YoverS is
an S-curve for which there exists an (unspecified) inclusionι : Z/p →֒ AutS(Y)
so that the quotientY/ι(Z/p) is a ruled scheme. This means that there is an
(unspecified) isomorphism between each geometric fibre ofY/ι(Z/p) and P1

k.
An Artin-Schreier coverover S is a Z/p-cover φ : Y → P1

S. In other words, it
is an Artin-Schreier curveY over S along with the data of a specified inclusion
ι : Z/p →֒ AutS(Y) and a specified isomorphismY/ι(Z/p) ≃ P1

S.
Consider the following contravariant functors from the category ofk-schemes

to sets:A S g (resp.A S covg) which associates toS the set of isomorphism classes
of Artin-Schreier curves (resp. covers) overS with genusg. As in [15, Lemma
1.4] [9, Section 2.1], one can show that there is an algebraicstack representing
A S g (resp.A S covg) which we denote again by the symbolA S g (resp.A S covg).
It is well known that there is a forgetful map fromA S covg to A S g as follows.

Lemma 3.1. There is a morphism F: A S covg → A S g and the fibre of F over
every geometric point ofA S g has dimension3.
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Proof. There is a functorial transformationA S covg(S) → A S g(S) that takes a
given Artin-Schreier coverφ : Y → P1

S overS to the Artin-Schreier curveY over
S. This yields a morphismF : A S covg → A S g by Yoneda’s lemma.

Given an Artin-Schreierk-curve Y, by definition there exists an inclusion
ι : Z/p →֒ Aut(Y) and an isomorphismI : Y/ι(Z/p) → P1

k. ThusY is in the
image ofF. There are only finitely many choices forι since Aut(Y) is finite [4,
Theorem 1.11]. There is a three-dimensional choice for the isomorphismI since
dim(Aut(P1

k)) = 3. Thus the fibre ofF overY has dimension three.

3.2 The ramification divisor

This section is about a morphismB from A S covg to a linear system.
Let S be ak-scheme. LetP∞ be the section at infinity onP1

S. For n ∈ Z>0,
consider the linear system|nP∞| on P1

S. Recall that a horizontal divisorD on
P1

S is in |nP∞| if and only if D is effective and deg(D) = n. If D ∈ |nP∞| then,
possibly after a finite extension ofS, one can writeD = ∑r+1

j=1ejPj whereej ≥ 1

and∑r+1
j=1ej = n and where{P1, . . . ,Pr+1} is a set of distinct horizontal sections

of P1
S. Let r +1 be the number of sections and write~E(D) = {e1, . . . ,er+1} with

e1 ≤ ·· · ≤ er+1.
There is a natural stratification|nP∞|~E of |nP∞| by partitions~E of n (where

the sections{P1, . . . ,Pr+1} can vary). Note thatD ∈ |nP∞|~E(D) exactly when the
horizontal sections{P1, . . . ,Pr+1} do not intersect. Let|nP∞|

′ = ∪~E∈Ωn−2
|nP∞|~E

(i.e., all divisors for which eachej 6≡ 1 modp). For fixed~E, let H~E ⊂ Sr+1 be
the subgroup of the symmetric group generated by all transpositions( j1, j2) for
whichej1 = ej2.

Lemma 3.2. If ~E ∈ Ωd,r , then|(d+2)P∞|~E is irreducible with dimension r+1.

Proof. Let ∆ denote the weak diagonal of(P1)r+1, consisting of(r + 1)-tuples
with at least two coordinates equal. Consider the quotient of (P1)r+1−∆ by the ac-
tion of H~E. There is an isomorphism|(d+2)P∞|~E ≃ [(P1)r+1−∆]/H~E in the finite
topology, which takesD = ∑r+1

j=1ejPj to the equivalence class of(P1, . . . ,Pr+1).
Thus|(d+2)P∞|~E is irreducible with dimensionr +1.

Proposition 3.3. Let d= 2g/(p−1). There is a morphism B: A S covg → |(d+
2)P∞| which surjects onto the k-points of|(d+2)P∞|

′.

7



Proof. Given an Artin-Schreier coverφ over S, its ramification divisorD is a
relative Cartier divisor of constant degreed+2 by [2, 5.2.3]. LetB(φ) = D.

After a finite extension ofS, thenD = ∑r+1
j=1ejPj where∑r+1

j=1ej = d + 2 and

where{P1, . . . ,Pr+1} is a set of distinct horizontal sections ofP1
S constituting the

branch locus ofφ. By [14, IV, Prop. 4],d j = ej −1 is the lower jump ofφ above
the geometric generic point ofPj . ThusD∈ |(d+2)P∞|

′ since eachej 6≡ 1 modp.
SupposeD ∈ |(d+2)P∞|

′(k). ThenD = ∑r+1
j=1ejPj for some set{P1, . . .Pr+1}

of distinct points ofP1
k. Consider the divisorD′ = ∑r+1

j=1(ej −1)Pj . There is a non-

constant functionf (x)∈ k(x) with div∞( f (x)) = D′. Consider the coverφ :Y →P1
k

given by the affine equationyp−y= f (x). Thenφ is an Artin-Schreier cover with
B(φ) = D andY has genusg by Lemma 2.6. ThusD ∈ Im(B).

Let A S g,~E (resp.A S covg,~E) denote the locally closed reduced subspace of
A S g (resp.A S covg) whose geometric points correspond to Artin-Schreier covers
whose ramification divisor has partition~E. The morphismsF andB respect the
partition~E. LetF~E :A S covg,~E → A S g,~E andB~E :A S covg,~E →|(d+2)P∞|~E denote
the natural restrictions.

3.3 Artin-Schreier covers with fixed ramification divisor

In this section, we fix a partition~E ∈ Ωg,r and a divisorD ∈ |(d + 2)P∞|~E and
study the fibre ofB over D. Using [2, Section 5.1], we show that this fibre is
irreducible and compute its dimension. This involves describing the equations for
an Artin-Schreier cover with ramification divisorD.

Notation 3.4. Let ~E ∈ Ωd,r be a fixed partition{e1, . . . ,er+1} of d+2. Consider
a fixed divisorD corresponding to ak-point of |(d+2)P∞|~E. HereD = ∑r+1

j+1ejPj

where{P1, . . .Pr+1} is a fixed set of distinct points ofP1
k. Let A S covg,D be the

fibre ofB~E : A S covg,~E → |(d+2)P∞|~E overD.

Remark 3.5. In [7, Cor. 2.10], the author constructs a schemeM which is a fine
moduli space for coversY → P1

k with groupZ/p and branch locus{P1, . . . ,Pr+1}
(whereY has unbounded genus). The subspaceA S covg,D of A S covg can be
viewed as a closed subspace ofM . Recall from [7] thatM is a direct limit of
affine schemes. This direct limit arises because ifS= Spec(K) whereK is a
function field overk then K is not perfect; it follows that there are non-trivial
Artin-Schreier covers overSwhich become trivial after a finite extension ofS. In
[12], the author addressed this issue using aconfiguration spacewhosek-points

8



are in bijection with covers defined overk. In this paper, we instead follow the
approach of [2, Section 5.1], where the authors work directly over Spec(k).

Notation 3.6. For 1≤ j ≤ r + 1, let t j = d j −⌊d j/p⌋ whered j = ej − 1. Let
N~E = ∑r+1

j=1 t j . Let Cj = (A1
k)

t j−1 × (A1
k −{0}). Let C = ×r+1

j=1Cj . There is an
action onC by the subgroupH~E ⊂ Sr+1 generated by all transpositions( j1, j2) for
whichd j1 = d j2. DefineCD = C/H~E.

Proposition 3.7. The fibreA S covg,D of B~E over D is isomorphic to CD over k.
ThusA S covg,D is irreducible with dimension N~E over k.

Proposition 3.7 implies thatA S covg,~E is a vector bundle over|(d + 2)P∞|~E.
We note that it is not a trivial bundle.

Proof. By the definition ofCD, the first claim implies the second.
For the first claim, letη denote a labeling of ther + 1 points in the support

of D. Let A S covη
g,D be the functor which associates toS the set of coversφ in

the fibreA S covg,D(S) along with a labelingη of the branch locus. It suffices to
show that the moduli space forA S covη

g,D is isomorphic toC overk. This follows
immediately from [2, pg. 229]. For the convenience of the reader, we include a
few details of the proof.

Let Sbe an irreducible affinek-scheme. Supposeφ ∈ A S covg,D(S) is an Artin-
Schreier cover overSwith ramification divisorD. Thenφ has an affine equation
yp − y = f (x) for some f (x) ∈ O (S)(x). The automorphismσ = ι(1) acts via
σ(y) = y+ z for somez∈ (Z/p)∗. Two such coversφ1 : yp− y = f1(x) andφ2 :
yp−y= f2(x) are isomorphic if and only iff2(x) = (z2/z1) f1(x)+δp−δ for some
δ ∈ O (S)(x), see e.g., [12, Lemma 2.1.5]. After possibly changingf (x), one can
supposez= 1.

The coverφ is in standard formif p ∤ i for any monomialcixi in f (x) whose
coefficientci is generically non-nilpotent. Given an Artin-Schreier cover φ, after
a finite extensionS′ → S, thenφ×SS′ has an affine equation in standard form. To
prove this, one uses an étale coverS′′ → S with equationap−a = c0 to remove
a constant coefficientc0 ∈ O (S) from f (x). If f (x) contains a monomialcxpw

with w ∈ Z>0, one uses a purely inseparable coverS′ → S′′ with equationbp =
c to replacecxpw with the monomialbxw. These transformations are uniquely
determined and do not change the isomorphism class ofφ×SS′.

Sinceφ has ramification divisorD, then f (x) has a partial fraction decomposi-
tion f (x) = ∑r+1

j=1g j(x) whereg j(x) ∈ (x−Pj)
−1O (S)[(x−Pj)

−1] is a polynomial

of degreed j in the variable(x−Pj)
−1 with no constant term. (IfPj = P∞, let
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(x−Pj)
−1 denotex for consistency of notation.) Ifφ is in standard form, one can

write g j(x) = ∑
d j
i=1ci, j(x−Pj)

−i whereci, j = 0 if p | i andcd j , j is never zero.

Defineα : Hom(S,C) → A S covη
g,D(S) so thatα(×r+1

j=1×
d j

i=1, p∤i ci, j) is the iso-

morphism class of the Artin-Schreier coveryp−y = ∑r+1
j=1g j(x) (with the implicit

labeling of{P1, . . . ,Pr+1}). If φ is in standard form thenφ is in the image ofα.
Thenα gives an bijection between thek-points ofC andA S covη

g,D(k).

3.4 Irreducible components of thep-rank strata

Recall thatg = d(p− 1)/2 with d ≥ 1 andd even if p = 2 ands = r(p− 1)
with 0 ≤ s≤ g. The p-rank induces a stratification ofA S g (resp.A S covg). Let
A S g,s (resp.A S covg,s) denote the locally closed reduced subspace ofA S g (resp.
A S covg) whose geometric points havep-ranks.

Theorem 3.8. The irreducible components ofA S covg,s are the strataA S covg,~E
with ~E ∈ Ωd,r . If ~E = {e1, . . . ,er+1}, then the dimension of the irreducible com-
ponentA S covg,~E is d+2−∑r+1

j=1⌊(ej −1)/p⌋ over k.

Proof. The image ofA S covg,s underB is the union of the strata|(d+2)P∞|~E of
|(d + 2)P∞|

′ with r(~E) = r, Proposition 3.3. The stratum|(d + 2)P∞|~E is irre-
ducible of dimensionr +1, Lemma 3.2.

For~E ∈Ωd,r , consider the morphismB~E : A S covg,~E →|(d+2)P∞|~E. The fibre
of B~E over a fixed divisorD is irreducible by Proposition 3.7. By Zariski’s main
theorem,A S covg,~E is irreducible sinceB~E has irreducible fibres and image. Thus

the irreducible components ofA S covg,s are the strataA S covg,~E with ~E ∈ Ωd,r .
The dimension ofA S covg,~E is the sum of the dimensions of|(d+2)P∞|~E and

of the fibres ofB~E. This equalsr + 1+ ∑r+1
j=1(d j −⌊d j/p⌋) by Lemma 3.2 and

Proposition 3.7. This simplifies tod+2−∑r+1
j=1⌊(ej −1)/p⌋.

Theorem 1.1 in the introduction follows immediately from the next corollary.

Corollary 3.9. The irreducible components ofA S g,s are the strataA S g,~E with~E∈

Ωd,r . If ~E = {e1, . . . ,er+1}, then the dimension d~E of the irreducible component
A S g,~E is d−1−∑r+1

j=1⌊(ej −1)/p⌋ over k.

Proof. Let W be an irreducible component ofA S g,s. By Lemma 3.1,F−1(W)
is a union of irreducible components ofA S covg,s. By Theorem 3.8, these are
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indexed by partitions~E ∈ Ωd,r . The morphismF respects the partition~E. In other
words, given an Artin-Schreier curveY, every Artin-Schreier coverφ : Y → P1

k
has the same partition. Thus there is a unique partition occurring for points in
F−1(W), and soF−1(W) is irreducible. So the irreducible components ofA S g,s

are the strataA S g,~E with ~E ∈ Ωd,r . The second statement follows since dim(W) =

dim(F−1(W))−3 by Lemma 3.1.

Example 3.10.Let p = 3 andg = 10. Here are the dimensionsd~E of the irre-
ducible components ofA S 10,s.

s dimension
0 d{12} = 6
2 d{3,9} = 7, d{6,6} = 7
4 d{2,2,8} = 7, d{2,5,5} = 7, d{3,3,6} = 8
6 d{2,2,2,6} = 8, d{2,2,3,5} = 8, d{3,3,3,3} = 9
8 d{2,2,2,3,3} = 9
10 d{2,2,2,2,2,2} = 9

The next corollary shows that the image ofA S g under the Torelli morphism is
not in general position relative to thep-rank stratification ofAg whenp≥ 3.

Corollary 3.11. If p ≥ 3, thencodim(A S g,s,A S g) � g−s.

Proof. Let d = 2g/(p− 1) and r = s/(p− 1). Let ε = min∑r+1
j=1⌊(ej − 1)/p⌋

where the minimum ranges over all partitions{e1, . . . ,er+1} with fixed sumd+2.
By Corollary 3.9, codim(A S g,s,A S g) = ε. Since⌊(ej −1)/p⌋ ≤ (ej −2)/p, one
sees thatε ≤ (d−2r)/p = 2(g−s)/p(p−1). Thusε � g−s if p≥ 3.

3.5 Irreducibility of the Artin-Schreier locus

As an application of Theorem 1.1, we determine all pairs(p,g) for whichA S g is
irreducible.

Corollary 1.2 The moduli spaceA S g is irreducible in exactly the following cases:
(i) p = 2; or (ii) g = 0 or g = (p−1)/2; or (iii) p = 3 and g= 2,3,5.

Proof. Let d = 2g/(p−1). Recall thatd~E is the dimension ofA S g,~E. The first
claim is that there is a bijection between irreducible components ofA S g and par-
titions~E ∈ Ωd,r so thatd~E = d−1. To see this, note that [9, Cor. 3.16] implies that
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every irreducible component ofA S g has dimensiond−1. If Γ is an irreducible
component ofA S g, then there is a partition~E ∈ Ωd and an open subsetU ⊂ Γ so
thatU ⊂ A S g,~E. Thend~E = dim(Γ) = d−1. Conversely, supposed~E = d−1 for

some~E ∈ Ωd. Then the irreducible spaceA S g,~E is open in a unique irreducible
componentΓ of A S g.

Thus,A S g is irreducible if and only if there is exactly one partition~E ∈ Ωd

with dimensiond~E = d−1. Write~E = {e1, . . . ,er+1}. By Theorem 1.1,d~E = d−1
if and only if ej < p+1 for 1≤ j ≤ r +1.

If p = 2, only one partition satisfies the conditionej < 3 for each j, namely
the partition{2, . . . ,2}, Lemma 2.3. ThusAg is irreducible for allg whenp = 2.

For arbitraryp, if g = 0 (resp.g = (p−1)/2) thend = 0 (resp.d = 1), and
there is only one partition satisfyingej < p+ 1, namely the partition{2} (resp.
{3}). ThusA S g is irreducible in these cases.

If p= 3 andd = 2 (resp. 3, 5), only one partition satisfies the conditionej < 4,
namely{2,2}, (resp.{2,3}, {2,2,3}). ThusA S g is irreducible in these cases.

Supposep ≥ 3 andd ≥ 2 and thatA S g is irreducible. If~E is a maximal
partition, then its entries satisfyej ≤ 3 < p+ 1. ThusΩd has a unique maximal
partition. By Lemma 2.4, this impliesd∈ {2,3,5}. If p≥ 5, then there are at least
two partitions satisfyingej < p+1: for example,{4} and{2,2} whend = 2; {5}
and{2,3} whend = 3; {2,5} and{2,2,3} whend = 5. This is a contradiction
and so cases (i)-(iii) are the only cases whenA S g is irreducible.

3.6 Hyperelliptic curves in characteristic2

Let H g be the moduli space of hyperelliptick-curves of genusg. LetH g,s denote
the locally closed reduced subspace ofH g parametrizing hyperelliptick-curves
of genusg with p-rank s. Whenp = 2, H g is the same asA S g. This yields the
following result.

Corollary 1.3 Let p= 2. The irreducible components ofH g,s are in bijection
with partitions of g+1 into s+1 positive integers. Every component has dimen-
sion g−1+s over k.

Proof. By Corollary 3.9, the irreducible components ofH g,s are in bijection with
the partitions ofd + 2 = 2g+ 2 into s+ 1 even positive integers, which are in
bijection with the partitions ofg+1 intos+1 positive integers. The dimension of
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the irreducible component for~E = {e1, . . . ,es+1} is (d−1)−∑s+1
j=1⌊(ej −1)/2⌋.

This simplifies tog−1+ssinceej is even and⌊(ej −1)/2⌋ = ej/2−1.

4 Deformation results and open questions

In this section, we give some results on how the irreducible components ofA S g,s

fit together withinA S g. This involves deformations of wildly ramified covers with
non-constant branch locus.

4.1 A deformation result for wildly ramified covers

Proposition 4.1. Suppose p| e1 and p| e2. Supposeψ◦ is an Artin-Schreier cover
over k, branched at a point b with lower jump e1 + e2−1. Let S= Spec(k[[t]]).
Then there exists an Artin-Schreier coverψS over S whose special fibre is iso-
morphic toψ◦, whose generic fibre is branched at two points that specialize to b
and which have lower jumps e1−1 and e2−1, and whose ramification divisor is
otherwise constant.

Proof. Consider the Artin-Schreier coverψ◦ : Y◦ → Z◦ which is wildly ramified
at the pointy◦ ∈Y◦ aboveb where it has lower jumpe1+e2−1. Letψ̂◦ : Ŷ◦ → Ẑ◦

be the germ ofψ◦ at y◦. It is an Artin-Schreier cover of germs of curves. Using
formal patching, (see e.g., [7, Prop. 2.7] or [2, Thm. 3.3.4]) deformations ofψ◦

can be constructed locally via deformations ofψ̂◦. With this technique, one can
suppose that the deformation ofψ◦, and thus the ramification divisor, is constant
away fromb.

Let e= e1+e2. Now Ẑ◦ ≃Spec(k[[x−1]]). After a change of variables, one can
suppose that the restriction ofψ̂◦ to Spec(k((x−1))) has equationyp−y = xe−1.

The equationyp−y = xe−1 is well-defined away fromx−1 = 0. To construct
the deformation, one can consider an integral equation forψ̂◦. Let a1 = e1/p
anda2 = e2/p anda = a1 + a2. Let x = 1/x and lety = xay. A normal model
for ψ̂◦ above Spec(k[[x−1]]) is given by the equationyp−xa(p−1)y = x. It has an
automorphismσ(y) = y+xa of orderp.

Consider the deformation̂ψS of ψ̂◦ overS= Spec(k[[t]]) given by the normal
extension of Spec(k[[x−1, t]]) with the following equation:

yp−xa1(p−1)(x− t)a2(p−1)y = x.
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This has an automorphismσ(y) = y+xa1(x− t)a2 of orderp. Away fromx−1 = 0,
the deformation has equationyp−y= xe−1/(1−xt)e2 wherey= xa1(x− t)a2y. On
the special fibre, whent = 0, thenψ̂0 is isomorphic to the given cover̂ψ◦.

On the generic fibre, whent 6= 0, thenψ̂S is branched abovex = 0 and above
x− t = 0. Also (x− t)a2(p−1) is a unit whenx = 0 andxa1(p−1) is a unit when
x− t = 0. Thus the cover̂ψS is ramified abovex with ramification breakpa1−1
and abovex− t with ramification breakpa2− 1. So the generic fibre of̂ψS is
branched at two points that specialize tob and these points have lower jumps
e1−1 ande2−1.

4.2 Closures of thep-rank strata

In this section, we show that the combinatorial data in the graphGd gives partial
information about how the irreducible components ofA S g,s fit together inA S g.
Furthermore, we show that the graphGd gives complete information about this
question whenp = 2.

For i = 1,2, consider a partition~Ei ∈ Ωd,r i . Let si = r i(p− 1). Let Γ~Ei
:=

A S g,~Ei
be the irreducible component ofA S g,si corresponding to~Ei as defined

below Proposition 3.3. There is a partial ordering< on Ωd from Section 2.1.

Lemma 4.2. If Γ~E1
is in the closure ofΓ~E2

in A S g, then~E1 < ~E2.

Proof. Let S= Spec(k[[t]]) and consider an Artin-Schreier coverφS so that the
generic fibre yields ak((t))-point of Γ~E1

and the special fibre yields ak-point of
Γ~E2

. This is only possible if the branch points ofφS coalesce whent = 0. Since
B(φS) is a relative Cartier divisor of constant degree, the entries of the partition
sum together under specialization and the partition decreases in size.

The next example and lemma show that the condition~E1 < ~E2 is frequently
not sufficient forΓ~E1

to be in the closure ofΓ~E2
in A S g whenp≥ 5.

Example 4.3.Let p = 5 andg = 4 and consider~E1 = {4} and~E2 = {2,2}. Then
Γ~E1

andΓ~E2
are both components ofA S 4 with dimension one. Although~E1 < ~E2,

at most a zero-dimensional subvariety ofΓ~E1
can be in the closure ofΓ~E2

. In fact,

Γ~E1
is the supersingular family parametrized byy5−y= x3+cx2; while Γ~E2

is the

ordinary family parametrized byy5−y = x+c/x.

Fora∈ Z>0, let a be the integer so thata≡ a mod p and 0≤ a < p.
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Lemma 4.4. Suppose~E1 < ~E2 with an edge from~E1 to ~E2.

1. If the edge is of the form{e} 7→ {e1,e2}with2< e1+e2≤ p, thendimk(Γ~E1
) =

dimk(Γ~E2
) andΓ~E1

is not in the closure ofΓ~E2
in A S g.

2. In all other cases,dimk(Γ~E1
) = dimk(Γ~E2

)−1.

Proof. The dimension comparison follows from Theorem 1.1. If dimk(Γ~E1
) =

dimk(Γ~E2
), thenΓ~E1

is not in the closure ofΓ~E2
sinceA S g is separated.

It is sometimes possible to show thatΓ~E1
is in the closure ofΓ~E2

. For example,
[10, Thm. 6.5.1] implies thatΓ~E1

is in the closure ofΓ~E2
for an edge of the form

{2p− ℓ+1} 7→ {p, p− ℓ+1} as long asℓ | (p−1). Here is another such result.

Proposition 4.5. Let~E1 < ~E2 with an edge of the form{e} 7→ {e1,e2} from~E1 to
~E2. If p | e1 and p| e2, thenΓ~E1

is in the closure ofΓ~E2
in A S g.

In other words, under the hypothesis of Proposition 4.5, ifY◦ is an Artin-
Schreier curve with partition~E1 overk, then there exists an Artin-Schreier curve
YS overS= Spec(k[[t]]) whose special fibre is isomorphic toY◦ and whose generic
fibre has partition~E2.

Proof. For i = 1,2, let Γ~Ei
= A S g,~E. Let Y◦ be the Artin-Schreier curve corre-

sponding to ak-point of Γ~E1
. There exists an Artin-Schreier coverφ◦ : Y◦ → P1

k

overk. The elemente in the partition~E1 determines a branch pointb∈ P1
k so that

the lower jump ofφ◦ aboveb is e−1.
Let S= Spec(k[[t]]). By Proposition 4.1, there exists an Artin-Schreier cover

φS over S whose special fibre is isomorphic toφ◦ and whose generic fibre is
branched at two points that specialize tob and that have lower jumpse1−1 and
e2 − 1. Furthermore, the ramification divisor is otherwise constant. Thus the
generic fibre ofφS has partition~E2. ThusΓ~E1

is in the closure ofΓ~E2
in A S g.

The next corollary shows that the graphGd gives a complete combinatorial
description of how the irreducible components ofA S g,s fit together inA S g when
p = 2. This result is used in [1].

Corollary 4.6. Suppose p= 2. ThenΓ~E1
is in the closure ofΓ~E2

in A S g if and only

if ~E1 < ~E2. Thus, every component ofH g,s is in the closure ofH g,s+1 if g > s≥ 0.

Proof. Lemma 4.2 implies the forward direction. For the converse, one reduces
to the case that there is an edge from~E1 to ~E2. Sincep = 2, the edge has the form
{e} 7→ {e1,e2} wheree1 ande2 are even. Then Proposition 4.5 applies.
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4.3 Open questions

Question 1: What are necessary and sufficient conditions on the edge{e} 7→
{e1,e2} or the edge{e} 7→ {e1,e2,e3} for Γ~E1

to be in the closure ofΓ~E2
in ASg?

Partial results on Question 1 appear in Section 4.2.

Question 2: Let ~E ∈ Ωd,r . What Newton polygons occur for points ofA S g,~E?

Whenp≫ d, the Newton polygon occurring for the generic point ofA S g,~E is
found in [16]. Its limit asp → ∞ has slopes 0 and 1 occurring with multiplicity
r(p−1) and slopes{ 1

ej−1, . . . ,
ej−2
ej−1} with multiplicity p−1 for each 1≤ j ≤ r +1.

Question 3 If p≥ 3 andg > s≥ 0, is every component ofH g,s in the closure of
H g,s+1?

If p≥ 3, [6, Thm. 1] implies that every component ofH g,s is in the closure of
H g,g. An answer to Question 3 would give more information about the geometry
of the p-rank stratification ofH g, thus generalizing Corollary 4.6.
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