The Stokes Operator

A Summary of the Function Spaces

Suppose U < R" is open, bounded and has a smooth boundary oU. Then we have defined
the following spaces of functions

EU) = {u € L*(U)" : divu € L*(U)}.
Then E(U) is a Hilbert space and supports a trace operator
T:EWU) — H'2©U) (onto)
for which the following integration by parts formula then holds
(@, Vw)), + (divi,w), = (Tu,Tow) ~ Vu € E(U), w € H'(U).

The fact that the divergence and gradient operators are transposes of one another implies
that the annihilator of the subspace

K ={¢ € D(U)" : divg =0}
is composed of gradients. A typical result asserts that
feKNH'(U)" < f=Vp for some p € LA(U).

If we define  H = the completion of K in the norm of L2(U)"
V = the completion of K in the norm of H!(U)",

then
H=<{uel*U)" :divi=0, Ti=0}
V=JyeHWU": divi=0)},

and
LX(U)'=HoH'=H®H ®H>

where
Hi=<{uel*U)":u=Vp, pe HU), Vp=0}
Hy=<uel*U)":u=Vp, peHyU)}.

Then

KcVcHcEU) cL*(U)" < HY(U)" < D'(U)"

The Hilbert space projection theorem implies the existence of projections



P:L*U)">H and Q:L*U)"-> H*
where

— — - o —
Pu=uy=u—u; —us.

In addition, P maps H}(U)" continuously into H'(U)". To see this, suppose u € H}(U)".
Then

V2q = divi € L*(U)
q € Hy(U),

has a unique solution ¢ € H*(U), and u, = Vq € H'(U)".
In addition,
-1y € H'(U)", so T(u-1uy) € H?(0U)
and
Vip=0 inU
aNp = T(Zl’—l_l)z),
has a solution p € H*(U), and i, = Vp € H'(U)". Then
Zl’() = Zl’—l_l)l —Zt’z S HI(U)n
and
P : H)(U)" - H'(U)"
is bounded since
1P| 7, — T

— 2 -2 < -
(U)n = ||u0||H1(U)n = ||u||H1(U)n (U)n — ||u||H1(U)n

The Stokes Operator
Tosayu € Vsatisfies —vW2u+Vp =f for fe L2(U)"

means V[ V)= (£P)e  forall e V.
More precisely, since Vi € L2(U)", V?i=w+2Z, for we HandZ e H'i.e.
(V2 V) = (0, V) + (EV) = ((9:V)),,
since
((ZT}))O = ((Vq,T}))0 = (TT}, Toq) — (divT/',q)o =0 Vel
Of course, ((Vp,¥)), = 0, and thus

(W2 +Vp—f9))o = (—vPVHi-Pf¥)o =0 VeV



This means Au = Pff, where Au = —vPV?*u and P :L*(U)" — H denotes the
projection into H. Note that P does not commute with —V2, in general. Now let

Di={ieV:AieH ={4ecHWU"NV
={u e HXU)"NHYU)" : divii = 0)
Then we can show that A is self adjoint as an operator from D, to A.
Lemma 1- A is symmetric; i.e., ((4u,V))o = ((U,AV))o  Vu,v € Dy
Proof- For ¢,y € K = { the divergence free test functions}, P§ = ¢, and Py =y, so
(A8, 9)), = (—vV?8,¥))o = vI[[§.¥]] = vI[v.dll= (4¥.9)),

Now K is dense in V and hence then also dense in D4 and so we can extend the
equality here to the following cases

((A4u,v)), = [[u,v]] for ie Dy, veV

((@,4v)), = [[u,V]] for Ve Dy, uecV
It follows from this that  ((4u,v)), = ((4,4V))e  Vu,v e D, B
Lemma 2- A is self adjoint

Proof- Fix u € H, and define F(v) = ((u,4v)), for v € D,. Then Fis clearly linear but is
not necessarily bounded. However, let D4+ denote the set of all # in H such that F is
bounded. It is evident that zero belongs to D+ and it follows from lemma 1 that D, < Dy ;

i.e., F®) = ((4,4V))0 = ((4u,¥))o ifboth %,V € Dy.

Then v, — v, in Himplies F(V,) = ((4u1,v,))0 — ((4u,v))o in R, so F is continuous

Now it follows from the Riesz theorem that for each u € D4 there i is a umquefu in H such
that F(v) = ((fu,v))o for v € D,. Note that since D, is dense in H, fu € H is uniquely
determlned by u € D,+. If we denote this correspondence between u and ﬁ, by

writing ﬁ, A*u forall u € Dy, then

Viie Dy ((tAV))o = (4"4,V)), V7V eDu



Foranyu € Dy we have 4*u € H, so we can use the existence theorem for the Stokes
problem to find a unique w € D4+ such that

—wW2W+Vp=A*u in U
divw =0 in U
w=0 onT
i.e.,
we Dy issuchthat Aw=A*uec H

Now we claim that w = . To see this, consider ((Z,i —w)), forZ e H, arbitrary. Using the
existence theorem for the Stokes problem once again, we find v € D, such that 4v =Z.
Then

(G =w)o = (@)~ (ZW)o = ((4V,1))o — (4V,1))o

But ((Av,10))o = ((v,A*u))o since u € Dy
and ((AV,w))o = ((,AW))o  since w,v € Dy.
Then

(Gu-w))o= ((,4*u))o— ((V,AW))o =0 VZ e H
i.e., forevery e Dy, u=we Dy and Au = A*u, so Ais self adjoint.l
Theorem 1- The inverse of 4 : D4 — H is compact

Proof- Since 4u =7 is uniquely solvable for every?e H, the inverse of A exists. From the
regularity results for the Stokes problem, we have

Wl 2 + Pl < CAl2 e A7l < CIAI2-

which implies 47! : H — D, = H*(U)" NV is bounded. But the inclusion, V < H is
compact (by Rellich’s lemma) hence A~' : H — H is compact.ll

Note that K = 47! is compact and self-adjoint since A is self adjoint. Then K has an
orthonormal (in H) family of eigenfunctions {i;} that is complete in H (and in V). Then

AVVj=ﬂ,jl7Vj, where 0<}«1§}«2§"'—>00

It can be shown that if U € C™, then w; € H"(U)", m > 2.

Interpolation Spaces
We can use the orthonormal (in H) family of eigenfunctions {w,} for K to build a sequence
of Hilbert spaces all contained in H. For u € H,



=3 ())o Wy = 300, Uy W

and
-2 - — 2
e[}, = X0 (G ol = 0 | U
For ue Dy Au = ijl((ﬁ’;’vj))o A;{/j = ijl (]j lj;{/j
and iy, = 3 A U P
For a > 0, define Hy=D(A") ={iie H: > AU < o}
and
Vie Ho  A%=2 (W) AW = X, U Afw;.
. -2 -2 a? 2
Evidently, ull, = Il + lA%ul[,,

is the graph norm on D, and thus it follows from the closed graph theorem that H, is a
Banach space for this norm. Of course the norm then supports the inner product

@), = @)+ (A0.A4) = T (1 + AU

and H, becomes a Hilbert space for this inner product. In addition, since 4, > 0 for all j,
this inner product is equivalent to

(@), = (A7u,4°%V), = 3 AUV},

J

It is clear from the definitions that H, = H and H, = D4, and in addition, we can show that
H,» = V. To see this, note that for u € 7,

15, = [ all= (ki) = (3., Uiy, 2y, Uit )
- 2_1'21 Z:kzl U/ ljUk((VVj,VVk))o = 2_1'21|Uj|2 }'j = ((17717))1/2 = Hl_ﬂﬁ/z
The spaces H, are a continuously distributed scale of Hilbert spaces for0 < a < 1;
i.e.,

H{(U)NH*(U)cDy=H cH, c Hy=H'(U), 0<ac<l.

We can use arguments similar to those used in the development of the spaces H*(R") to
show that



2a >
H, is continuously embedded in w»4(U)" if =P
2a —n/2 > p—nlg
H, is continuously embedded in C"(U)" if 2a —n/2 > m

In addition, we have the following interpolation results:

Lemma 3- Fora<a <b, and u € H,

— — . 1-0 | —,,0 b—
o]l < lleell, el 0=

Proof- For a < b, and u € H,, it follows that u € H, and
HZZHz — ijl ﬂsza|Uj|2 _ ijl(l}b(1_0)|Uj|2(1_0))(/1]2”0|Uj|29)
Now use the Holder inequality with p = 1/(1 - 0) and ¢ = 1/0, to get

2 1-0 ; 0
Wl = (X, A2U1) (X, A20l)
from which it follows that |||, < |, |||’ M

The particular choice a=0, b=1 leads to

- = 1-0,—2,0 = 1-0—>,,0 -
leellg = flelly “lluellg = lAully, “ull; Vi € Da



