Applications of Semigroups to Nonlinear IVP’s

1.The Abstract IVP

Consider the following nonlinear initial value problem
u'(t) + Au(t) = Fu(t)) 0<t<T, u(0) = ug (1.1)

where -4 : D, — H generates a C° — s/g of contractions on H. Of course this includes the
special case that the semigroup generated by —4 is analytic. A strong solution of (1) on [0, T]
is a function u(r) € C°([0,7) : H) N C'((0,7) : H) which solves the equation and we will
define a funtion u(¢) to be a mild solution of (1) if u(¢) € C°([0,7) : H) satisfies

u(t) = S(t)yuo + | ;S(t—s)F(u(s))ds 0<t<T. (1.2)

The simplest existence proofs for problems like this make the assumptionthat 7 : V — H
is locally Lipschitz; i.e., V denotes a closed subspace of H (V' = H is allowed) and for some
R > 0, there exists Cr > 0 such that

IFw) = FO)||,; < Crllu—v|l,  Vu,v € Be(0) C ¥ (1.3)

For some nonlinearities it will suffice to take V=H, while for others it will be necessary to
choose V to be an appropriate proper closed subspace of H. In these cases we will
suppose that S(t) maps H into V' < D, with ||S(9)x||,, < Cy|lx||,, and, for convenience we will
assume Cy = 1.

To show that (1) has a mild solution under the assumption (3), let

O(u) = [ St—s)Fu(s)ds  and  v(t) = S(t)uo,

also
R = 2juo||v and  Kr = RCgr + ||[F(0)][-
Then
IE@) ;= 1) < [F(w) = F(O)||,; < Crllull, < RCr
and

\Fw)|l,; < Kr  Yu € Br(0) C V.
This bound on ||F(u)||,, implies

[®(®))|], < Tmaxoss<<r [|S(t = 5)F(u(s))|], < TKr

if u(t) € Br(0) for 0 <¢ < T. Now if we let



Mg = {u € C([0,T): H) : |u(®)]|, <R, 0<t<Ty
Thenforu e Mz and 0 < T < R/(2Kz) we have

1@y = TKr < RI2 = |luolly

R
: — <t <
O : My My for O_t_T<2KR

In addition, for0 <t < T,
|®Gu(t) = Dw(®)|ly, < Cre|u(t) —w(Dll,  Vu,v e Mg
hence, for ¢ < 1/Cg, ® is a strict contraction on M. Now let
To = min[1/Cg,R/2KRg]
Thenforu e Mrpand 0 < ¢ < Ty,
V(2) + @)l < fluolly + @)l < 2luoll, = R

and it follows that Mz > u «» v+ ®(u) € My is a strict contraction. Then there is a unique
fixed point, # € M such that

a(t) = v(t) + @), 0<r<Tp

i.e., i is a mild solution of the IVP. In order to prove that i is, in fact, a strong solution to the
IVP, additional hypotheses on A or on F are needed. For example, if A generates an
analytic semigroup, then 7 would have the additional smoothness required of a strong
solution. Also if additional smoothness on F were assumed, we may be able to show the
mild solution is strong.

Since the solution has only been shown to exist for 0 < ¢ < T, it is referred to as a local
solution. In an effort to extend the solution to larger time, suppose we use u; = i(Tj)as the
initial condition for a new IVP and follow the same procedure to obtain a new mild solution
on an interval [Ty, T:] for some T, > T,. Repeating this procedure N times leads to solutions
on [0, To]U[To, T1]ULT, T2]U... U [Ta—1, Tn]= [0, Tn]. In general, the length |[T}, 7}11]| tends to
zero with increasing j due to the fact that R, Cz,Kr grow as T increases. However, if it is
known, say from some a-priori estimate of the solution, that any solution of the IVP must
satisfy ||u(?)||, < C for 0 < < T, then we may take R = max[2|ju¢||;, C] in the procedure just
described. Then we can divide [0,T] into subintervals [T}, T}x1] of uniform length and in this
way, obtain a solution for the interval [0,T]; i.e., a uniform bound on solutions implies a
global solution.

The nonlinear operator Z[u(?)]= v(¢) + ®[u(¢)]:H — H may be interpreted as the
continuous flow on H associated with the IVP.



2. A Nonlinear Diffusion Equation on R”
Consider the problem

ou(x,t) = Viu(x,t) + fu(x,f)) xeR", t>0 (2.1)
u(x,0) = uo(x) x € R".

In this problem we take, instead of a Hilbert space H, the Banach space of functions which
are defined and continuous on R" and have a finite max. This linear space of functions

X = Cp(R") is a Banach space for the sup norm. We assume also that the nonlinearity,

f: R — R satisfies,

[flw) =fW)| < Crlu=v|  V |ul,]v| < R (2.2)

Note that f(u) = u? satisfies condition (2.2) for Czx = 2R. Then (2.2) implies that
F(u) = flu(x,t)) satisfies the condition (1.3) with # = V' = X, and, since the composition of
continuous functions is continuous, that F(u) = flu(x,t) maps X to itself.

Since the operator 4 = -V? on Dy = {u € X : Au € X} = C*(R") N Cp(R") can be
shown to generate a C° semigroup of contractions on X, it follows from the result of the
previous section that the initial value problem has a unique mild solution, G(x,t)

which satisfies,

a(t) = S(tyuo + | ;S(t—s)F(ﬁ(s))ds 0<t<To
i.e.,
u(x,t) = _[Rn K(x —y,0uo(y)dy. + _[; -[R” K(x —y,t — s)fi(y,s)dyds. (2.3)
where
K(x,t) = 1/Jart e, t>0.

Since the semigroup generated by -4 = V2 is, in fact, analytic, we can show that the mild
solution to the IVP is actually a strong solution. This follows from the fact that when the
semigroup is analytic, the abstract IVP has a strong solution when the inhomogeneous term
A¢) is only Lipschitz continuous in t. The condition (2.2) is sufficient to imply that
) = flu(x,t)) is Lipschitz in t for any u(x,?) € X.

In addition, for this problem it is possible to use monotonicity methods to establish
uniform bounds on the solution under appropriate conditions on f. When f is such that such
bounds can be established, the solution can be shown to be global in t.

3. An IBVP in 1-dimension

Consider the problem
Ou(x,t) — Oxu(x,t) = flu(x,1)) O0<x<l1, t>0
u(x,0) = uo(x) 0<x<l,
u(0,1) = u(1,t) = 0 t>0,



where we suppose f € C!(R).
Let H = L*(0,1) and V = H\(0,1). Then we can show that

Ve Co0,1)  for O<a<l/2

ie,, forueV,and 0 <x,y<I,

u(x) — u(y)| = Jju'(s)ds| < (I; 12ds) I/Z(Ku’(S)zdS) 12

1 172
< -y ([ u')%ds) < Jull -2

Then it follows that for 0 < x < 1, [u(x)| < |ju||,; i.e., ||u]|., < |ju]],- In particular then for u € V,

flu) € H so F = flu) maps V to H. Now, for u,v € Bx(0) < V,
) = A = [ ) - o) P
< (maxjgerff ()2 f jux) - v(x)Pdx
< Cllu—vI[} < Calu—vIf}

and we see that f': V' — H is locally Lipschitz. It follows from the results of section 1 that
the abstract IVP has a unique mild solution, @ € C([0, T]: H) for T > 0, sufficiently small.
However, since the semigroup generated by —4 is, in fact, an analytic semigroup, the
Lipschitz smoothness of fis sufficient to imply that the mild solution is actually strong.

Note that we used that V' < C%"?([0,1]) < H in order to assert that {u) € H for
u €V and that

u,v € Bp(0) < V implies |||, <R, and |v||, <R

which leads then to the result, |{u) — Av)| < maxy<|f' (s)| [u — v|. i.e., this is a case where we
have to take V to be an appropriate closed subspace of H in order to get the behavior we
need for f.

4. A Semilinear IBVP on R!

Consider the semilinear problem

Ou(x,t) — Oxu(x, 1) + u(x,t)0su(x,t) = flu(x,t)) O<x<l1, t>0
u(x,0) = uo(x) 0<x<l, 4.1)
u(0,t) = u(l,t) =0 t>0,

where we suppose fe C'(R). Let



F(u) = flu) — udsu

H=L*0,1) V= H}0,1) < C%"2([0,1])
Then f:V—H
and  [udlly < [l I0sully < ull}

sowe have F : V — H. Moreover, forall u,v € Bg(0) c V,
ludsts = vy < u(@ste = 00)[ |y + |t = )0Vl

= [feel [ llee = VIl + e = VIVl
< (lelly + 1l = vl < 2Rlju = vy

and this implies F' is locally Lipschitz on V. It follows then that the abstract IVP has a
unique mild solution which can again be seen to be a strong solution due to the fact that -4
generates an analytic semigroup on H. The strong solution is only local in t unless some
a-priori bound on the solution can be established.

5. A Semilinear IBVP on R”, n=2,3

The previous two examples were set in one space dimension where it happens that
V< C%(0,1) for 0 < a < 1/2. Forn > 2, the Sobolev embedding theorem changes the
situation and we have to deal more carefully with the function spaces in order to get the

Lipschitz behavior for the nonlinearity.
For U a bounded open set in R, n > 2 and for a > 0, define

Ho(U) = {u & HW) - X, 4|, 0l < 0}

where {¢;} .., denote the orthonormal family of eigenfunctions for 4 = -V2 on
V=H\(U);ie.,

H=HW)>3u=3_ we)up; |ullfy =2, 10)n’
H =Dy=<{ueH: Au=3_ Auo)up € Hy
ie., ue Dy iff |dullfy = 20 14w, 9)nl* < o

for ue H,, A% = 2/21 Au,0)up;  0<a<l,



a2 = WAeulf = 30 1 e, @)
This defines a sequence of linear spaces,
Dy=H, c H, c Hy = H'(U), 0<a<l.
Evidently, H, is a Hilbert space for

2
(U, v) = (U,v) y + (Au, 47%v),, = Z,-El(l + A1)y
i.e.,
2 2 2
lulls = [oel|z7 + (|4 ul|y

And since this can be seen to be the graph norm on D, it follows from the closed graph
theorem that H, is a Banach space for this norm. Of course the norm then supports this
inner product and H, becomes a Hilbert space. In particular, H,, = H}(U).

Embedding Results
We state now some results regarding the embedding of the H,, spaces.

If HWONHU) cDy=H cH, cHy=H(U), 0<ac<]l.

then we can show that

2a >
H, is continuously embedded in W»4(U) if =P
2a —n/2 > p—nlg

H, is continuously embedded in C"(U) if 20 —n/2 > m

Now consider
ou(x,t) —Vu(x,t) = fu(x,t)) xeUcCR", t>0
u(x,0) = uo(x) xeU
u(x,t) =0 xel, t>0,
where f € C'(R). Then F(u) = fu(x,t)) : H, — H provided H, — C°(U); i.e., fora > n/4.
In addition, F is locally Lipschitz if

u,v € Br(0)  H, implies |[u]|,.|[v|l., < R

Again, we need H, continuously embedded in C°(U) which means that a > n/4. It follows
that for uy € H, with a > n/4 there is a unique mild solution for the IBVP, ii(¢) € C([0,T]: H)
for sufficiently small 7' > 0. Since the semigroup generated by — 4 is analytic here, the
solution is actually a strong solution belonging to C°([0,T]: H) NC'((0,7) : H) . Note that
for n > 2 it is not sufficient to choose H,, = H}(U) as the closed subspace of H which leads



to Lipschitz behavior for F.

Now let us consider the IBVP in the more difficult case where n = 3 and the
nonlinearity F(u) = f{u(x,t)) is given by

Sy =322 u(oulox;)

This nonlinearity is more difficult to deal with than the previous € C!'(R) and we need
some lemmas before trying to prove existence of the solution to the IBVP.

Lemma 1 There exists a constant C > 0, such that forall u € H, = D,

Lemma u(x) —u()| < C|Aully k-ylys  Vxye R
Proof- For ¢ € C3(U) we have the classical representation for a solution of Poisson’s
equation in terms of a fundamental solution, (cf sec 2.2.1 in the Evans text)

2
o) = Cf, 2

for C an appropriate constant. Applying the C-S inequality to this expression leads to

p0 =0 = (], Vo0 { k- )

2
2 2 270 | R |
< ¢ V2p()Pdy JU{ T |Z_y|} dy

2
But {1 - l}dSCx—z
loAT=57 ~ =1 ¥ = Cuk—a
for Cy > 0 depending only on U. Then it follows that
p(x) = 9(2)| < Cldg||;hx — 2"

Since Cy(U) is dense in D4, = H, < C°(U), we can approximate any u € D4 by
{p,} < C§(U) and pass to the limit to get the result.ll

Lemma 2 There exists a constant C > 0, such that for all u € H, = D,

Lemma lall?, < ClAull} ] )
Proof- The embedding results imply D, = H; < C°(U) and, assuming the boundary T is
smooth, we have that u|r = 0, since H\(U) N H*(U) is dense in D, = H;. Now if u is
identically zero, the result is trivial so suppose |ju||,, = ess — sup, [u(x)| = L > 0.

We have from the previous lemma

u(x) —u()| < Kx-yl|js  for K = CllAull,

R3



and WOLG we may suppose L = [u(0)|. Let R = (L/K)?* and consider the open
ball, Bz(0) R3.For x € Br(0)

u(x)| > |u(0)| = [u(0) —u(x)| > L —Kx|'"? > L - (K/L) = 0

Since u|r = 0 this last estimate implies Bz(0) U and for x € Bz(0), |u(x)| > L - K|x|"%.
Now the result follows from,

ol = [, o COPe = [, 1= Kix|! *dx

Br(0)
> 47L2R* [ (1 - 2'7)*2%dz = CLR® = CL3K*

L* < CK? |ju]|,, A

Lemma3 Forl > o > 3/4, and Yu,v € Dy
1) fiH,—H with A, < Cld%ul|,)4"u||,,

2) |[ftu) = fW)llyy < CUIA | llA 20 = A2V + 1A ]| 1A% = A7V )
Proof- Note that the embedding result asserts that for 1 > a > 3/4, H, is continuously
embedded in C(U). This implies that there exists a constant C > 0, depending on U and «
such thatforallu € Dy, |ju||, < C ||4%u||,. Thenforu € D4, u € L*(U)
and ou/ox; € L>*(U) = H so flu) € H. Moreover

)l < Il [Vully < ClIA Ul 4lVully < Cld®ul| g4 ull,

This proves 1). Now note that
) = [y < [V = vVl = [uV(u = v) = (u=v)Vv|,
< el IV @ = V) gy + [l = VILMVVIL

< C(llA"ul| A0 = A2+ 1AV A% = A%V 7)
This proves 2).1

Now we can show the results needed to establish existence for the solution of the IBVP.
Since D4 =H, < H, € Hy = H°(U), 0 < a < 1, it follows that the mapping /' can be
extended from H, to H, for 1 > a > 3/4. Moreover, H;y, < H,» and

”Al/zu —A”ZvllH < ||A3/4u _A3/4v”H
It follows that f satisfies, for 1 > a > 3/4,

) =)y = CUA ullg + 1A%V 1| ) [4%u = A%V



i.e., f: H, — H islocally Lipschitz for 1 > a > 3/4. Then the IBVP has a unique mild
solution for every ug € H,, 1 > a > 3/4. Since the semigroup S(t), generated by —4 is
analytic, this is also a strong solution.



