Uniqueness for Weak Solutions to Navier Stokes
We proved the following existence result for Navier-Stokes:

Theorem (Existence of a weak solution, n < 4) For every?e L?[0,T : V'] and each
uo € H there exists at least one u € L?[0,T : V] that is a weak solution of the N-S
system. In addition, this weak solution satisfies:

(@) u e L”[0,T: Hl and u' € L*"[0,T : V']

(b) u(¢) is weakly continuous in H;

Uniqueness in the Case n =2
When n=2, the weak solution has additional regularity and is, in fact, unique.

Theorem (Uniqueness of the weak solution, n = 2) In the case n=2, the weak solution
of the Navier Stokes equations satisfies:

Yu e L*[0,T: V] and u' € L*[0,T : V'] hence u ~ ii(t) € C[0,T : H]
i) u(¢) is unique
Proof- We begin by repeating an estimate for the nonlinear term in the N-S system.

For arbitrary u,v,w € H\,(U)", we have (by the extended Holder ineqality followed by
the C-S inequality)
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In addition, the Sobolev inequality implies
lull, < CIVully lul, ™ Vu e C3(U)
where
0<A<1, /g =A1/p-=1/n)+(1-1)1r
If we choose g=4 and p=r=2 so that 1 = n/4, then with n = 2, we have

lully < C|Vully? |Jully?  Vu e HY(U)

and, combined with the previous estimate,
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This leads to the following estimate on |b(u, v, W)|

12 12
bGiV,w)| < € (lallwllall,) vl (il 19]],-)
and
bGi, 4, V)| = |=bGi,V,8)| < C |[idllw |4l v, VaveV

This implies that
IB@@)|l, < C ]l |14l

Since the weak solution, #(f), belongs to L=[0,7T : H] NL*[0,T : V], we have
[ IBGHO)I . de < € 1 (U [, de < CIGIE [ 1
hence  |B(u(»))||,, < C||a’||w||a’||L2[0m and B(u(t)) € L*[0,T : V']
Then #'(¢) also belongs to L?[0,7 : V'] and then it follows from Theorem 3, p287
in Evans that
uel?)0,T:V] and u' € L*[0,T: V'] implies u(¢)~ ii(t) € C[0,T : H]
Now, foru € L?[0,T : V] and  u' € L?*[0,T: V'] we have
' D,H(1)) e = S IEON
Then, if u1(¢), u»(¢) are two weak solutions for N-S, let u(¢t) = u1(¢) —u2(¢). Then
0(0) + vAu(0) = Bla:(O]-B[21 ()],  u(0) = 0,
and LIy, + 2v][ @)l = 2bGi2(0),22(2), (1)) = 25k (1), 21 (2), 1(0)).
But  b(ux(0),u2(2),u()) - b(1(0),ur(0),u(t)) = ~[b(1(2),u:(0),u(t)) — b(ua(2),u2(2),u(?))]
= ~[bGi1 (0),u1(8),u()) = b2 (0),1(6),u(®)) + b(2(2),1(6),u(?)) — b (), u2(1), u(?))]
and b1 (8),u1(0),u(0)) = b2 (0),u1(6),u(1)) = b(u(e),ur(2),u(t))
b(aiz(2),u1 (2),u(t)) — b(ui2(8),u2(2),u(t)) = b(u(),u(t),u(r)) =0

Then L[|, + 20[[ DI} = ~2bGi(0), 11 (1), ().



But as we showed previously, (and using abc < £a® + b*c?)

|G, 51 (1), 51| < CIEO|, [, |7 O],
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and therefore,

d = 2 2 > 2 > 2
LUl < 214l O],

Since || (9[>, € L'[0,T], we get
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ie., 1EOIl7, < [7(0)]I7, = 0, or w(t) = ().
Summarizing,

when n=2 the NS system has a unique solution u(f) € C[0,T : H] NL?*0,T: V],
with u'(¢) € L*[0,T : V']. In addition, u(¢) € L*[Ur]

Since the solution is unique in the case n = 2 and is not unique in the case n > 3, it must be
that the assumptions under which a physical flow can be treated as a 2-dimensional flow
are also the conditions that preclude turbulence and the consequent loss of uniqueness.
Thus a flow which can be treated as 2-dimensional under some conditions (e.g., shallow
flow with low flow velocity ) may under other conditions behave in ways that cannot be
viewed as 2-dimensional, even though the flow may still be a shallow flow.

Uniqueness in the Case n=3
Recall the corollary to the Sobolev inequality implies

lully < CIVulls Jull™ Vu e H)(U)
so that, in the case n=3, we have
lully < CIVUIR® ulls®  Vu e HY(U)
This leads to the result that the weak solution of N-S satisfies,
u(t) e L33[0,T : L*[U]"], and  u'(¢) € L*?[0,T : V']

Note that this is strictly weaker than what was true of the solution in the case n=2.



Theorem Suppose n=3 and the weak solution of the N-S system satisfies:
u(t) € L°[0,T : H) NL*0,T: V] and u(t) € L3[0,T : L*[U]"],
Then, under these conditions, u(¢) is unique and u(¢) € C[0,T : H]

Proof- Supppose () is a weak solution for N-S with the additional regularity indicated
above.

Then
b((e),u(2),%)| < Cla@| V],  Vu),v eV,
implies
I1BG@())], < C|lu)|;
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It follows that B(u(f)) € LP[0,T : V'] if u(f) € L*[0,T : V] and np/2 < 2;i.e.,
BQu(t)) € L¥"[0,T : V'] = L**[0,T : V'].
On the other hand, if u(¢) € L8[0,T : L*[U]"], then
[ i@|Fdt <o for p<4
and

B(u(t)) € L*[0,T : V'] (atleast)

Then it follows from the N-S equation that u'(¢) € L?[0,T : V'] and this, together
with u(¢) € L?*[0,T : V] imply u(¢) € C[0,T : H].

Now observe that
G, (1), %) < Co|[@@)]], 17O, 191,
< & (@)L @@ 155 ) 1@, 191,
< C [l 111" 11,

Now suppose u1(¢), u»(¢) are two weak solutions for N-S both of which have the additional
regularity of the hypotheses. Let u(¢) = u,(¢) — u2(¢), and note that as in the n= 2 proof



L \w(0)||7, + 20| @[} = 2bGi(2), 0 (1), u2(1)).

Also
|bGi(2), 4 (D), w2 (). < C1|[a()|], 1@ [d20)]], < v|E@|+ C2 @@ w20l
and so PGP PG RG]
dt H — 4 H*

Since ||Z¢’2(t)||i e L'[0,T], we can finish the proof as in the n=2 case.

In the step,

- 1/4 = 74 - 2 - 2 =2 8
a1l 11, a2, < vu@]ly + Col[u@l[ [u2(D)]l,

we used the following version of Young's inequality,
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ab < 4= + &L < ea? + C(e)b?, +++ =1 ab>0



