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Abstract

There are many equivalent ways to describeptersion of a principally polarized abelian variety
in characteristiqp. We briefly explain these methods and then illustrate them for abelian varketies
arbitrary dimensiorg in several important cases, including wh&mas p-rank f anda-number 1 and
whenA hasp-rank f anda-numberg— f. We provide complete tables for abelian varieties of dimension
up to four.

1 Introduction

In recent years, there have been many important results abgottingion of a principally polarized abelian
variety in characteristiQp. This p-torsion can be described in terms of a group scheme or a Dieédonn
module. It can be classified using its final type or its Young type. It can be identified with an element in the
Weyl group of the sympletic group or with a cycle class in the tautological ring,of

In this paper, we briefly summarize the main types of classification. We give a thorough description of
the p-torsion of a principally polarized abelian varie®of arbitrary dimensiomy in several important cases,
including whenA hasp-rank f anda-number 1, and wheA hasp-rank f anda-numberg— f. We provide
complete tables for the-torsion types that occur fay < 4, including the sixteen types @ftorsion that
occur for abelian varieties of dimension four. We hope that this paper will inspire the reader to learn more
about the outstanding research in this area.

2 Methods to classify thep-torsion

Letk be an algebraically closed field of characterigti¢_et 4y := Ay @ F, be the moduli space of principally
polarized abelian varieties of dimensigmiefined ovek. For an abelian varieth € 4y(k), let Ap] denote
its p-torsion. We summarize several different ways of descrii.

2.1 Group schemes

Let A be an abelian variety of dimensigrdefined ovek. The p-torsionA[p] is a finite commutative group
scheme annihilated by with rank p? having homomorphismB (Frobenius) an&/ (Vershiebung). IfA

is principally polarized, then i) = ker(V) and imV) = ker(F). ThenA[p] is called a quasi-polarized

BT; k-group scheme (short for truncated Barsotti-Tate group of level 1). The quasi-polarization implies that
Alp| is symmetric. These group schemes were classified independently by Kraft (unpublished) [Kra] and by
Oort [Oor01]. A complete description of this topic can be found in [Oor01] or [Moo01].
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Example 2.1. Let Z/p be the constant group scheme andugbe the kernel of Frobenius din. As a
k-schemey, ~ Speck(x]/(xP —1)). If E is an ordinary elliptic curve thel[p| ~ Z/p& Yp. We denote this
group scheme bl.

Example 2.2. Let ap be the kernel of Frobenius d@B,. As ak-schemepp ~ Spegk[x]/xP). The isomor-
phism type of thep-torsion of any two supersingular elliptic curves is the sameE 1§ a supersingular
elliptic curve, we denote the isomorphism type ofptsorsion byl 1. By [Gor02, Ex. A.3.14]]1 1 fits into
a non-split exact sequence of the forra-0o0, — 11,1 — ap — 0. The image of the embeddeg is unique
and is the kernel of both Frobenius and Verschiebung.

Example 2.3. Let A be a supersingular non-superspecial abelian surface. In other woislgsogenous,
but not isomorphic, to the direct sum of two supersingular elliptic curvesljlselenote the isomorphism
class of the group schemi¢p]. By [Gor02, Ex. A.3.15], there is a filtratiod; C Hy C 121 whereH; ~ ayp,
Ha/Hi ~ap@ap, andly/Ho ~ ap. If Gy (resp.Gy) is the kernel of Frobenius (resp. Verschiebung) then
G1 C Hp andG;, C Hs. There is an exact sequenceOH; — G1 & G, — Hy — 0.

Two invariants of (thep-torsion of) an abelian variety are thgrank anda-number. Thep-rank
of Ais f = dimy, Hom(p,,Alp]). Then p' is the cardinality ofA[p](k). The a-numberof A is a =
dimgHom(ap, Alp]). It is well-known that 0< f < gand 0O<a<g-f. In Example 2.1,f =1 and
a=0. In Example 2.2f = 0 anda= 1. The group schemig ; in Example 2.3 hag-rank 0 since it is an
iterated extension of copies af, and hasi-number 1 since k€v?) = G; ® G, has rankp®.

2.2 Covariant Dieudonré modules

One can describe thp-torsion A[p] using the theory of covariant Dieudoamodules. This is the dual
of the contravariant theory found in [Dem86]; see also [Gor02, A.5]. Brieflygldenote the Frobenius
automorphism ok. Consider the non-commutative rifig= k[F,V] with the relationd=V =VF = 0 and
FA =A% andAV =VA° for all A € k. Let (A,B), denote the left idedEA+ EB of E generated byA and
B. The Dieudongé functorD gives an equivalence of categories betwBdngroup scheme& (with rank
p?9) and finite leftE-modulesD(G) (having dimension @as ak-vector space). Ifs is quasi-polarized, then
there is a sympletic form oD (G).

For exampleD(Z/p@ W) ~E/(F,1-V),®E/(V,1—-F),, [Gor02, Ex. A.5.1 & 5.3]. The Dieudorén
module forly 1 andl,; can be found in Lemma 3.1.

The p-rank of A[p] is the dimension 0¥9D(G). Thea-number ofA[p] equalsg — dim(V2D(G)).

2.3 Final types

The isomorphism type of a symmetiI; group schemé: overk can be encapsulated into combinatorial
data. This topic can be found in [Oor01].Gfhas rankp?9, then there is éinal filtration Ny C No € - - - C Nog

of D(G) as ak-vector space which is stable under the actiow ahdF —* so thati = dim(N;). If G is quasi-
polarized, themyy_; andN; are orthogonal under the sympletic pairing.

Thefinal typeof G isv = [v1,...,v;] wherev; = dim(V(N;)). The final type ofG is canonical, even if
the final filtration is not. There is a restriction < v 1 < v; + 1 on the final type. All sequences satisfying
this restriction occur. This implies that there afasbmorphism types of symmetr®T; group schemes of
rank p®. The p-rank is maxi | vi =i} and thea-number isg — vg.

Together with Ekedahl, Oort used this classification by final type to strdgifyrhe stratum ofd; whose
points have final type is locally closed and quasi-affine with dimensi@ﬁzlvi, [Oor01, Thm. 1.2].



2.4 Young types

Another combinatorial method to describe the isomorphism tyge o$es a Young diagram. This method
was introduced by Van der Geer [vdG99] as a means of describing the Ekedahl-Oort strata in terms of
degeneration loci for maps between flag varieties.
Given a final typev, lety; =#{i | 1 <i <g| j <i—v;}. Consider the Young diagram with) squares
in the jth row. TheYoung typeof G is p= {py,H2,...}. The p-rank isg— p1 and thea-number isa =
max{j | 4 # 0}. The codimension itAg of the stratum whose points have Young typie z‘]?‘:l M.

2.5 Elements of the Weyl group

One can associate foan elemento of the Weyl group/y of the sympletic grou® g, [vdG99]. Heré\y is
identified with the subgroup of alb € S so thatw(i) +w(2g+1—i) =29+ 1 for 1<i <g. This subgroup
is generated by the following involutions:= (i,i+1)(2g—i,2g+1—i) for 1 <i < g; andsy = (9,9+1).

Given a Young type, one definesoas follows. For < i < g, letw(i) = c (respectivelyw(i) = g+c) if i
is thecth number such thag = ;1 (respectivelyy # pi1). For 1<i<g, letw(2g+1—1i) =29+ 1— w(i).
This yields an element M. One can express as a word in the involutionsy, .. ., sy of S, although this
expression is not unique.

For example, in the ordinary case where 0, thenwis given by(1,...,2g) 5 (9+1,...,29,1,...,0).

In the superspecial case where- {g,...,1}, thenw = id. Further examples with < 4 are in Section 4.

We briefly explain the importance of the Weyl group characterization. There is a second filtration of
D(G) which is stable under the action BfandV ~*, which we denote bjN; C N; C --- C N3y Thenw
measures the interaction between these two filtrations.

For example, wheft is ordinary f = g) thenNgN Né = 0. Informally speaking, this means that the
intersection of InfV) and (a twist undeo of) Im(F) is trivial. WhenG is superspeciala(= g), then
dim(Ni N Né) =ifor 1 <i <g. Informally speaking, this implies th& is contained in (a twist under of)
Im(F). In general, diniN; N'Ng) > i —vj. Thea-number is dinfV D(G) NFD(G)) = dim(Ng N Ng).

One can identify the closures of the Ekedahl-Oort strata with cycle classes in the tautological4jng of
LetA; for 1 <i < gbe the Chern classes of the Hodge bundlglpfThese classes generate the tautological
subring ofCHg (Ag) and satisf(1+ A1+ -+ +Ag)(1=A1+---+(=1)%g) = 1, [vdG99, Thm. 1.1].

3 Important examples

3.1 Abelian varieties with p-rank f

Givengandf such that 6< f < g, letVy ¢ denote the stratum ofy whose points correspond to principally
polarized abelian varietie’ of dimensiong with fo < f. Every component dfy ¢ has codimensiog — f,
[NO8Q]. In this section, we describe tipetorsion that occurs for the generic point(s)\gff. The generic
point of Vg g = 44 hasp-rankg, a-number 0, and\[p] = L9. Using a dimension count, one can show that
the generic point of every component\gfs hasa-number 1 wherf < g.

Lemma 3.1. Let r € N. There is a unique symmetric Bgroup scheme of rank?pwith p-rank 0 and
a-number 1, which we denotg | The covariant Dieudoréamodule of |1 isE/(F" +V"),.

Proof. Letl,; be a symmetri®T; group scheme of rang?" with p-rank 0 anca-number 1. It is sufficient to
show that the final type df 1 is uniquely determined. The-rank O condition implies that acts nilpotently



onD(l; 1), sovy = 0. Thea-number 1 condition implies that-1 is the dimension OVZD(IM), sovy =r—1.
The restrictions on; imply that there is a unique final type possible for, namelyv = [0,1,...,r —1].
ConsideD = E/(F" +V"),. Note thatF'*! = 0 andV'*! = 0 onD. ThenD is anE-module with di-
mension 2 as ak-vector space. It has bag,...,F",1V,...,V'~1}. ThenvVD has basigV,...,V'~1 F'}
andV2D has basigV?,...,V'~1 F"}. ThusD hasa-number 1. Continuing, one sees tNais nilpotent on
D and thus the-rank ofD is 0. ThusD must be the covariant Dieudo@module corresponding tp;. [

Proposition 3.2. Let Ac A4,(k) be a principally polarized abelian variety of dimension g with p-rank f and
a-numberl. Then Ap| ~ L' @14 ¢ 1. The covariant Dieudoréymodule of fp] is

D~ (E/(F,1-V) @E/(V,1-F)) @ E/(F& T —vo-Ty,
The final type of fp] isv = [1,.... f,f,...,g—1]. The Young type is# {g— f}.

Proof. The decomposition oA[p] must includef copies ofL along with a group scheme of ramé9-1)
with p-rank 0 anda-number 1. By Lemma 3.1, the only possibility for the lattetgst 1. The statement
about the Dieudorinmodule follows immediately. For the final type, note thgt= g— 1 sinceA[p] has
a-number 1 and’+ = f sinceA[p| hasp-rank f. The numerical restrictions on then imply thatv =
[1,...,f,f,...,g—1]. The Young type follows by direct calculation. O

If f < g, one can show that the group schehies lg—t,1 corresponds to the elemeamtof the Weyl
group so thato(f +1) =1 andw: {1,...,9} —{f+1} — {g+1,...,2g— 1} is increasing. The cycle class
of the (reduced) stratui, ¢ in the tautological ring ofy is given by(p—1)(p>—1)... (p9-f — DAg—t,
[vdG99, Thm. 2.4].

3.2 Abelian varieties witha-number a

Giveng andf such that 6< f < g, let Ty 5 denote the stratum oy whose points correspond to principally
polarized abelian varieties of dimensigmvith ap > a. ThenTg, is irreducible unlesa = g, [vdG99, Thm.
2.11]. In this section, we describe tpetorsion that occurs for the generic point(s)Tgk. It is well-known
thatTy 4 has codimensioa(a+ 1)/2. The generic point(s) ofy o havea-numbera andp-rankg — a.

Proposition 3.3. Let Ae Ay4(k) be an abelian variety of dimension g with p-rank f and a-numberfg
Then Ap] ~ L @ (11,1)97". The covariant Dieudoréamodule of ] is

D~ (E/(F,1-V) ®E/(V,1-F))) & (E/(F +V),)* ",
The final type iw =[1,..., f,..., f]. The Young type is {g— f,g—f—1,...,1} orQifg = f.

Proof. The decomposition oA[p] must includef copies ofL along with a group scheme of ramé(9-1)
with p-rank 0 anda-numberg— f. The only possibility for the latter ig — f copies ofD(l11). The
statement about the Dieudaamodule follows immediately. For the final type, note that= f sinceA[p]
hasa-numberg— f andv¢ = f sinceA[p| hasp-rank f. The numerical restrictions on then imply that
v=|[1,....f,..., f]. The Young type follows by direct calculation. O

If f> 0, one can show that the group schelnies (I171)9‘f corresponds to the elememntof the Weyl

group(l,...,20) et (g+1,....9+f,1,...a9+f+1...2g,a+1,...,0). In [vdG99, Thm. 2.6], one finds
aresult on the cycle class of the (reduced) strafygin the tautological ring of4,.



3.3 Some indecomposable group schemes wighrank 0 and a-number 2

A symmetricBT; group schemés is indecomposablé G # G1 @ G, whereGy and G, are nontrivial
symmetricBT; group schemes. The group scherhgsare indecomposable. We now describe an indecom-
posable group schentg of rank p?, p-rank 0, anda-number 2.

Lemma 3.4. Letre Nwithr>3. LetD=E/(F"1-V),®E/(V'"1 —F),. Then D is the covariant
Dieudonre@ module of an indecomposable symmetrig Bibup scheme with rank?y p-rank 0 and a-
number2, which we denote byJ. It has final typg0,1,...,r —3,r —2,r — 2] and Young typgr, 1}.

Proof. The given decomposition dd is the only possible decomposition bBfinto covariant Dieudoni
modules, but neither of the factors in this decomposition is symmetric. [Fhissindecomposable.

Note that=" = 0 (respV" = 0) on the first (resp. second) factor®f ThenD = Ny, = (L,F,...,F" 1 g
(L,V,...,V'=1. ThusD has dimension2as ak-vector space anti, has rankp?. ThenVD = (F'~1) @
V...,V =N;. AlsoV2D = 0@ (V2,...,V'1) = N;_,. ThusD hasa-number 2. Continuing, one sees
thatv; =i—1for 1<i <r—2. In particularV is nilpotent onD and thus thep-rank ofD is O.

More information on the final filtration is necessary to determine the final type oFirst, F ~1(N;) =
(F2 FbHag(V,... V™ = N2 Second,F"2(N,) = (F,....F" Y@ (LV,....,V"1) = Ny_1.
ThenVNyr_1 =0 (V,..., V1) = N3 andVN_1 = (V2....V'"1) = N, 5. Thusv,_; =r—2. Then
I, 2 has final typg0, 1,...,r —3,r —2,r — 2] and Young typ€r, 1}. O

Lemma 3.5. When g= 3 or g = 4, there is a unique indecomposable symmetri¢ dup schemegh of
rank p?9 with p-rank0 and a-numbeg.

Proof. Let G be a symmetri®T; group scheme with rang?9, p-rank 0 anda-number 2. Its Young type

is {g,i} for somei € {1,...,g—1}. There are exactlyg/2| such group schemes which are decomposable,
namelyl;1 @ lg_r1 for 1 <r < g/2. Thus there is a unique su€hwhich is indecomposable when= 3 of
g=4. By Lemma 3.4, itidgp. ]

3.4 One more indecomposable group scheme of dimension four

There is one more indecomposable group scheme which occurs for dimgnsidnwhich we denote by
l4.3. It has covariant DieudognmoduleD(l43) =E/(F2—~V);®E/(F —=V),®E/(V2—F);. ThenD(l43)
has basig1,F,F2) @ (1,F) @ (1,V,V2). One can check that?D has basis @ 0@ (V2) and thusls 3 has
a-number 3. Alsds s hasp-rank 0 sinceV acts nilpotently orD(l43). By the process of eliminatiorhy 3
has final typg0,0,1,1] and Young typg4,3,1}.

4 Complete tables for dimension up to four

For convenience, we provide tables for dimensieh4. Some parts of these tables can be found in [EvdG].

4.1 Thecasg=1

| Name| codim| f [a] v [p | w | cycle class (reduced)
L 0 [1]0|[]|0 |s Ao
|171 1 0|1 0] {l} 1 (p—l))\l




4.2 Thecasg=2:

Name [codim|[ f[a] v |u  |w |cycleclass (reduced)
L? 0 |[2]/0[[12|0 9SS o
Lolia | 1 [1]1) [ {1} |sio (P—1)A
|2,1 2 10]1][01 {2} |= (P—1(P* -1z
£ 3 |0]2][00 {21} 1 (P—1)(P*+HMA;

This is the smallest dimension for which the Newton polygoA dbes not determine the group scheme
Alp]. The Newton polygon @; ; (supersingular, with four slopes of2) occurs for bott{l; 1) andl ;.

4.3 The casg=3:

|Name |[codim|f|a] v |p | w \ cycle class (reduced)
L3 0 [3/0[[123|0 BB Ao
LPoliy | 1 |2]1)[1,22 {1} 5253515253 (P—1)A;
Loz 2 |1]1/1127] {2} S3515283 (p—1)(P2—1)Az
Lolf, 3 |1]2[[11L1 {21} |ssss —(p—1)(PP+ DAz —2(pP —1)A3
31 3 |10]1][0,1,2] | {3} S3%2S3 (P—1)(P*—1)(P*—D)As
32 4 10]2][0,1,1] {31} |ss (p—1)2(p*— p+1)A1)s
lii®l2a| 5 ]0/2/[0,01] {32} |s —(P=1°(P+1)(P* — P+ 1)(P°+ P+ 1A2As
13, 6 |0[3[[0,00|{321}|1 (p—1)(p?+1)(p% — DA1A2A3

This is the smallest dimension for which the group sché&médoes not determine the Newton polygon
of A If A[p] ~ 31, then the Newton polygon &is usuallyG; > + G, 1 (three slopes of A3 and of 2'3) but
by [Oor91, Thm. 5.12] it can also b&33 1 (supersingular, with six slopes 0f 2).



4.4 Thecasg=4:

| Name [codim| f]a] v [p | w

L 0 [4]0|[1,23/4]|0 S1S38152835451 92534
L3l 1 [3]1][1,233 {1} 3545235451 S35
L2®las 2 12[1][1,223|{2} USSHS1SB
L2@pl12, 3 12(2([1,222 {21} S2S354515253%
Ldlgs 3 [1/1([1,1,23|{3} S$4S34S152S34
Ldlss 4 |1]2[[1,122 {31} S3S1SBS

la1 4 0]1][0,1,2,3 | {4} SUSBUSHSBH
LSl Dl2n 5 1(2][1,1,1,2] | {3,2} S4S19S3S

la2 5 0/2([0,1,2,2] | {4,1} SN
Lal3, 6 |[1]3/[1,1,11]{321} |si1%%%4
l11@131 6 0/2([0,1,1,2] | {4,2} S19S3%
|1’1@|3!2 7 0|3 [0,1,1,1] {4,2,1} SN

lo1 @121 7 10[2/([0,0,1,2] | {4,3} US4

la3 8 [0[3([0,0,1,1] {431 |5

12, @lp1 9 |0[/3[[0,0,0,1] | {432} |«

17, 10 [0[4([0,0,0,0] | {4,321} |1

The cycle classes for this table can be found in [EvdG, 15.3].

It is not straight-forward to determine which Ekedahl-Oort strata lie in the boundary of which others.
Wheng = 4, the answer to this question is given by the natural partial ordering on the Young type, which
matches the Bruhat-Chevalley order on the elements of the Weyl group.

0 {1 {2 {3 {4}
21 {31 {41}
32y {420 {43

{3,2,1} {4,2,1} {4,3,1} {4,3,2} {4,321}
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