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Abstract. Consider a wildly ramified7-Galois cover of curveg : Y — P} branched at only one
point over an algebraically closed figldbf characteristip. For anyp-pure group& whose
Sylow p-subgroups have order | show the existence of such a cover with small conductor.
The proof uses an analysis of the semi-stable reduction of families of coug2002
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Conducteurs des rédtements avec ramification sauvage

Résumé.  Soitk un corps al@briquement clos de caraaistiquep. Soit¢ : Y — P} un retement
fini galoisien, de groupé&, ramifie seulement au-dessus d’un point (avec ramification sau-
vage). Quand= estp-pur et lesp-Sylow deG sont d’ordrep, on montre qu'il existe un
revetement de ce type avec un conducteur petit. &aaehstration consista étudier la
réduction semi-stable des familles desétements.© 2002 Aca@mie des sciencesdi-
tions scientifiques et dicales Elsevier SAS

1. Introduction

Let k£ be an algebraically closed field of characterigticAbhyankar’s Conjecture (Raynaud [5]) states
that there exists &-Galois coverp : Y — P, branched at only one point if and onlyd is a quasip
group which means that is generated by-groups. An open problem is to determine which filtrations of
higher ramification groups can be realized for the inertia groups of such ag¢over

Let S be a chosen Sylow-subgroup ofG. In this note, | restrict to the case thgthas ordep. Under
this assumption, any inertia group ofs of the formI ~ Z/p x u,,, with ged(p, m) = 1. Furthermore, the
filtration of higher ramification groups at a ramification painis determined by one integgr namely by
the lower jump or conductor; note that= val(g(m,) — m,) — 1 whereid # g € S andm, is a uniformizer
atn. Note thatged(p, j) = 1 and the order’ of the prime-top part of the center of equalsged(j, m).
WhenG # Z/p, there is a nontrivial lower bound fgr In this case, under an additional hypothesisthn
I show the existence of such a covewith small conductor, Theorem 3.5.

The main idea of the proof is that it is possible to decrease the ramification data of @&galvis cover
¢ : Y — PL. The method is to use [4] to deform the original coyeto a family of covers having a fibre
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¢k with bad reduction. | analyze the special fibre of the semi-stable mode} a6 find new covers oP},
each branched at only one point. Under a conditioiizoomne of these covers will be connected. Theorem
2.8 compares the ramification information of these covers argofThis is motivated by [5],[6].

Supposef : Y — X is a morphism of scheme§is a point of X, andn € f (5) Thegerm X, of X
at¢ is the spectrum of the complete local ring of functionsXoht ¢ andf,, Yn — X§

2. Degeneration of covers

Let R ~ k[[t]] wherek = k has characteristig > 2 and letK = Frac(R). In this section, allR-curves
are proper, normal, reduced and flat ov&with smooth and geometrically connected generic fibres. All
covers ofR-curves are flat and generically separable. We analyze the semi-stable model of the special fibre
of a cover¢ of R-curves with bad reduction. The results follow those of Raynaud [5], [6] wiehas
unequal characteristic. See also [7].

LEMMA 2.1. — Suppose thaf : Y — X is a cover of normal curves ovét with X, andY}, reduced.
Letzr be anR-point of X which specializes to a smooth poinof X;. Lety € f~!(x) and supposé¢, is
étale outsider . Lete be the ramification index qu,K over the pointtx = g xg K. If ged(e,p) = 1
theny is smooth an(fy’k is tamely ramified at: with ramification inde.

Proof. — The proof is the same as in unequal characteristic, which was proved in [5, 6.3.2] using
Abhyankar's Lemma. See also [7, 1.7] for a proof using Kato’s formula [2]. O

LEMMA 2.2. —Letf : Y — X be a Galois cover of integral semi-stakliecurves. Leyx be a rational
point of Y specializing to a poiny of Y. Assumef : Yx — X is étale outsidef(yx). Letn be
the generic point of an irreducible componentYaf which containgy. ThenlI(yx) C I(y) andI(n)is a
p-group normal in the inertia groug(y) aty and in the stablilizetD () of this component.

Proof. — The proof is the same as the unequal characteristic case in [5, 6.3.3, 6.3.6]. O

LEMMA 2.3. —Letf:Y — X be asinLemma 2.2 with€ X andy € f~1(x).

i) Assumep # 2. Suppose is a smooth point of;,. Suppose thaf has at most one branch pointz
specializing tar. Theny is a smooth point o¥}.

i) SupposefI,K is étale. Ifz is a node ofX}, theny is a node. IfI(n;) and I (1) are the inertia groups
of the generic points of the component§’pfcontainingy then(I(n;), I(n2)) is normal inI(y) and
contains the Sylow-subgroup ofl (y).

Proof. —

i) (The proof is similar to [7, 1.11]). If is a node, letl’ be the subgroup of(y) which stabilizes each
of the two components passing throughSincefy is Galois,I’ is of index 2 and normal i (y).
Consider the Galois quotierff : Y/ — X, of f, by I’. Thus/” is a Galois cover of degree two from
a singular to a smooth germ of a curve. It is genericatble overf(m and the ramification index
of f; overx g divides 2. Since # 2, this contradicts Lemma 2.1.

i) See [7, 1.4, 1.9]. Here is the outling:is a node sinc&” is semi-stable and the singularity can only
worsen. The subgroufl = (I(m1),1(n2)) is normal inI(y). As in part (i), take the quotient qu
by I’. The resulting morphisnf’ is genericallyétale. Applying a formula of Kato [2] t(jZ’J implies
that it is tame and thus prime-fo-ThusI’ contains the Sylow-subgroup ofl (y).
O
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Now letgy : Y — P be a flatG-Galois cover of proper, smooth, reduced, geometrically connected
curves overSpec(K) with genus(Yx) > 2. LetY; r be the normalization o]P}% in Yx and letoo r :
Yo.r — PL. Note thatp . can be generically inseparable arig, can be singular.

Here we assume thaty is étale away from one (necessarily wild) branch peint; .

After a finite extensior?’ of R, there exists a minimal semi-stable normal curvevhich is a blow-up
of Yy r and has an action @F so that: the quotient map is@Galois coverp : Y — X; the irreducible
components ot} are smooth; and the branch points¢go$pecialize in distinct smooth points af,. The
curveX is semi-stable and normal aidg, is a tree of projective lines. We call: Y — X thestable model
of ¢k, [5, 6.3]. LetXy,, be the component of;, into whichoo specializes to a pointoy,.

DEFINITION 2.4. — If Y}, is smooth and;, is genericallyétale thenpx has good reduction.
LEMMA 2.5. — The coverp i has good reduction if and only X, is irreducible.

Proof. — If ¢ has good reduction, thér, is connected by Zariski’s Theorem and smooth; thyds
irreducible since&’, is. If X}, is irreducible, then it is smooth. Since the branch point$ gfspecialize to
distinct points ofX;, and sincen # 2, Lemma 2.3 (i) indicates that every poinbf Y}, is smooth. Sincé’,
is smooth angenus(Y') > 2 the morphismyp,. : Y, — X is genericallyétale; see [6, 2.4.10]. d

DEFINITION 2.6. — Supposebx has bad reduction. An irreducible componénf X, is terminal if
C # X, andC intersects the closure of, — C'in only one point.

PROPOSITION2.7. —Let¢ : Y — X be the stable model gfx. If ¢ : Y — X is genericallyétale over
a component’ of X thenC is terminal. Suppose thatis the generic point of a terminal compone&npf
Xk. Then|I(n)| < |S|, so¢ is genericallyétale overC.

Proof. — This proof is a modification of [5, 6.3.8], [6, 2.4.8], and [6, 3.1.2] to equal characteristic
case. The crucial point is that (taking the initial component taXhe) no wild branch point specializes to
a component which needs to be contracted in the proof. O

Suppose thap does not have good reduction. By Lemma 25and X, are singular. LeU C X, be
the union of the non-terminal components of the te Choose a connected compon&hbof ¢—1(U).
With Proposition 2.7 and Lemmas 2.2, 2.3 (i), one can showltt@atD (V) C Ng(S). LetB be the set of
terminal components oX. Forb € B, let P, be the corresponding terminal component anddgtbe the
point of intersection of?, with U. For eachh € B, leto;, = j,/m; be the upper jump of the restriction of
¢ to P, overco,. Leto = j/m be the upper jump o overcog.

THEOREM2.8. — (Key Formula).o —1 =}, g(op — 1).
Proof. — The proof parallels that of [6, (3.4.2)(5)] by constructing’&})-Galois auxiliary cover

¥ : Z — X of semi-stable curves which has the same ramificatiop bat is easier to analyze. The
construction ofy parallels [6, 3.2], using [3] and [1, Theorem 4]. O

3. Decreasing the conductor

Let¢ : Y — Pi be aG-Galois cover branched at only one point and having indrtiaZ/p x i, and
conductorj. WhenG # Z/p, there is a small set of valuggs;, (1), depending only od, consisting of the
minimal possible conductors far. Letn be such thatn = nn' for n’ as in Section 1.

DerINITION 3.1. — Definejmin(I) = {jmin(I,a)] 1 < a < n, ged(a,n) = 1} wherejmin(l,a) =
2m+n'ifa=1andn = p— 1 andjuin(I,a) = m + an’ otherwise.

The coverg has a non-isotrivial deformation in equal characterigti€ and only if j & junin (1), [4,
Theorem 3.1.11]. Ifj & jmin(I) thengenus(Yx) > 2. Supposel < a < n andj = an’ mod m. If
G # Z/pthenj = jmin(I,a), by [4, Lemma 1.4.3].

DEFINITION 3.2. — Let G(S) C G be the subgroup generated by all proper quasudbgroupss’ such
thatG’ N S is a Sylowp-subgroup ofz’. The groupG is p-pure if G(S) # G.
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This condition was introduced in [5]. I& is quasip with | S| = p, thenG is p-pure if and only ifG is
not generated by all proper quassubgroupss’ C G such thatS c G'.

PROPOSITION3.3. —Let¢ : Y — X be the stable model ofx. If G is p-pure and has no (non-trivial)
normalp-subgroups, then for some terminal compongnof X, the curvey;, = ¢~1(P,) is connected.

Proof. — The proof is the same as for the unequal characteristic case, [6, 3.1.7]. O

THEOREM 3.4. — LetG be a finitep-pure quasip group whose Sylow-subgroups have order # 2.
Suppose there exists@Galois covery : Y — P} branched at only one point with inertia group ~
Z/p X .y, and conductol € jmin (). Then there exists @-Galois coverp,, : Y, — IE”}€ which is branched
at only one point with inertia group, ~ Z/p % pm, C Ng(S) and conductoy, satisfyingj,/msy < j/m.

Proof. — By [4, Theorem 3.3.7], for some proper connected vatietthere exists a family af7/-Galois
coversoq : Yo — Pq of flat, proper, semi-stabl@-curves branched at only orfe-point such that: for
somek-pointw, ¢ ~ ¢,,; and for somek -point of 2 the pullbacky : Y — P31 has bad reduction.

Consider the stable modél: Y — X for ¢ . Since¢x has bad reduction there are at least two terminal
components ofX;. By Proposition 3.3, the cover is connected over one of the terminal compaRgnts
By Proposition 2.7, the restriction, : ¥, — P, ~ P} is separable. By Lemma 2.3, is branched
only at oo, since no ramification of i specializes taP,. Overocy, the coverg, has some inertia group
Iy ~Z/p X pim, C Ng(S) and some conductgg. By Theorem 2.8¢;, = ji/my, < j/m = o. O

THEOREM3.5. — Let G be a finitep-pure quasip group whose Sylow-subgroups have order # 2.
For somel ~ Z/p x u,, C G and somej € jmin(I), there exists a5-Galois covery : ¥ — ]P’}C of
smooth connected curves branched at only one point over which it has inertia famgbconductor;. In
particular, genus(Y) < 1+ #G(p —1)/2p.

Proof. — By Abhyankar’s Conjecture [5, 6.5.3], for sonief the formZ/p x p.,,» and some’, there
exists aG-Galois cover : Y — P}, with groupG which is branched at only one point with inertia gralip
and conductoy’. If 5" & jmin(I), Theorem 3.4 implies there exist€zaGalois coverp, : Y, — Pi which
is branched at only one point with inertia grofip~ Z/p x i, C Ng(S) and conductoy, satisfying
Jv/mp < j'/m’. We reiterate this process until the inertia grdyp= Z/p x pm, and conductoy, satisfy
Jo/mp < 24 1/(p — 1), which impliesj, € jmin(I). The condition orgenus(Y') follows directly from
Definition 3.1 and the Riemann-Hurwitz formula. O

Examplel. — Letp = 11. The simple grougz = M, is quasiil. The only maximal subgroup
containingZ/11 is PSLy(11), soG is 11-pure andN¢(S) = Z/11 x Z/5. By Theorem 3.5, there exists
a G-Galois coverp : Y — P} branched at only one point, either having inerfig11 and conductor 2 or
inertia N¢(.S) and conductof < j < 9.
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