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Abstract

Consider a wildly ramified>-Galois cover of curve®:Y — X branched at only one
point over an algebraically closed figkdbf characteristiqp. In this paper, givert
such that the Sylowp-subgroups of5 have orderp, | show it is possible to deform

@ to increase the conductor at a wild ramification point. As a result, | prove that all
sufficiently large conductors occur for covepsY — ]Pl} branched at only one point
with inertiaZ/ p. For the proof, | show there exists such a cover with small conductor
under an additional hypothesis @and then use deformation and formal patching
to transform this cover.

2000 Mathematical Subject Classification: 14H30, 14G32

1 Introduction

1.1 Results

Let X be a smooth connected proper curve with marked pdixisover an algebraically
closed fieldk of characteristiqp. Consider a Galois cover: Y — X of smooth connected
curves branched only dtx;}. Abhyankar’s Conjecture (proved by Raynaud [10] and
Harbater [4]) determines exactly which groupsan be the Galois group gf An open
problem is to determine which inertia groups and filtrations of higher ramification groups
can be realized for such a covgr More simply, it is unknown which integers can be
realized as the genus ¥f

The main results of this paper are for the case gha¥ — IP& is branched at only
one point. Such covers exist if and only@d is a quasip group, which means th&
is generated by-groups. Harbater [3] proved that the Sylgasubgroups of5 can be
realized as the inertia groups of such a cogerUnder the assumption that the Sylow
p-subgroups of5 have orderp, the filtration of higher ramification groups is determined
by one integer for which p1 j, namely by the lower jump or conductor. In Theorem
3.2.4, | prove in this case that all sufficiently large conductors occur for such covers of
the affine line. Theorem 3.2.4 involves the concept of pheeightwhich is defined in
Section 3.1.2.



Theorem 3.2.4 Let G be a finite quasp group whose Sylovp-subgroups have ordgx
There exists an integdrdepending explicitly orp, the p— weight of G, and the exponent
of the normalizer of a Sylovp-subgroup ofG with the following property: Ifj > J and
p+t j then there exists & Galois coverp: Y — IP% branched at only one point over which
it has inertia groufZ/p and conductoy.

The first part of the proof is to show that all sufficiently large conductors will occur. To
do this, I show the following more general resultin Theorem 2.2.2: suppoge— X is a
G-Galois cover with inertia groupof the formZ/ p x ym and conductoy at a ramification
point; then it is possible to deforpto increase this conductor. To do this, | construct a
family of covers so thatp is isomorphic to the normalization of one fibre of the family.
The techniques consist of local deformations and formal patching theorems of Harbater
and Stevenson [5]. Sindeis algebraically closed, it is then possible to use another fibre
of this family to find another cover with the same grda@nd inertia group but with a
larger conductor. For certain applications, it is necessary to use ramification data of two
covers and deform semi-stable curves in order to enlarge the Galois group and to change
the inertia group, while simultaneously enlarging the conductor; see Theorem 2.3.7.

The second part of the proof is to find a relatively small intebétepending only on
the group theory of5) for which there exists &-Galois coverp:Y — ]P’ﬁ branched at
only one point over which it has inertia grodfy p and conductod. For this | use the
following result which says roughly speaking that there exists such a cover of the affine
line with very small conductor whe@ hasp-weight one. (See 3.2.1 for the definition of
imin(1), which is a small set of integers depending onlylaand not onG consisting of
the minimal possible conductors for a cover of the affine line with inértieZ / p x pm.)

Theorem 3.2.2 LetG be afinite quasp group ofp-weight one whose Sylow-subgroups
have orderp # 2. For somd ~ Z/p x pm C G and somej € jmin(l), there exists &-
Galois coverp:Y — ]P’ﬁ of smooth connected curves branched at only one point over
which it has inertia group and conductoj. In particular, genu¥) <1+ |G|(p—1)/2p.

This result was announced in [7]. The idea behind its proof is to reverse the process
in Section 2 to decrease the conductor @-&alois coverp:Y — IP’& branched at only
one point. This is done by analyzing the stable model of a family of covers with bad
reduction over an equal characteristic discrete valuation ring. This is motivated by the
work of Raynaud [11] in unequal characteristic.

1.2 Notation and background

Letk be an algebraically closed field of characterigtitet R~ k[[t]] be an equal charac-
teristic complete discrete valuation ring with residue fielthd fraction fieldK ~ k((t)).
For eachm e N with gcd(m, p) = 1, choose amith root of unity{m € k such that;,, =
{Mim,. Let G be a finite group and 68 be a chosen Sylow-subgroup ofG. The group
G is quasi-pif it is generated by all its Sylows subgroups.
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If X is a scheme oveR, we assume that the morphisin X — Spe¢R) is separated,
flat and of finite type. I€ is a point of a schemk, the germ)zg of X at¢ is defined to
be the spectrum of the complete local ring of functionXaft §. Suppose a schemeéis
reduced and connected, but not necessarily irreducible. A mormhi¥m- X of schemes
is a (possibly branched)overif @is finite and generically separable. @-Galois cover
is a cover@: Y — X along with a choice of homomorphis@® — Autx(Y) by whichG
acts simply transitively on each generic geometric fibre ¢dgain allowing branching).
If @:Y — X is aG-Galois cover an@ C G/, define theénduced covetndg' (Y) — X to
be the disconnecte®@-Galois cover consisting ¢f5’ : G) copies ofY indexed by the left
cosets ofG with the induced action o&'.

Consider a wildly ramifieds-Galois cover of curve®: Y — X with branch locus
B. See [13, Chapter IV] for information about the higher ramification groupg. dh
particular, supposg € B is a closed point ang € ¢ %(£). The inertia group of @ atn
is of the forml = P x yy whereP is a p-group andp{ m. In the case thdt~ Z/p x pm,
the conductorof @ atn is the integerj = val(q(m,) — ;) — 1 wherer, is a uniformizer
of Y atn andq has ordem in I. In this case, the conductgris the uniqudower jump
in the filtration of higher ramification groups and thpper jumpiso = j/me Q. Up to
isomorphism, these objects do not depend on the choigeabbve. If ¢ is not a closed
point of X, the inertia group, filtration of higher ramification groups, and conductog for
atn are the corresponding objects over the generic point of

This paper frequently uses the following technique of Harbater and Stevenson [5]
(also see [8] for the case thBt£ k[[t]]). Let X be a projectivek-curve that is connected
and reduced but not necessarily irreducible. fdte a finite closed subset &f which
contains the singular locus &f.

Definition 1.2.1. A thickening problem of covefer (X,S) consists of the following data:
(a) A coverf : Y — X of geometrically connected reduced projectiveurves;

(b) For eacls € S, a Noetherian normal complete local domBRytontainingR such that
t is contained in the maximal ideal &%, along with a finite generically separable
Rs-algebraAg;

(c) For eacts € S, a pair ofk-algebra isomorphisnts : Rs/(t) — (A)x,s andEs: Ag/(t) —
Oy s which are compatible with the inclusion morphisms.

Definition 1.2.2. A thickening problem i$5-Galoisif f andRs C As areG-Galois and the
isomorphismg= are compatible with th&-Galois action (for als € S). A thickeningof
X is a projective normaR-curve X* such thatX; ~ X. A thickening problem iselative
if the data for the problem also includes a thickenXgof X, so thatX* is a trivial
deformation ofX away fromS and so that the pullback & over the complete local ring
at a points € S is isomorphic tdRs.



Definition 1.2.3. A solutionto a thickening problem of covers is a coviér: Y* — X* of
projective normaR-curves, wheré&* is a thickening oX, whose closed fibre is isomor-
phic to f, whose pullback to the formal completion Xf alongX’ = X — S is a trivial
deformation of the restriction of over X’, and whose pullback over the complete local
ring at a poins € S is isomorphic tdRs C As (and such that everything is compatible with
the isomorphisms above). (Note thét is a thickening oiX.)

Theorem 1.2.4.(Harbater, Stevenson.) Every (G-Galois) thickening problem for covers
has a (G-Galois) solution. The solution is unique if the thickening problem is relative.

Proof. [5, Theorem 4]. O

2 Deformation of Covers

Consider &5-Galois coverp: Y — X of smooth connected propkfcurves. Let be in
the branch locus apand letn € @ %(£). The goal in this section is to deform the coger
with precise control over the ramification behavior n&affo do this it is first necessary
to deform the -Galois coverp: \?n — )23 of germs of curves nedrwith such control. We
assume throughout thatstrictly divides the order of the inertia grolip

2.1 Covers of complete local rings

Let| be a semi-direct produ@/p x pm with p+ m. Letn’ be the order of the prime-tp-
part of the center of. LetU = Speck|[u]]) and letb be the closed point di. The next
results describe the structureleGalois coversp: X — U of germs of curves with lower
jump j in the filtration of higher ramification groups above

Definition 2.1.1. Supposep: X — U is anl-Galois cover of germs of curves such tiat

is connected but not necessarily normal. tebe the number of connected components
of the normalization oK and assume thai{ r;. Define theinertia groupof ¢ to be the
inertia groupl, of a closed point in the normalization. The orderlas pm= pmyr;
wherepmy is the order ofl;. Theconductor(respectivelyupper jump of @ is defined to

be the conductor (respectively upper jump) of a ramification point in the normalization.

Lemma2.1.2.Letl ~Z/pxpymand let h C | have index { with ptry. Write m=rqm.
Suppose thap: X — U is an I-Galois cover of connected germs of curves with ineitia |
and conductor j.

I) There exists an automorphism A of U such that the equations‘tpaway from b are:

m

o ——
up =u™, xP—x=uy".

i) The Galois action on the generic fibre is given by the following equations for gome
with gcd(y,m) = 1; (after possibly changing the choice of q):

c(ur) = LLur, c(x) =YX, g(uy) = ug, g(x) =x+1.
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iii) The conductor j satisfies pj andged(j,m) =n'. The upper jump is = j/m.

Proof. First consider the case thdtis normal (i.er; = 1). By [9, Lemma 1.4.2], there
existsf (u) € k[[u]]* with degreej so that the equations fgraway fromu = 0 areuy’ =u
andxP —x = uIJ f(u). The proof uses Kummer theory and Artin-Schreier Theory. To
finish the proof of i) consider the automorphishof k[[u]] such thatA(u) = uf(u)™1.
This automorphism exists sindgu) is a jth power ink[[u]]*. ThenA(u;) = ulf(u)l/_j.
After this automorphism of the base, the equationg¥agareul = u andxP —x=u; .

Now consider the case thei # 1. The normalization o is a disconnected cover
whose components are Galois with grdupThus the normalization has equations:

Vi=1 uf" =vu xP—x=u’;
The equations foA*@in i) are a blow-down of these by the relatian = uTl. Prop-

erties ii)-iii) follow directly from [13, Chapter IV] and [9, Lemma 1.4.2]. ]

The next lemma allows one to induce a giverGalois cover up to a reducible con-
nectedl -Galois cover if the restriction from Lemma 2.1.2 (iii) is satisfied. This will be
used in Proposition 2.3.4 to patch together covers with different inertia groups.

Lemma 2.1.3. Supposesl C | ~ Z/p x pm with index g where pfri. Let m= myrs.
Suppose there exists appGalois coverp of connected normal germs of curves with con-
ductor j. Assume’n=gcdm, j). Then there exists a connected reducible I-Galois cover
@"¢ with conductor j which is isomorphic tmdj, (¢) away from the closed point.

Proof. Let ¢c; = c't. By Lemma 2.1.2, there is an automorphigwof U so that the
equations foA*@ areurlnl =u,xP—x= uI‘; and itsl1-Galois action is given bg; (u;) =
Uy U, c1(X) = Zml'x, q(ug) = ug andq(x) = x+ 1 for somey with gcd(y,m;) = 1. The
equations for Infj (A*g) arev't = 1, u™ = uvandx? —x=u, .

Let @29 be the blow down of Ing(A*@) which identifies the'; ramification points.
This yields a connected reducibi€alois coveld)Qd whose equations ardGalois action
are the same as in Lemma 2.1.2 (i) and (ii). This Galois action is well-defined by the
condition onn'. Let @"? = (A~1)*@? and note thay"? is isomorphic to In}j (¢) away
from the closed point by construction. O

2.2 Deformation of smooth curves

In this section, we show that it is possible to increase the conductor at a branch point while
preserving the inertia and Galois group. This result was announced in [7R L£e[t]]

andK =k((t)). Letb be the closed point d§ = Speck|[u]]). LetUr = Spe¢R][[u]]) and

Uk = Ur xrK = Speck][u,t]][t1]).

Proposition 2.2.1.Let | ~ Z/p x Uy Suppose there exists an 1-Galois cogerX — U

of normal connected germs of curves with conductor j. ThendoNiwith p{ (j +im),
there exists an I-Galois covegr : Xg — Ugr of irreducible germs of R-curves, whose
branch locus consists of only the R-poiptb b xR, such that:
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1. The normalization of the special fibre@f (t = 0) is isomorphic tap away from b.

2. The generic fibrey : Xk — Uk of @r is an I-Galois cover of normal connected
curves whose branch locus consists of only the K-pagintlbr xgrK over which it
has inertia | and conductor 4 im.

Proof. After an automorphism of k[[u]], the equations foA*@ are given by:uf' = u,
XP—x= uIJ. Consider the normal covek : X; — Ur given generically by the equations:

U = u,xP —x = ug T U,

Thel-Galois action on the variables is given by the same expressions as on the closed fibre
and the cover is irreducible. The cun{g is singular only above the poiiiti,t) = (0, 0).
The normalization of the special fibre agrees witlp. The covenrg; is branched only at

the R-point u = 0 sinceuy = 0 is the only pole of the function; '™ (t + uf). Taking
the restriction ofgx over Spe¢K|[[u]]) wheret + u' is a unit, we see thagk has inertia
and conductoj +im overby. Pulling back the covegk, by the automorphism ! xR
of R[[u]] changes none of these properties and thus yields the gaver O

Let Xx be a propek-curve. The next theorem uses Propositon 2.2.1 and Theorem
1.2.4 to deform a given cover & to a family of coverspr of Xi. This family can be
defined over a variet® of finite type overk. We then specialize to a fibre of the family
over anothek-point of © to get a covery’ with new ramification data.

Theorem 2.2.2.Suppose there exists a G-Galois cogery — Xy of smooth connected
curves with branch locus B. Suppagéas inertia group I~ Z/p x Py and conductor |
aboveg; € B with pt m. Letie N* be such that p (j +im). Then there exist G-Galois
coversgr : YR — Xgand@ : Y’ — Xy such that:

1. The curvesyand Y are irreducible and ¥ and Y are smooth and connected.
2. After normalization, the special fibgg of @r is isomorphic tap away fromé;.

3. The branch locus of the covex (respectivelyp) consists exactly of the R-points
&¢r = & Xk R (respectively the k-poing for & € B.

4. For§ € B, & + &1, the ramification behavior fogr (respectivelyy) at &g (respec-
tively &) is identical to that ofpat €.

5. The covery (respectivelyy) has inertia | and conductor 4 im at the K-point
&1k (respectively a€,).

6. The genus ofYand of the fibres ofgis ¢, = genugY) +i|G|(p—1)/2p.



Proof. In the notation of Theorem 1.2.4, [¥t' = Xg and letS = {&1}. Letn € @~ 1(&y).
Consider thd-Galois cover(p Yn — )(E1 Applying Proposition 2.2.1 t(p, there exists a
deformationgg : Yr — X of @ with the desired properties. In particulgk has inertia
| >~ Z/p % Pm and conductolj +im over&; k. ConS|der the inclusioRs — Ag of rings
corresponding to the disconnectedGalois cover In&

The coversy and Incf ) and the isomorphism glven by Proposition 2.2.1 (1) con-
stitute a relativé&s-Galois thickening problem as in Definition 1.2.1. The (unique) solution
to this thickening problem (Theorem 1.2.4) yields t&alois coverpr : YR — Xr. Re-
call from Definition 1.2.3 that the covesk is isomorphic to In&((])R) over)A(Rgl. Also,

@r is isomorphic to the trivial deformatiog, : Y;r — X of @ away from&1. ThusYgr is
irreducible since is irreducible andrk is smooth sincét k andVYk are smooth.

The data for the covegr is contained in a subrin@ C R of finite type ovek, with © #

k since the family is non-constant. Sinkes algebraically closed, there exist infinitely
manyk-points of Spe@). The closuré. of the locus ok-pointsx of Spe¢®) over which

the fibreq is not aG-Galois cover of smooth connected curves is closed, [2, Proposition
9.29]. Furthermorel. # Spe¢®) sinceYx is smooth and irreducible. Lef : Y — X

be the fibre over &-point not inL. Note thatY’ is smooth and irreducible by definition.
The other properties follow immediately from the compatibilitypafwith Ind,G(cApR) over

Xrg, and with@y : Yir — Xy away fromé .

The genus o¥’ and of the fibres oYy increases because of the extra contribution to
the Riemann-Hurwitz formula. In particular, there &B/mp ramification points above
&1k, each of which hasn extra non-trivial higher ramification groups. Thus the degree
of ramification Degg1) over&s k increases byG|(im)(p—1)/mp O

Theorem 2.2.2 can be used to increase the conductor of a cover of proper curves while
preserving the inertia and Galois group. For some applications, however, it is necessary
to change the Galois group, the primeggsart of the inertia group, or the congruence
value of the conductor. To do this, it is necessary to deform covers of semistable curves.

2.3 Deformation of semi-stable curves

In this section, we deform covers of semi-stable curves with control over the ramification
information. The motivation for Theorem 2.3.7 is that it allows us to use two wildly
ramified covers to produce another whose Galois group, inertia group and conductor at a
point are determined from the given ones. In Section 3, we use this theorem to produce
a cover with complicated Galois group and relatively small conductor. See [1] for an
application in which the prime-t@-part of the inertia group, and the congruence value

of the conductor are changed using this theorem. Since the notation involved in Theorem
2.3.7 is complicated, we will start with a corollary.

Corollary 2.3.1. Let G be a group generated by subgroupsddd G. Let@; : X — IP&
andg, : Y — P} be Galois covers of smooth connected curves each branched at only one
point. Suppose has group G inertia l;, and conductorjrespectively. Then there exists



a G-Galois covenry : Y’ — P} of smooth connected curves, branched at only one point
with inertia I’ and conductor ’jas follows:

1. Purely wild: Supposeill=1,=7Z/p. Then{=Z/pand | = j1+ jo+¢&. Here
e=0if pt(j1+J2);if p|(j1+ j2), thene=2if p£2ande =3if p=2.

2. Admissible: Supposeil~ 1, and j = yj2 for somey = —1 modm. Writey =
vm—1. Assume that p(j1+ j2). Thenl=Z/pand | = (j1+ j2)/m=vj,.

3. Different inertia: More generally, supposa I I = Z/p x yn with index r for
some r with gr. Let e= jir + jo and let g= gcdm,e/gcd(j1, j2)). Assume that
j1 =Yj2 for somey such thagcdy,m) = 1. Assume that pe. Thenlis the unique
subgroup of 4 with order pn/g and | = e/g.

The second case is called admissible since the pringeréonification disappears.
Proof. The proof is immediate from Theorem 2.3.7 and Proposition 2.3.5. m

Notation 2.3.2. LetU = Speck|[u]]) andV = Speck|[[v]]). Foree NT, we defineQ§,, =
K[[u,vt]]/(uv—t€) and letS;, = Spe¢Qg,). Leti,:U — S, and lett, : V — S, be the
natural inclusions. Leb € S, be thek-point (u,v,t) = (0,0,0). Suppose ~ Z/p X pm =
Z/px{c). Letn be the order of the prime-tp-part of the center of. Fori =12,
supposd; = Z/p x Um C | with indexr; whereptr;. Note thatm= mri = mpr».

Letg: X — U, ¢ :Y —V be Galois covers of normal connected germs of curves.
Suppose the coveg has inertia (and Galois) group~ Z/p x yun and conductoij; for
i=1,2. Letg' =gcd |1, j2). Lete= jir1+ jorp, and letg = gcdm,e/d'). Lete =e/d,
i1 =i1/9 andj; = j2/g.

Numerical hypotheses:Suppose that’ = gcdm, j1) = gcdm, j2). Supposepte. Sup-
pose that; = yj5 modmfor somey such that gcfl,m) = 1 and 1<y < m. Suppose that
ged(j5,m) = 1.

The first condition is necessary to dominate each cover bl+@alois cover. The
other three conditions imply thai{ (e/g); gcd(j7,m) = 1; andg = gcdm,yry +r).
Also, whenj; =yjo, andpt (y+ 1) for somey with gcdly,m) = 1 then the three last
conditions are satisfied.

Proposition 2.3.4 constructs &rGalois coverpr : Wk — ﬁ, with specified ramifica-
tion from the coversp; and@,. AlthoughWs will be flat overR and normal, its special
fibre W will be singular at the pointy = @z (b).

The following lemma will be used in the proof of Proposition 2.3.4.

Lemma 2.3.3. Suppose = /1 + /o with ¢; € NT and ac k. Then d € Qﬂv where

(u+atf2)f —u’ — (at’2)*

do = ulzt



Proof. It is sufficient to show that the binomial coefficient= u't’2(’~) /uf2t € Q,, for
1<i<¢—1. Sincet’ =uy,

& = U2 ()2t A1 = e
SinceQ/,, is normal, it is sufficient to check thaf € Q{,,. Here
o = ulivz(yy) 21 = i)~ 1y ()1
Thusc! € Qf, since/ — ¢, > 1 andl —i > 1. O

Proposition 2.3.4.Consider the pai(@, @) from in Notation 2.3.2 satisfying the numer-
ical hypotheses. There exists an I-Galois coger Wk — & of (possibly disconnected)
germs of R-curves and an isomorphisng, — & such that:

1. The branch locus a@jir consists of one R-point, denoteg lvhich specializes to b.
2. After normalization, the pullbacks of the special fibrepgfto U and V, namely

1" @ and 1ji* @, are isomorphic to a disjoint union of copies of respectivgly
and g, away from the branch point b.

3. The generic fibrgx : Xk — Sﬁ’ = & xgK of ¢r is an I-Galois cover of (possibly
disconnected) germs of curves branched at exactly the K-ppiatbr xrK.

4. The covery has g ramification points abovecb each with inertia groupd =~
Z/px{(c9 =7Z/px HMm/g and conductor gg = (jir1+ jor2)/0.

5. The curve Wis irreducible if and only ifgcd(ri,r2) = 1. The curve W is irre-
ducible if and only if g= 1.

Proof. The proof is to construapr and then verify its properties.

The equations fog® and @'d: Applying Lemma 2.1.2, there exist automorphisfqs
of K[[u]] and A, of k[[v]] which fix the closed points dJ andV and such that the
pullbacksAjjp; andAj @, are given by the equations in Lemma 2.1.2 (i).

Sincen’ = gcdm, j1) =gcdm, j2), Lemma 2.1.3 implies that there exist connected
reduciblel -Galois cover&zpilnOI and(piznOI which are isomorphic respectively £§,¢1
andAj @, away from the branch point. The equations for these covers are:

@MUl = U, xP—x=up '

@B =V yP oy =y
After possibly changing andg once and for all, thé-Galois action ofgl¥ ande™
is given (for somey such that gctly, m) = 1 and some € [F) by:
o(U1) = {mui, 6(va) = Zhva, o(X) = L. oY) = 42y, 4(x) = X+ L,0(y) = y+a.

Note that the normalization @i (resp.@) is isomorphic to a disjoint union of
copies ofA/@; (resp.Aj@;) away from the closed point.
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The equations fogr: Letg = gcd(j1, j2) and€ = jir1+ j5r2 be as in Notation 2.3.2.
There exists € k such thaed = a™ sincek is algebraically closed. Consider the
covergk : Wk — S, given by:

wy' = w4 agvia2 fgot, 2P —z= (1+ dlt)WIg/.

For any choice of the variablels, d; € QF,, the coverg; reduces tap and@? on
the components of the special fibre. To see this, note that(wigdhe equations
for 15i* g arewy" = ult"t andz® — z=w; ¢ . After making the identificatiom; —

u'l1 andz+— x, a normalization of these equations is isomorphidl't‘ﬁ. (Specifi-
cally, we take a normalization o™ = uli" andxP —x=u; ¥t = u; 1) Likewise,
mod(u,t) the equations for:i* g arew] = ajviz'2 andz’ — z = Wl_gl. After mak-
ing the identificatiorw; — a;/ ™V} andz— y/a, this simplifies tov}?" = vi2'z and
yP—y= a(ai/mvjf)—g' = vI’Z. A normalization of these equations is isomorphic to
@nd. By the numerical hypotheses thit= yj, modmand gedj;, m) = 1, there is

a well-defined -Galois action ong, which reduces correctly:

c(wy) = ler%Wl, c(2) =)'z, qz) = z+ 1.

In conclusion, after normalization, the pullbacks of the special fibrgjofo U
andV, namelyiji*@ and1ji*@, are isomorphic to a disjoint union of copies of
respectivelyA;@; andA @, away from the branch poirt

The coverpr will be the composition of; with a change of base. Namely, suppose
A;1(u) = ud, andA, 1(v) = vd, for d, € k[[u]]* anddy € k[[v]]*. Recall thaiQ§, =
k[[u,v,t]]/(uv—1t€). Let Q¥ = k[[u,v,t]]/(uvd,dy —t¥) and letS" = Spe¢Q®).
There exists an isomorphist Q¢ — Q€, which reduces té, onU andA, onV.
Consider the pullback of the covgk by A. In other words, consider the cover
o= : Wk — S¥ corresponding to the compositi@f 2 QF, — 0. Most properties
for @r in Proposition 2.3.4 are automatic by the constructiogof SinceA is an
isomorphism, to finish the proof it is sufficient to verify properties 3)-5)¢er

The branch locusNote thate’ = jjr1+ j5r2 is the sum of two positive integers. Let

(U4 aptia2)€ — y€ — aytiare®

do = :
0 ul2rat

By Lemma 2.3.3¢ € QF,. Rewrite the first equation fag; as:
W' = U272 (U8 4 &y (Uv) 122 + dotul").
Sinceuv = t¢, this simplifies tow' = u= 122 (u¥ + ay (t122)€ + dotul2"2),
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For this choice ofly and fora; = ai/e, the equations on the generic fibre are:

W = U i22 (U aptl2'2)¥ Pz = (1+d1t)WIg/.

Note that inQ‘jwK the functionu has no zero or pole and-1d;t has no poles.

Thus@ has a unique branch point given by the coordinates—apt 22 andv =
—(t¥712"2) Jay = —tii"1 /a,. This K-point specializes to the branch poift,v) =
(0,0) of @. Thusgr is branched at exactly oriepoint for this choice oflp.

Irreducibility: Consider the equations for the covgy:
Wi = Uiz (Ut apt152)¢ | 2P — 7= (14 dgt)wy 9.

Note that ifm, € and j5r, share no common factors then the first equation is irre-
ducible; the second is irreducible since the right hand side is not of thedf8ratr.
Recall thatj; and j5 are relatively prime tanand thus ta,. Since gedm, j5r2) =

ra, the curveWk is irreducible if and only if 1= gcd(€,r2) = gcd(r1,r2). Let
g=gcdm, jir1+ j5r2) = gcdm,€). We see tha¥\k is irreducible if and only if

g = 1 from the following equations for the normalizationg:

\Ng — 1’ Wlm/g — ufjl2r2/g(u+a2tj/2r2)e(/g’ Zp—Z: (1+dlt)WIg/

Ramification informationThe first equation indicates that normalization of the generic
fibre hasg components and thugpoints above the branch point each with inertia
grouplk = Z/p x (c¥). The second equation indicates thatis an(€/g)th power
of a uniformizer. Thus the third equation indicates that the lower conductor on the
generic fibre i€'g’ /g = e/g. Thus the cover of the generic fibre has inertia group
Ik ~7Z/px(c?) =Z/p > kg and has conducta/g = (jiri + jara)/g.

O

It is more difficult to deform the covexg, and, together ifp divides(jir1+ jorz) /0.
This is done in the following proposition in the case that 1 andp|(j1+ j2). The
conductor on the generic fibre will be slightly bigger th@ir1 + jor2) /0.

Proposition 2.3.5.Letg; : X — U, @ : Y — V beZ/p-Galois covers of normal connected
germs of curves with conductorg and p respectively. Suppose that(p + j2). Let
e=j1+ j2+€wheree = 2if p# 2ande = 3if p=2. Then there exists &/ p-Galois
covergr: Wk — S =~ S, of irreducible germs of R-curves such that:

1. The branch locus of the covgg consists of exactly one R-point, denoted b

2. After normalization, the pullbacks of the special fibrepgfto U and V, namely
5" @ and1i* @, are isomorphic tap; and @, away from the branch point.
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3. The generic fibrepg : Xk — § = S xrK of ¢r is an |-Galois cover of smooth
irreducible germs of curves whose branch locus consists of the poiatli xrK.

4. The coverx has inertiaZ /p and conductor e over the unique branch poigt b

Proof. The proof is essentially the same as for Proposition 2.3.4. pFgr2 one can
deform the equationg® — x = u~/t andyP —y = v !2 using

w=ultt pagvizt L dot, 2P —z= (u+v+dit) /w

(Herea; = a™). These equations and the Galois action reduce correctly on the components
of the special fibre. In particular,
mod(v,t) 1wy — U™,z x; mod(u,t) 1wy — avi?™t, zis y/a
Sinceuv=t& =tl1*12+2 for the same choice @k as in the proof of Proposition 2.3.4,
the equations can be rewritten as:

w= U U2F Y (g tlztlyiatiat2 2P 7 — (u4v4dit)/w.
Sincep1 e, the conductor is equal ® ]

Notation 2.3.6. Let G be a quasp group with Sylowp-subgroupS. AssumeS~ Z/p.
Letl ~Z/pxpmC Gand letr = |G|/mp Let@ : X — P andg, : Y — PE be two (possi-
bly disconnected-Galois covers each branched at only one point.u(@espectively)
be a local parameter at the branch poinpp{respectivelyp,). Suppose the coveg has
inertial; ~Z/p x uy C | and conductoi; for i = 1,2 aboveu = 0 andv = 0 respectively.
Let the genus oK andY beg; andg, respectively.

Let P§ be anR-curve whose generic fibre is isomorphicp, whose special fibre
consists of two projective lindg, andR, meeting transversally at a poibivhere(u,v) =
(0,0), and which satisfieBrp ~ .

The next theorem uses Propositon 2.2.1 and Theorem 1.2.4 to deform the @opvers
and @, to a family of coverspr of Pg branched at only onB-point. This family can be
defined over a variet® of finite type overk. We then specialize to a fibre of the family
over anothek-point of © to get a covery’ with new ramification data.

Theorem 2.3.7.Consider the pair(@;, @) as in Notation 2.3.2 and 2.3.6. Suppose that
@1 and ¢, satisfy the numerical hypotheses. Then there exist G-Galois covers of curves
@r:Yr — P§ and¢@ : Y’ — P} such that:

1. After normalization, the pullbacks of the special fibre@to R, and R, are isomor-
phic respectively tg, and@, away from b.

2. The branch locus of the covex (respectivelyy) consists of exactly one R-point
denoted k which specializes to b (respectively of exactly one pdint b
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3. There are g ramification points gk (respectivelyy) above the branch pointyo
(respectively above’h These have inertia groug I~ Z/p x (c9) = Z/p % Pm/q
and conductor g = (j1r1+ j2r2)/g.

4. The curvesgrand Y are smooth of genugg-g2 — 1+ |G| —r(pm+g—r1—r2)/2.

5. Suppose Gand & are the stabilizers of a connected component of X and Y re-
spectively. Thenprand Y are connected if Gand G generate G.

Proof. After doing the appropriate set-up, the proof is identical to that of Theorem 2.2.2.
Let X* = PS and letS = {b}. Let S~ Z/p be a chosen Sylowyw-subgroup ofG. Then
there exist pointg; € ¢;*(u) andn; € (3 ( v) with inertia groupdj ~ Sx pm. Consider
thelj-Galois covers of germs of curves : qu — U andgy: Yn2 — V.

Applying Proposition 2.3.4 to the pa(cp1 (pz) we see there exists dnGalois cover
Eﬂa Wk — & with all the desired properties at the unique branch pagntNamely, there
areg ramification points above the branch point okerThe inertia group at one of these
points is of the formlx ~ Z/p x (c¥) and has conductcg/g. Consider the inclusion
Rs — As of rings corresponding to the disconnec@dsalois cover Inﬁ ¢

Consider the covegy of the special fibre oPe’ which restricts tap; overPu and to
@ overR,. The coversp and Incj3 ) and the |somorph|sms given by Proposition 2.3.4
(2) constitute a relative-Galois thlckening problem as in Definition 1.2.1. The (unique)
solution to this thickening problem (Theorem 1.2.4) yields@6&alois coverpr. Recall
from Definition 1.2.3 that the covepr is isomorphic to In&(pr) over If>R7b. Thus the
deformationgr has the desired properties near the branch fiinAlso, the coverr is
isomorphic to the trivial deformatiog, of ¢ away fromb, which completes the proof of
properties 1)-3) forr. The fact thatyk is smooth follows because boitk andq, are
smooth.

If d is the genus of the fibres ¥k, the Riemann-Hurwitz formula implies:

201 — 2= —2[G|+rr1[(pm — 1) + ja(p—1)).

202 — 2= —2|G| +rrz[(pmp— 1) + j2(p—1)].
2¢' —2=-2|G|+rg[(pm/g—1) +e(p—1)/g.
Using the fact thaé = j1r1 + jor2 it follows that:

=01+ —1+|G|—r(pm+g—ri—r2)/2.

Note thatpm+g—r1 —rz is always even. Finally, if5; and G, generateG then the
special fibre ofYr is connected. Thu¥c is connected.

As in the proof of Theorem 2.2.2, the cowgg can be defined over Spg) for some
k # © C R of finite type overk. Also one can choose a fibgg: Y’ — }Pﬁ over ak-point
of © so thatg is aG-Galois cover anf’ is smooth with the same number of connected
components a¥k, [2, Proposition 9.29]. Properties (2)-(5) fgf follow immediately
from the corresponding properties fp¢. O
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Remark 2.3.8. These patching results do not need to be restricted to the)(:as@&

or the case of only one branch point. In general, one can con€idgalois covers
@ :Yr— Xgand@ : Yo — Xo. Supposeap; and @, each have a branch point with in-
ertia group contained ih ~ Z/p x pm whose ramification data satisfies the numerical
hypotheses. Using Proposition 2.3.4, one can construct a gavér— W with speci-
fied inertia behavior above one point. The genugvoivill be the sum of genus;) and
genugXz) and@will be branched afB; | + |Bz| — 1 points.

Remark 2.3.9. One would like to know whether the above constructions are optimal
in the following sense: given the coveps and @, with upper jumpso; = ji1/m; and

02 = jo/My, in Theorem 2.3.7 we construct a deformation so that the generic fibre is a
cover@g branched at exactly one point with upper juop= o1 + 02; would it have been
possible to get any smaller upper jump on the generic fibre? The key formula [7, Theorem
3.11] indicates that the result in Theorem 2.3.7 is almost optimal since the upper jump on
the generic fibre must satisty, > 01+ 02> — 1. In other words, the singularity fag is

not too severe. The following lemma gives another way to measure this singularity.

Consider the covepr : Yr — P} constructed in Theorem 2.2.2 (respectivdy. Y —
Pe’ constructed in Theorems 2.3.7 or 2.3.1). ChqosepR (ook) (respectlvelprl(O 0)).
Let 1y : Yok — Yk be the normalization ofyx and IetOy Oy be the corresponding

extension of rings. Lel, = dimy(0y/0y) and letm, = #1%,L(y). Letpy = 28, — m, + 1.
Lemma 2.3.10. i) In Theorem 2.2.2, p= (jn, — jp)(P—1) =im(p—1).

i) In Theorem 2.3.7 and Corollary 2.3.1 (2-3), g 1+ mp—g.
iii) In Corollary 2.3.1 (1), 4 = p+&(p—1).

Proof. The proof uses a formula of Kato [6] which compares the local ramification and
the singularities for the covegr of germs of curves. The details are omitted. O

3 Applications to Ramification Questions

Let G be a finite quasp group. LetSbe a chosen Syloy-subgroup ofG and suppose

S has ordermp. Let k be an algebraically closed field of characterigtic All covers in

this section are smooth, connected and proper. We now show that for all sufficiently large
j € Nwith p1 j, there exists &-Galois coverp:Y — IP& branched at only one point with
inertiaZ/p and conductorj. The method is to first show the existence of such a cover
with small conductor under an additional hypothesis<rWe then use group theory to
determine which conductors are sufficiently large enough to realize with formal patching.

3.1 P-Weight

In this section, we measure the complexity of the gr@up
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Definition 3.1.1. Let G(S) C G be the subgroup generated by all proper qumsiib-
groupsG’ such thatG'NSis a Sylow p-subgroup ofG'. The groupG is p-pure if
G(S) #G.

Note that this definition is independent of the choiceSofThis condition was intro-
duced in [10]. Note that whel§ = p, thenG is p-pure if and only ifG is not generated by
all proper quasip subgroupss’ C G such thaSc G'. Some examples gif-pure quasip
groups with|S = p are PSk(Fp), and the semi-direct produtZ/rZ)' x Z/p where the
action is irreducible. Whep = 11, M1; andM»; are quasi-11 and 11-pure. Every finite
guasi{p group can be generated fropapure ones.

Definition 3.1.2. Consider all subgroup&’ C G such thatG' is quasip and p-pure and
such thatG' N Sis a Sylow p-subgroup ofG’. The p-weightw(G) of G is the minimal
number of such subgrou® of G which are needed to generdie

Lemma 3.1.3. The p-weighto(G) of G is a finite number independent of the choice of S.

Proof. The proof uses induction d| to show thats can be generated lprpure quasip
subgroupss” with G" NS= Syl,(G"). This statement is true &~ Z/p. For thenG
contains no proper quagisubgroups and sfil} = G(S) # G. ThusG ~ Z/p is p-pure
andw(G) = 1.

Now givenG, suppose that the hypothesis is true for any qpegioupG’ such that
p<|G| < |G| If G(S) # GthenGis p-pure and s@(G) = 1.

If G(S) = G then by definitiorG is generated by its proper qugssubgroupss’ C G
with G'N S= Syl,(G'). Since|G'| < |G| the induction hypothesis states that e&fis
generated byp-pure quasip subgroupsG” with G” N Syl,(G') = Syl,(G"). Note that
Syl,(G") = G"'N(G'N§) = G"NS Thus eaclG” satisfies the necessary conditions and
the collection ofG” generatés. Thus thep-weight is the minimum size among all sets of
p-pure quasip subgroupss” with SNG” = Syl,(G") which generatés.

To show thatw(G) is independent of, consider another Syloyw-subgroupS, of
G. Let wp(G) be thep-weight with respect t&. Since the Sylowp-subgroups are all
conjugate, there exists somges G with S = gSgl. Supposes is generated by a set
{G"} of p-pure quasip subgroups witt5N G"” = Syl,(G"). Note thatS N (gG'g™Y) =
Sylp(gG”g—l). Each subgrougG’g1 is still quasip and p-pure (with respect to its
Sylow). AlsoG is generated by the set giG’g™1. Thuswo(G) < w(G). Reversing the
roles ofSandSy, w(G) < wp(G). O

3.2 Conductors

Letg:Y — IP’& be aG-Galois cover which is branched at only one point. Such a cover
exists if and only ifG is a quasip group which means th& is generated by-groups,
[10]. Supposep has inertia group ~ Z/p x pm and conductolj. WhenG # Z/p, there

is a small set of valuegnin(l), depending only om, consisting of the minimal possible
conductors forp. Letn’ be the order of the prime-tp-part of the center of. Letn be
such tham=nn.
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Definition 3.2.1. Define jmin(l) = {jmin(l,@)| 1 <a<n, gcda,n) = 1} wherejmin(l,a) =
2m+n' if a=1andn= p—1 andjmin(l,a) = m+an otherwise.

A geometric interpretation for the s@tin(l) is thatg has a non-isotrivial deformation
in equal characteristipif and only if j € jmin(l), [9, Theorem 3.1.11]. Supposeda < n
andj =an modm. If G#Z/pthenj > jmin(l,a), by [9, Lemma 1.4.3]. Note that if
j € imin(l) thenptjandj <m(2+1/(p—1)).

Theorem 3.2.2.Let G be a finite p-pure quasi-p group whose Sylow p-subgroups have
order p# 2. For some I~ Z/p x yn C G and some g jmin(l), there exists a G-Galois
coverg:Y — IP’,{ of smooth connected curves branched at only one point over which it
has inertia group | and conductor j. In particulagenugY) < 1+ |G|(p—1)/2p.

Proof. For the convenience of the reader we briefly recall the outline of the proof from [7,
Theorem 4.5]. By Abhyankar’s Conjecture [10, 6.5.3], for sdgnef the formZ/p x pm,

and someg, there exists &-Galois coveny : Yo — IP’& with groupG which is branched

at only one point with inertia groufyp and conductofjp. If jo & jmin(l), there exists a
non-isotrivial deformation ofpy in equal characteristip by [9, Theorem 3.1.11]. This
deformation yields a covegk with bad reduction by [9, Theorem 3.3.7].

Let @:Y — X be the stable model afx. See [7, Section 3] for information on the
structure of@, which is very similar to that in the unequal characteristic case in [10,
Section 6], [11, Sections 2-3], and [12]. In particular, the special f¥prées a tree of
projective lines and the restriction gfover any terminal component & is separable.
SinceG is p-pure and has no (non-trivial) normpisubgroups, for some terminal com-
ponentP, of X, the curveY, = ¢~ 1(P,) is connected. For this component, the restriction
®:Yp— PR~ IP’,% is aG-Galois cover branched at only one pointgifhas inertia group
lp >~ Z/p > Pm, C Na(S) and conductoj, thenj,/my < jo/mo by [7, Theorem 3.11]. We
reiterate this process until finding such a cover with inertia gitgepZ / p < pm, and con-
ductor jp, satisfyingjp/m, < 2+ 1/(p— 1) which impliesjp € jmin(l). The condition on
genugY) follows directly from Definition 3.2.1 and the Riemann-Hurwitz formula_]

Lemma 3.2.3. Suppose there exists a G-Galois cogerY — P branched at only one
point with inertia group I~ Z/p x Z/m and conductor j. Then for any & | of the form
I"=7/p x Wy and for any j= j modm’ with j > j and pt j’, there exists a G-Galois
cover@ :Y — IP’& of smooth connected curves branched at only one point with inértia |
and conductor ’j

Proof. Letr be the index of in |. Consider the covef : X — Pt which is cyclic of order
r and branched at 0 ard. By Abhyankar's Lemma, the covdr@ is a G-Galois cover
@:Y — IP’& which is branched at only one point with inertia grafipp x Wy. The cover
f*@is connected sincé and@ are disjoint. The conductor df*@ still equalsj. Thus the
statement is immediate from Theorem 2.2.2. O

Let G be a quasp group with|S = p and with p-weightw. By Lemma 3.1.3G can
be generated by a collection @fproperp-pure quasip subgroupss’ such thalG’' NS=
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Syl,(G'). We give sufficient conditions for the conductor oBaGalois coverp: Y — P}
branched at only one point with inerté&/ p.

Theorem 3.2.4.Let G be a finite quasi-p group whose Sylow p-subgroups have order
p# 2. Letw be the p-weight of G. Letdie the exponent of the normalizeg () of S in

G divided by p. Let £ N* satisfyged(j, p) = 1. Suppose p me(2+1/(p—1))wif ptw

and j>me(2+1/(p—1))w-+ 2 if p|w. Then there exists a G-Galois cower Y — P}

of smooth connected curves which is branched at only one point over which it has inertia
Z/p and conductor j.

Proof. Note thatme(2+1/(p— 1)) is not necessarily an integer. In this proof the phrase
“cover of this type” indicates that the cover in question is a smooth connected cover of
the projective line branched at only one point with inettia Z/ p.

By Theorem 2.2.2, givefs as above it is sufficient to prove the following: for some
Je Zsuchthap{Jand] <me(2+1/(p—1)) there exists &-Galois coverpof this type
with conductorj = Jwif ptwand conductofj = Jw-+ 2 if p|w. The proof will proceed
by induction onw.

If w=1thenG is quasip andp-pure. By Theorem 3.2.2, for sonhe= Z/p x pm C G
there exists &-Galois covenp:Y — Pﬁ branched at only one point with inertia group
and conductof € jmin(l). Recall that ifj € jmin(l) thenj =m(2+1/(p—1)) or j <2m.
Alsom<me. Letl’=7Z/p. By Lemma 3.2.3, there exists&Galois covenrp : Y — IP’&
branched at only one point with inert/ p and conductoij. Choosel = j and note that
ptJandd <me(2+1/(p—1)).

Now suppose thab > 1. By the inductive hypothesis, for all qugsgroupsG’ having
p-weightw wherew < wandptw, there existd’ such that gcfl’, p) = 1 and such that
J <mg(2+1/(p—1)) (wheremy is the exponent oNg (S) divided by p) and there
exists aG’-Galois covery of this type with conductoj’ = J'w.

Choosen; > 1 andw, > 1 such thaptwiws andw; +ws = w. (If w# 1 modp, then
choosewv; = 1 andws = w—1. If w=1 modp, then choos&; = 2 andw, = w—2.)

SinceG hasp-weightw > 1, G can be generated lay properp-pure quasip groups

1,...Gpwith SC G forall 1 <i < w. LetGy C G be the subgroup generated G{for
1<i<w. LetGy C G be the subgroup generated Gffor w; + 1 <i < wsy. ThenGy
and G are quasip groups since they are generated by quagroups. Foi = 1,2, the
order of a Sylowp-subgroup ofG; is p sinceSC G; C G. By constructionw(G;1) < wj
andw(Gy) < wp. Butin fact, w(G1) = wy andw(Gz) = w» since thep-weight of G is
only w. Fori = 1,2, letmg be the exponent dfig, (S) divided byp.

By the inductive hypothesis, for= 1,2, there exists; such thaip{ J andJ; < mg (2+
1/(p—1)) and there exists &;-Galois covenp of this type with conductodiw;. Let me
be the exponent of the normalizer Ng(S) divided by p and note thatne > mg. Let
J=max{J1,J2} and note thaptJ andJ < mg(2+1/(p—1)). Using Theorem 2.2.2 to
increase the conductor @f for i = 1,2 we find aG;j-Galois coverg of this type with
conductordw;.

By Corollary 2.3.1 (1), in the case thptt w, there exists &-Galois covenrp of this
type with conductorj = Jwy + Jw, = Jw; in the case thap|w, there exists &-Galois
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cover@of this type with conductoj = Jwy +JIw, + 2 = Jw+ 2. (In particular, the covers
are connected sin@®; andG, generatds, Theorem 2.3.7 (6)). This completes the proof
by induction. ]

Example 3.2.5.Let G = PSLx(Fp). ThenG is quasip and p-pure and its Sylowp-
subgroups have ordgx The normalizer of a Sylow is of the forti ~ Z/p x - where
m* = (p—1)/2 andyy acts faithfully onZ/p. By Corollary 3.2.2, for somenjm*, there
exists aG-Galois coverp: Y — IP% of smooth connected curves branched only atith
inertial ~ Z/p x pm and conductol € jmin(l). In this casg < 2m< 2m* < p.
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