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Jacobians of quotients of Artin-Schreier curves

Rachel J. Pries

ABSTRACT. We investigate interesting properties of the Jacobian of a universal
family of covers Yo : Zg — IP’IC over a scheme C' in characteristic p. Since
we construct this family as a quotient of certain Artin-Schreier curves, the
endomorphism ring of the Jacobian contains many copies of a subfield of Q({p)
(which is totally ramified at p). We find the Newton polygon of any geometric
fibre of the family using a result of Zhu.

1. Introduction

Arithmetic geometers have been greatly successful at understanding the struc-
ture of abelian varieties in characteristic p. For example, the possibilities for the
endomorphism ring and the Newton polygon of a principally polarized abelian va-
riety are known. Furthermore, there are many results on the geometry of the loci
of these strata in the moduli space A, of principally polarized abelian varieties of
dimension g.

These results provide a strong motivation to understand how the Torelli locus
intersects such strata in Ag. At this moment, there are many open questions on
this subject. In particular, it is unknown which endomorphism rings and Newton
polygons occur for Jacobians of curves in characteristic p. One indication of the
difficulty of these questions is to notice the variety of techniques used in the pursuit
of examples and partial results. This paper grew as an attempt to understand these
questions and techniques in light of a new example.

In Section 2.1, we present a large dimensional family of curves Zo whose Ja-
cobians have p-rank 0. We show a large ring of endomorphisms acts upon the
Jacobian of Zg in Section 2.2. The main result is Theorem 2.5 which states that
K" — End(Jac(Z¢)) ® Q. Here K and r (defined precisely in Section 2.2) are
respectively a subfield of Q(¢,) and a divisor of p* — 1. This result is interesting
since by a pure dimension count the Torelli locus and the locus corresponding to
abelian varieties with an action of K should not intersect at all in A,. It is worth
noting that the field K is totally ramified above the prime p. This phenomenon
occurs since the curves in the family Zo are quotients of wildly ramified covers
of the projective line. In Section 2.3, we compute the Og-module structure of
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H(Jac(Zc), Q). We also use a result in [Zhu] to find the Newton polygon of any
geometric fibre of Zo when p satisfies a certain congruence condition.

As an application, in Section 3 we give some results for the Jacobian J of one
fibre of the family Zo. For this fibre, the action of the Cartier operator C' is easy to
describe. As a result, we find the Ox-module structure of H'(J,QY)/CH'(J, Q')
which determines the a-number and the reduced a-numbers of J. Furthermore,
we directly compute the Newton polygon for this fibre of the family. While the
result on the Newton polygon follows directly from the fundamental work [Kat81]
of Katz (or the recent work of Zhu), we hope that this discussion will illuminate
some of the issues behind their more technical proofs.

It was a great opportunity to take part in the 2002 Barrett Lectures conference
at the University of Tennessee at Knoxville and to hear the plenary lectures by Y.
Thara and Y. Kawamata. This paper fits into the general context of IThara’s work of
determining the action of arithmetic Galois groups on covers of the projective line
or on the associated Tate modules. To find the action of Gal(Q,), it is valuable to
understand the Newton polygon and the endomorphisms of the Jacobians of the
covers in question.

I would like to thank Eyal Goren for the opportunity to visit McGill University
to study these topics during the summer of 2001.

2. Quotients of Artin-Schreier covers

In this section, we construct a universal family of covers Y¢ : Z¢g — IP% over a
scheme C' in characteristic p. Then we show that the Jacobians of the curves Zg
in this family have a large endomorphism ring.

2.1. Construction of the relative curve Zs. Let k£ be an algebraically
closed field of characteristic p > 2. Let ¢ = p® and choose an isomorphism (Fg, +) ~
(Z/p)®. Fix n,j € Nsuch that n|(p®—1) and ged(j, pn) = 1. Consider a semi-direct
product I ~ (Z/p)® x u, where the action of u, is irreducible.

Consider a cover ¢ : Y — P} given by the equations 2} = z and Pt —y =
2 f(z=') where f(2~!) € k[z~'] has degree less than j/n. We will call such a cover
an decomposable I-Galois cover with conductor j. Here ¢ is an I-Galois cover with
Galois action given by a(y,r1) = (y + a,z1) for @ € Fy and h(y,z1) = (Wy, hay)
for h € p,. The cover ¢ has branch locus {0,00}; over 0 it has ramification w,
and over oo it is totally ramified. The filtration of higher ramification groups of ¢
satisfies I; ~ (Z/p)® for 1 < i < j and I; = 0 for ¢ > j. By the Riemann-Hurwitz
formula, the genus g of Y is g = (p® — 1)(j — 1)/2. We assume throughout that
g > 2.

The cover is called decomposable since the (Z/p)*-Galois subcover ¢’ : Y —
X ~ P} of ¢ can be viewed as the fibre product of related Z/p-Galois covers. More
precisely, let L; denote a set of representatives of the (¢ —1)/(p — 1) orbits of F}
under the action of F;. For £ € Ly, let ¢y : Y, — X ~ ]P’}c be the Z/p-Galois Artin-

Schreier cover y? —y = éx{f(xfl). Then ¢’ dominates the cover ¢, for £ € L.
Thus it dominates the normalization of the fibre product over X of all ¢,. Also the
genus of Y and of the fibre product are the same. It follows that the normalization
of the fibre product of {¢y| ¢ € L1} is isomorphic to ¢'.

The following lemma indicates that isomorphism classes of decomposable I-
Galois covers with conductor j are essentially determined by the choice of f(x~!) €
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k[z~1]. Furthermore, it states that there is a universal family of such covers whose
dimension is r(I,j) which is approximately j/n. Here r(I,j) is the number of
exponents e € N satisfying: (i) 1 < e < j; (ii) e = j mod n; (iii) there is no
v € Nt so that p®e satisfies (i) and (ii). Condition (iii) is important for the
following reason: if g1 (x1), g2(x1) € k[z1], by [Pri02, Lemma 2.1.5] the two covers
given by equations 7 = x and y?* —y = g;(x;) are isomorphic if and only if
g1(z1) = zg2(21) + 67" — § for some z € pia_1 and some § € k[].

Consider the functor F; which associates to an irreducible k-scheme S the
set of equivalence classes of decomposable I-Galois covers of P§ with conductor j.
Here two such covers are equivalent if they are isomorphic after a purely inseparable
pullback of S. For technical reasons, this functor will only be representable in a
category where finite purely inseparable morphisms are invertible. Let 7: ¢ — M,
be the forgetful morphism sending ¢ to the isomorphism class of the curve Y.

LEMMA 2.1. There is a finite quotient C = C(I,j) of G, X GLh=1 by

Hpa—1 which is a fine moduli space for the functor Fr; of equivalence classes of
decomposable I-Galois covers with conductor j. Thus there is a universal family
oc Yo — IF% of equivalence classes of decomposable I-Galois curves with conduc-
tor j over C(I,j7). The image of ¢c under T in My has dimension r(I,j) — 1 if
n>1andr(l,j)—2ifn=1.

PRrROOF. By [Pri02, Theorem 2.2.10], in the case a = 1, there is a fine moduli
space C' = C(I, j) for the functor Fy ; in a category where finite purely inseparable
morphisms are invertible. Here C' is constructed as a finite quotient G,,, x GZ(I’j )-1
by pp—1. More specifically: there is a morphism T' : Hom(o,C') — Fy (o) given
by using the coordinates of T as the coefficients of the polynomial f(z~1!); the
morphism T induces a bijection between the k-points of C' and F7 ;(Spec(k)); and
if ¢ € Fr ;(S) then there exists a finite radicial morphism ¢ : S — S and a unique
morphism f : S” — C such that T(f) = i*¢g in Fy ;(S’). The universal family
¢:Y — P is given by T : Hom(C,C) — F; ;(C). The proof for a > 1 is identical
after replacing p with p® throughout.

By [Pri02, Lemma 2.1.2], a subvariety of the family Y¢ is isotrivial if and only
if it is constant after an automorphism of the projective line which fixes 0 and oo
if n > 1 (resp. fixes co if n = 1). Thus the dimension of the image of Y under 7 is
one (resp. two) less than the dimension of C'. (]

Note for n > 1 that the automorphisms of the projective line which fix 0 and
oo are only changes in scaling of the variable x, which changes the coeflicients of
f(z™1). So there is a representative of each isomorphism class of the fibres of Y
for which f(z~!) is a monic polynomial. In other words, there is an action of G,
on C whose orbits correspond to isomorphism classes of the fibres of Y.

Suppose ¢¢c : Yo — Plc is the universal decomposable I-Galois cover with
conductor j as above. We will describe ¢ with the equations 27 = x and Y —y =
2 f(#~1). Consider the action of a subgroup H ~ p, C I of C-automorphisms
on Yo given by x1 +— (lap and y — (Jly for 0 < i < n — 1. The condition that
ged(j,n) = 1 implies that H is not normal in I. Let Zo be the quotient of the
family Yo by H. Then Z¢ is a relative curve over C. Let ¥¢ : Zg — IE”lc be the
quotient cover which is a non-Galois degree p® cover of IP’lc (branched over 0 and
00).
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LEMMA 2.2. The relative curve Z¢ has genus g¢' = (¢q—1)(j —1)/2n and p-rank
0. The image of Zc in My has dimension v(I,j) — 1 (resp. (I,j) —2 if n=1).

PROOF. The subgroup H fixes exactly two points of Yo, namely the point
¢o'(00) and the point (z1,y) = (0,0). One can show that ¢’ = genus(Z) =
(¢ — 1)( — 1)/2n by the Riemann-Hurwitz formula applied to the H-Galois cover
Yo — Z¢.

Recall that ¢ : Yo — ]P’lc is a p-group Galois cover branched at only one
point. Thus the p-rank o(Y¢) of Yo (and thus Z¢) is 0 by the Deuring-Shafarevich
formula: o(Ye) — 1= |(Z/p)*|(c(X¢c) — 1) + X(ey — 1), [Cre84, Corollary 1.8].

The image of Yo in M, has dimension r(ZI,j) — 1 (resp. r(I,j) — 2 if n = 1).
For any irreducible k-scheme S, consider an S-point of C' and the corresponding
H-Galois cover of relative curves Yg — Zg. If Yy is isotrivial then Zg is isotrivial
since there are only finitely many choices for H in Autg(Ys), [DM69, Theorem
1.11]. If Zg is isotrivial then Yy is isotrivial since there are only finitely many
tn-Galois covers of Zg branched at two fixed points, [Gro71, Exposé X, Corollary
2.12]. So the dimension of the image of Z¢ in M, is the same as the dimension of
YC’ in Mg. [l

2.2. Endomorphism ring of the Jacobian. In this section, we show that
the endomorphism ring of the Jacobian of Zx contains many copies of a subfield of
Q(¢p)- In particular, this yields examples of Jacobians which have real multiplica-
tion by a totally real field in which the characteristic p ramifies completely. This
section is inspired by Ellenberg’s paper [Ell01] in which he uses I-Galois covers of
curves in characteristic 0 to find Jacobians whose endomorphism ring contains a
subfield of Q(¢p).

Recall the definitions of p,q,n,j, I, H, Yo, and Z¢ from the previous section.
Let ny = ged(n,p—1). Let K = Q( Z(,nl)) be the subfield of Q((,) which has degree
(p — 1)/nq over Q. Note that over the prime p, the field K is totally ramified and
has uniformizer (¢, — 1)™.

LEMMA 2.3. Suppose r = (¢ —1)/lem(n,p — 1) and H\I/H is the double coset
space of H in I. There is an isomorphism of Q-vector spaces

QIH\I/H]~ Q& r Q™).

PRrROOF. First, we show that the double cosets H\I/H can be identified with
the orbits of F, under the action of H. Suppose g1 = a1h1, g2 = azhy € I with
a; € Fgand h; € H ~ p,,. Then Hg1 H = HgoH if and only if a1 = h(az) for some
h € H. By the Perlis-Walker Theorem [PW50], Q[F,] = Q& (¢—1)/(p—1) Q((p).
If h is a generator of H, then h"/™ is the stablizer of [y C Fy. So the double cosets
other than H have order (p — 1)/ny in H\I/H. Also the number of non-trivial

orbits of F, under the action of H equals (¢ — 1)nq/n(p — 1), from which the result
follows. O

Consider the irreducible representations of I. For each ¢ € Z/n there is a
representation V. of I of dimension one which factors through the map Z/n —
C* sending 1 — €2™¢/". Let W be the direct sum of the (¢ — 1)/n irreducible
representations of I of dimension n. Let W be the elements of W fixed by H. So
W has dimension ¢ — 1 and W# has dimension (¢ — 1)/n.

The morphism ¢ : I — Aut(Y¢) induces a morphism ¢’ : Z[I] — End(Jac(Y¢))
and defines a morphism 7y = 3, ;7' (h) € End(Jac(Yc)). Consider the natural
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action Q[H\I/H| — End(my Jac(Ye))®Q and the isogeny Jac(Z¢) — wy Jac(Ye).
Let £ # p be a prime. Then there is an action

Q[H\I/H] — End(Jac(Z¢)) ® Q — End(H1(Zc, Q).

It follows that Hy (Z¢, Q) is a Q[H\I/H]-module. Computing the image of Q[H\I/H]
in End(Jac(Z¢))®Q is equivalent to computing the dimension of the representation
of QIH\I/H] on H1(Z,Q¢) = 7y H (Yo, Qr).

PROPOSITION 2.4. There is a Q[H\I/H]-module isomorphism Hy(Zc,Qp) =~
(WH)BG-1),

ProOF. Consider the representation py determined by the action of I on
HY(Y,Qy). By the Lefschetz fixed point theorem [Mil80, V, Corollary 2.8],

X(PY) = 2Xtriv - 2X1 + ap + Qso-

Here ag (respectively aso) is the character of the Artin representation attached to
the branch point 0 (respectively oo) and x; (resp. x(py)) is the character of the
regular representation (resp. of py).

Let x (W) be the character associated to the representation W. Then x(W)(g) =
0if g & (Z/p)*, x(W)(g) = 0ifid # g € (Z/p)?, and x(W)(id) = ¢ — 1. Also,
asc(9) = =1 if g & (Z/p)*, and ass(g) = —(j — 1) if id # g € (Z/p)*, and
o(id) = (p* = 1)(j — 1) + p*(n —1). Also ag(g) =0if g € Z/n, ap(g) = —p* if
id # g € Z/n, and ag(id) = p*(n — 1).

Let m = (x(W), x(py))/{x(py), x(py)). For this m and for some integer m,
for each ¢ € Z/n, the character x(py) decomposes as

X(py) =mx(W) + Y mex(Ve).

cEZ/n
If ¢ # 0 then only the trivial element of V, is fixed by H. Thus H;(Z, Q) ~
(Wi)Em,
We compute m = j — 1 by finding the inner product of x (W) with the other
characters:

xXW),x(W)) =plp—1); (x(W), Xtriv) = 0; (x(W),x1) = np(p — 1);

(x(W),a0) =p(n—1)(p—1); (x(W),asx)=p( +n)(p—1).
Thus m = (x(W), x(py))/(x(W),x(W)) =37 — 1. O

It follows that the endomorphism ring of Jac(Z¢) contains the direct sum of
(g —1)/lem(n,p — 1) copies of the field K, which has degree (p — 1)/n; over Q and
is totally ramified over the prime p. More precisely:

THEOREM 2.5. If r = (¢ — 1)/lem(n,p — 1), we see that @, Q(¢S™)) —
End(Jac(Z¢)) ® Q.

PrOOF. By Lemma 2.3 and Proposition 2.4, it is sufficient to show that the
representation of (¢ —1)/(p — 1) Q({p) on W has dimension g — 1. This follows
since W is the regular representation of I, viewed as an I-representation. [
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2.3. Some corollaries. Let L denote a set of representatives of the (¢ —
1)/lem(n, p — 1) non-trivial orbits of F, under the action of H.

COROLLARY 2.6. There is an isogeny Jac(Z¢) ~ XperJo. Here Jy is a Jacobian
with dimension (p — 1)(j — 1)/2ny with Q(C,()nl)) — End(Jy) ® Q. Furthermore, if
Jj =3 andmny is even (resp. if j = 2 and ny is odd) then Jy has real (resp. complex)
multiplication.

PrROOF. Recall that the normalization of the fibre product of {¢¢| £ € L1} is
isomorphic to ¢f,. Here L, is a set of representatives of the (¢—1)/(p—1) orbits of F;
under the action of F; and ¢ : Yy — PL, is the Z/p-Galois cover yP —y = Em{f(xil).
The fact that there is an isogeny between Jac(Yc) and [[,c;, Jac(Ys) follows from
[KR89, Theorem B| (or see [vdG99, Proposition 2.5]).

Since the action of H = (h) on F, is irreducible, the orbits of H have order
(¢ —1)/lem(n, p — 1) and the stabilizer of Y; is h™/™ . Define Z; to be the quotient
of Yz by (h®/™) and .J; to be the Jacobian of Z,. After taking the quotient by H,
it follows that Jac(Z¢) ~ XyerJe; that Jp has dimension (p — 1)(j — 1)/2n1; and
that Q(¢S™) — End(J,) ® Q.

The last statement is immediate since Jp will have real (resp. complex) mul-
tiplication if its dimension (j — 1)(p — 1)/2n; is the same (resp. half) the degree
(p—1)/n1 of Q™) (and ny is even (resp. odd)). O

REMARK 2.7. a. In the case that j = 2, then the family J, of such curves with
complex multiplication has dimension 0. In the case that j = 3 and n = 2 (resp.
n > 2) then the family of such curves with complex multiplication has dimension 1
(resp. 0).

b. This result gives some evidence for the remark of Van der Geer and Oort:
“one expects excess intersection of the Torelli locus and the loci corresponding to
abelian varieties with very large endomorphism rings; that is, one expects that they
intersect much more than their dimensions suggest,” [vdGO99, Section 5]. The
Torelli locus has codimension g(g+1)/2—(3g—3) in A,4. For a = 1 and n; even, the
locus of abelian varieties of dimension g = (p — 1)(j — 1)/2n1 with endomorphism
ring containing K (which has degree (p — 1)/n1) has dimension (j + 1)g/4. So by
a pure dimension count, one would expect these loci not to intersect at all.

c. It is possible to produce other families of curves whose Jacobians have real
multiplication. For example, consider a Z/p x Z/2-Galois cover f : V — P! whose
branch locus consists of two totally ramified points each with conductor j. Then a
similar proof shows that Q( ;(,2)) — End(Jac(Z)) ® Q where Z has genus j(p—1)/2.
In particular, if 5 = 1 then this family has real multiplication. However, it is less
interesting since the p-rank of Z is (p — 1)/2 and thus Z is ordinary.

COROLLARY 2.8. Suppose p =1 mod j. The slopes of the Newton polygon B of
any geometric fibre of the Jacobian Jo of the family Z¢ are the values {1/4,2/7,...(j—
1)/} each with multiplicity e = (g—1)/n. In other words, 8 = e¢(G1,j—1+ G2 j—2+
R ijl,l)-

PROOF. Since the Newton polygon is invariant under isogeny and J ~ XycyJy
by Corollary 2.6, it is sufficient to show that the slopes of the Newton polygon of
Jy are equally distributed among the values (j —4)/j for 1 < i < j — 1. By [Zhu,
Corollary 1.4], the slopes of the Newton polygon of the Jacobian of Y; are the values
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(j—1)/j for 1 <i < j—1 each with multiplicity p — 1. The result follows by taking
the quotient by the action of H. [

Now we will find the Ox-module structure of H%(J,, Q).

LEMMA 2.9. A basis for HO(J,, Q') is given by: {y"2bdx} for 0 <r <p—2,
0<b<j—-2,rj+bp<pj—j—p—1, and jr+b=—1mod n;.

PROOF. Let @ be the point of Y; above © = co. Note that ()., = pQ, and
(¥)oo = jQ, and (dz) = (29 — 2)Q. So div(y"z’dz) = 7(y)o + b(x)o + (29 — 2 —
(rj + pb))Q. So the divisors y"z’dx for Jac(Y;) are holomorphic when rj + pb <
(29 —2) =pj—j—p—1 and are independent for r and b as above.

Recall that J, = Jac(Z,) where Z; is the quotient of Y; by Hy ~ uy,,. Now we
find the Hj-invariant subspace of H%(Jac(Yy), Q). The generator (,, of u,, acts
as follows: z — (2, y — Cﬂ;ly, dx +— (,,dz. So y"zbdz is fixed under the action
of uy, if and only if jr + b= —1 mod n;. 0

For 1 < i < j—1, let V; be the subspace of H%(J;, Q') generated by the
basis elements {y"x’dx} for which b=j — 1 —i. Let e; = #{r| 0 <r < (pi —j —
1)/4, j(r+1) =imod n;}. Note that the dimension of V; is e;. When p =1 mod j,
these numbers simplify to: r < -1+ (j —b—1)(p—1)/j = =1 +i(p—1)/j and
e; =i(p—1)/n1j. Here n1j|(p — 1) since ged(n, j) = 1. Let 7 be a uniformizer for
the completion of Ok above p.

COROLLARY 2.10. There exists an isomorphism of O -modules as follows:
j—1
HO(J, QY ~ Zk[w]/ﬂei;
i=1

Note that H°(Jy, Q') is not a free Ox-module for j > 3. Thus J; does not
satisfy the Rapoport condition for 57 > 3. Also this implies that the canonical
principal polarization on J; is incompatible with the action of Og.

PRrROOF. We can choose m = ({, — 1) to be a uniformizer for the completion
of Ok above p. For the first statement, we need to determine the action of = on
H°(J;, Q). Note that (p — 1 corresponds to the action of the automorphism a —id
on the function field of Y; where « is the automorphism of order p acting on Y, via
a(y) =y +1, a(z) = 2. Thus ¢, — 1 acts by taking y"zbdz — ((y + 1)" — y")aldz.
The action of 7 corresponds to the automorphism (o — id)™ on the function field
of Z, = Y;/H;. In particular, the 7 — 1 subspaces V; are the invariant subspaces
under the action of 7. The value e; = dim(V;) is the power of the uniformizer 7
which annihilates V. ([l

3. Example

Recall that & is an algebraically closed field of characteristic p, that n|(p® — 1),
and j is a positive integer such that ged(j,pn) = 1. For the rest of the paper,
we suppose that p = 1 mod j which implies p; C F7. Let Y be the fibre of the
decomposable I-Galois family with equations 2 = 2 and y?* —y = acjl (ie. f(z7h) =
1). In this section we restrict to the fibre Z of Zc, which is the quotient of this
fibre Y by the subgroup H ~ p,,.

Under these strong conditions, the Jacobian J of Z is easy to investigate
since H%(Jy, Q') decomposes (as an Ox-module) into blocks fixed by the action
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of the Cartier operator. Here Jy is one of the factors of J ~ XycrJy and Og
is the integral closure of K = Q(ngnl)). We find the Og-module structure of
HO(J,, QY)/CH®(J;, Q). This allows us to easily compute the Newton polygon of
J and the reduced a-numbers of J,. We show also how the computation of the
Newton polygon follows from Katz’s fundamental work [Kat81].

3.1. Reduced a-numbers. In this section, we describe the action of the
Cartier operator C' on H°(J,, Q') and use this to find the Ox-module structure
of HO(J,, Q1) /CH®(J;, 2'). Recall that the dimension of J; equals (j—1)(p—1)/2,
that the p-rank of J, is 0, and that Jy is isomorphic to Jac(Z;) where Z; is the
quotient of Yy by the action of Hy ~ p,, (and n; = ged(n,p — 1)).

For b such that 0 < b < j — 2, let hy = (b+ 1)(p — 1)/4. Note that n|h, and
that hy is the unique integer in [0, p — 1] such that hy = (=1 — b)j ! mod p.

LEMMA 3.1. The Cartier operator acts on H°(J;, Q') as follows: C(y"xbdx) =
0 if r < hy and C(y"xdx) is in the subspace generated by y" " abdx if r > hy.

PrOOF. Consider the action of the Cartier operator on y"zbdz.
C(y"azbdx) = C((yP — %) 2bdx) = Z C(( ( ) Pr=h) b b dy).

Thus C(y"abdx) = Y5 _gcrny” "C(2?"*dz) where ¢,y = (=1)"(}) (note
¢rn € Fp). Recall that C(29"dz) = 0 unless jh +b = —1 mod p. Since 0 <
h <r < p— 2, this is possible if and only if h = hy. Thus C(27"+?) # 0 if and only
if h = hy. Thus, C(y"x%dx) # 0 if and only if 7 > hy,.

When r > hy then C(yrl‘bdl‘) — Crhyr—hbxl(hbj-l-b)/mdm_ Also (hb] + b)/p =
((0+1)(p—1)+b)/p = b+1-1/pso [(hj +b)/p| = b. So Cy"z"dx) = copy” "z’ da.

O

PROPOSITION 3.2. Write a; = min{i,j—i}(p—1)/n1j for 1 <i < j—1. There
exists an isomorphism of Ok -modules as follows:

HO(Jy, @) /CH® (Je, ”Zk

=1

The numbers a; are the reduced a-numbers of Jy.

PROOF. Recall that C(y"zdx) = 0 if r < hy and C(y"2dz) is in the subspace
generated by y" " aldx if r > h;. Thus the subspaces V; are invariant under the ac-
tion of the Cartier operator. Also dim(C'V;) = max{dim(V;)—(j—4)(p—1)/jn1,0}.
As in the proof of Corollary 2.10, the j — 1 subspaces V; are the invariant subspaces
under the action of w. The value a; is the power of the uniformizer m which an-
niliates V;/CV;. Since dim(V;) = i(p — 1)/n1j, we see that a; = dim(V;/CV;) =
min{i, j — i}(p — 1)/n1j. 0

Recall that the a-number of an abelian variety A over an algebraically closed
field is dimy Hom(e,, A) where oy, is the group scheme which is the kernel of Frobe-
nius Fr : G, — G, (written o, = Spec(k[z]/zP)). By duality, the a-number equals
the dimension of the kernel of the Cartier operator on H%(Jy, Q). The next corol-
lary shows that the a-number of J is approximately half of its genus.
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COROLLARY 3.3. Suppose p = 1 mod j. The quotient curve Z; has a-number
(p—1)j/4ny if § is even and (p — 1)(5 — 1)(5 + 1)/4jny if j is odd.

Proor. This is immediate from Proposition 3.2 since the a-number is the sum
of the reduced a-numbers or Y7~ min{i, j —i}(p — 1)/jny; this is because it is the
dimension of the kernel of the Cartier operator on H(Jy, Q). O

REMARK 3.4. Suppose p Z 1 mod j. Define hj to be the unique integer in
[0,p — 1] such that hy = (=1 — b)j~! mod p. Then C(y"z’dx) = 0 if r < hy, and
C(y zbdx) = cppy™Pavgl(hi+0) /Pl qy if ¢ > hjp. So when p # 1 mod j, the proof of
Lemma 3.1 gives the following expression for the a-number «y of the Jacobian J,
in terms of hy:

oo =" min(hu,p— [(p-+1+bp)/4])
b=0

This follows since the dimension of the kernel of the Cartier operator on H°(.J,, Q1)
is:
#{(r,0)[0<r <hy, 0<b, rj+bp<jp—j—p—1}

For example, if p = —1 mod j then hy, = p—(b+1)(p—1)/4. Thus C(y"zbdz) =0
for all y"xbdx € H(J,, Q). Thus ay = (j — 1)(p — 1)/2 and Z is supersingular.
When nq = 1, this is one direction of the main result of [IS91]. We note in passing
that for j = ¢+ 1, the curve Y is isomorphic over F,> to the maximal curve studied
by [FGT97]. In other words, the number of F 2-points of Y is equal to the Hasse-
Weil bound.

3.2. Newton polygons. By Corollary 2.8, the slopes of the Newton polygon
3 of the Jacobian J¢ of Z¢ are the values in the set {1/4,2/74,...(j—1)/j} each with
multiplicity e = (¢ — 1)/n. In other words, f = e(G1,j—1 + G2 j—2+...Gj_11). In
this section, we give two explicit proofs of this result for the Jacobian J of the fibre
Z of the family Zc. The first proof considers the action of the Cartier operator on
H°(J;, Q) and uses Katz’s sharp slope estimate. These are also ingredients of Zhu’s
proof, which is more complicated since the subspaces V; are not invariant under the
Cartier operator and since it is necessary to lift to characteristic 0. The second
proof uses a result of Katz, in which he relates the eigenvalues of Frobenius on this
fibre to certain Gauss sums. After these proofs we find some lower bounds for the
dimension of the intersection of the Torelli locus with certain Newton polygon strata
in A, (the moduli space of principally polarized abelian varieties of dimension g).

ProoF. (First proof of Corollary 2.8 for the Jacobian J of the fibre Z): Since
the Newton polygon is invariant under isogeny and J ~ XgcpJy by Corollary 2.6,
it is sufficient to show that the slopes of the Newton polygon of J, are equally
distributed among the values (j —¢)/j for 1 <i < j — 1. Recall that End(J;) ® Q
contains the field K = Q( I(,"l)) and that 7 = (¢, — 1)™ is a uniformizer for the
completion of K over the prime p.

The subspace V; of H(Z,Q!) is invariant under the action of the Cartier op-
erator. Let h; = (j —i)(p—1)/j. For all (j —1)/2 <i < j—1, we see that h;/n
is the largest exponent e such that C(V;) C n°V;. This follows since the Cartier
operator acts on y"x/~!'~idz by reducing the exponent r by h;, by Lemma 3.1.
The uniformizer 7 of O acts by reducing the exponent r by n. Also the Cartier
operator has coeflicients in ]F;‘, since ¢,p € FZ.
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Thus the eigenvalues for C' on V; are divisible exactly by 7//" for all (j—1)/2 <
i <j—1. We see that 7/™ has valuation v; = h;/ne; = (j—14)/j. Thus p¥ exactly
divides the Verschiebung endomorphism V on V; for (j —1)/2 < i < j—1. We
can show this implies that p/™:1|V"+9. By Katz’s sharp slope estimate [Kat79,
Theorem 1.5], the first slope of the Newton polygon on V; is exactly (j —i)/j.

The proof follows from the following two statements. For each slope A which
occurs in the Newton polygon, the slope 1 — A must occur by duality. Also, (as in
[Yu, Lemma 3.2]), the slopes must occur with multiplicity at least ey = (p —1)/ny
since p is totally ramified in Ok. (]

Now here is the proof using Katz’s work on eigenvalues of Frobenius and Gauss
sums. Note that there is an action of p; on Y, whose generator takes (z1,ye) —

(Ci1,Ye)-

PROOF. (Second proof of Corollary 2.8 for the Jacobian J of the fibre Z): Tt is
sufficient to show that the slopes of the Newton polygon of the curve Y, : y? —y = le
are equally distributed (with multiplicity p — 1) among the values (j — 4)/j for
1 < i < j—1. The general case follows by Corollary 2.6 and by considering the
quotient by the action of the subgroup H.

By [Kat81, Corollary 2.2], H(Y;) = ©(H")¥¥). Here the sum is over all pairs
(1, x) where 9 is a nontrivial additive character of F,, and x is a nontrivial multi-
plicative character of y;. The statement holds for I-adic or crystalline cohomology
groups. Furthermore, for each of the (j — 1)(p — 1) pairs (¥, x), the eigenspace
HY(Y;)®) has dimension 1. Finally, on H!(Y;)¥X) the eigenvalue of Frobenius
is the Gauss sum —g(3, x, P).

There are ¢(m) non-trivial characters x of p; having order m|j. The choice of
such a character is equivalent to a choice of prime P of Q((,,) containing p. We iden-
tify the numbers 1 <t < m with ged(¢,m) = 1 with elements o; € Gal(Q((n)/Q).
By the Stickelberger relation, [IR90, 14, Theorem 2], g(¢, x, P)™ = P2t where
the sum is over 1 <t < m with ged(¢,m) = 1. Thus the valuations v; of g(¢, x, P)
for the ¢(m) characters with order m are the numbers t/m. The result follows
since the number of eigenvalues with slope ¢/m is the number of non-trivial addi-
tive characters 1 of Fy, namely p — 1. |

REMARK 3.5. a. In fact, a third proof of Corollary 2.8 for this fibre should
be possible along the following lines. The Artin-Schreier curve y? —y = 27 is a
quotient of the Fermat curve w’®~1) 4P~ = 1 [Kat81, pg. 228]. In [Yui80,
Theorem 2.8], Yui determined the Newton polygon of the Fermat curve. The result
would follow by finding which slopes of the Fermat curve match the appropriate
characters from the Artin-Schreier curve.

b. We quickly summarize the case when j = 3 and n; = ged(p — 1,n) is
even. Then J is isogenous to a direct sum of isomorphic Jacobians which have
real multiplication by a totally ramified field, Q(¢S"*), by 2.6. Thus the Newton
polygon of J can have at most two slopes. If p = 2 mod 3 then the a-number of
Zis (p —1)/n, by 3.3. So J is supersingular and its Newton polygon has slopes
1/2. If p = 1 mod 3 then the a-number of Z is 2(p — 1)/3n. By Corollary 2.8, its
Newton polygon has two slopes: 1/3 and 2/3.

c. For Newton polygons of hyperelliptic curves, see [Yui78]. For supersingular
curves in characteristic 2, see [vdGvdV92].
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Fix e € Nt and j € N* with jle; let g = e(j — 1)/2. Let Pj. be the infinite set
of all primes p for which p = 1 mod j and for which the quotient n = (p — 1)/e is
relatively prime to j. This set of primes has Dirichlet density ¢(j)/¢(ej) since it
consists of all primes p = nge + 1 mod je where ng is a unit modulo j; (for these p,

one can always choose a = 1).

Let 8 = f; be the Newton polygon with slopes 1/7,2/7,..

.(j —1)/j each

repeated e times. In other words, 8 = e(G1,j—1 + G2j-2+...Gj_1,1). Let NPg
be the locus in A4, the moduli space of principally polarized abelian varieties, with
Newton polygon 3. Note that NPg = () without the hypotheses on j and g.

COROLLARY 3.6. The intersection in Ay of the Torelli locus with NPg has
dimension at least r(I,7) — 2 for all primes p € Pje.

Here r(1,j) is approximately 2g/(p — 1).

PRrOOF. This follows immediately from Corollary 2.8 and Lemma 2.2. g

In some special cases, we can give an even better lower bound for the dimension
of the intersection of the Newton polygon strata with the Torelli locus.

COROLLARY 3.7. Given a genus g, a prime p, and a Newton polygon stratum
B in the following table, the dimension dg of the intersection of the Newton polygon
stratum with the Torelli locus is at least the given number.

RE p | ds > |
4 114G, p=3,5mod 8 3
5 | 5G11 p =11 mod 20 3
6 | 6G11 p =13 mod 24 3
6 | 2G12 + 2G2 p=7,13mod 18 6
6 | Gi3+2G11+G3y p=>5mod 8 7
7| 7G1a p =11,15,23 mod 28 2
8 | 8G1,1 p=3,57,9,11,13 mod 16 1
9 | 3G12+3G2,1 p=4,7,10,13,16, 19, 22, 25 mod 27 6
10 | G1a+Gaz+Gsa+Ga p = 6,11,16,21 mod 25 9
12 | 4G 2 4+ 4G2 1 p=7,13mod 18 3
15| G15+2G13+3G11 +2Go3+ Gs 1 p = 7,31 mod 36 ]
21| G166+ Gos5+G34+Gasz+Gs2+Gs1 | p=8,15,22,29,36,43 mod 49 6

PRrROOF. Suppose 3 is one of the Newton polygons above with corresponding
genus g. Let j be the reciprocal of the first slope of 5. Let e = 2¢g/(j — 1). For the
primes above, p = 1 mod j and an explicit calculation shows that there exists an a
so that n = (p® — 1)/e is relatively prime to j. By Corollary 2.8, the intersection

of 8 with the Torelli locus is non-empty.

Let £3 be the number of Newton polygons o for which 8 > o > ¢Go.1 + gG1 0.
In fact, £3 is the number of lattice points beneath 8 with xz-coordinate 1 < = < g.
Let dg be the dimension of the intersection of the Newton polygon strata 3 with the
Torelli locus. By purity of the Newton polygon stratification [dJOO00], dim(M,) <
dg+{3. The proof follows by an explicit calculation of £3 in the cases above, which
are the only ones for which dim(M,) — £ is positive. O
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