The Stationary Navier-Stokes Equations

Having considered the linear Stokes equations, we will now bring back the nonlinear term
and consider the nonlinear version of the Stokes system. The solution of these equations
can be viewed as the limit to which the solution of the full N-S equations tends as t tends to
infinity. Of course no one knows at this point if the solutions of the N-S equations do tend to
some limit as t tends to infinity.

Let U c R" (n = 2,3) be open and bounded with a smooth boundary oU. Let fe L2(U)" be
given and consider

WA+ @-V)U+Vp=f inUcCR

divi =0, inU, @)
u=0 on oU.
n n
If we define b(TU,V. W) = ((U- W,W)), = ZZJ'U Ui div; W dXx,
i1 1

then we will say that U € V is a weak solution of (1) if
VI[GV]] +b@,TV) = (FV)e WeV 2)

Before we can prove the existence of a weak solution for (2), we will have to establish a
number of properties of the trilinear form b. We recall the following inequalities:

(a) Holder inequality-

+ L1 -1 then w e Ll(U) and

if ueLP(U), ve LIU), q

1
p
[ lwvldx < Jlull, lIvil

(b) Extended Holder inequality-

if ueLP(U), veLi(U), we L'(U), % + &+L =1 then uwe L}U) and

1
q
[ lvwldx < flully [IVI1q IIwll,

We recall, also that

H,(U) c WSPU)  if 2a>m, and 2a- % > m-— %

H.,(U) c C(O) if 2a> g

It is also true that W5P(U) < L9(U) is a compact embedding if:

1<p<nandl<qg< nn—pp =%—%,

or
p>n and 1<(g< .

In particular, we have

for n=2 |ulllau) < Cllullpzy 1=g<oo



for n=3  |lulla) < Cllullyuy 1=<0a<6,

for n>3  |ullaw, < Cllullyw, 1<9< -2

Finally, recall that lullbzwy = IVullo = lully,-

Lemma 1- The trilinear form b(U,V.W) is continuous on Vx V x V forn < 4.
Proof- Suppose U,V.W € V. Then forn = 3,4

U € LV™2(U), 8y € LAU), w; e L"(U),
for 1 <i,j < n. Then the extended Holder inequality implies

|J, widiviw; x| < fluillp 1iv; Iz [Tw ln

- 1,1,1_n-2_,1,1_
since pt GtT on T ot 1
Then the embedding Hj(U) < L9(U) 1<qg< 2n implies

n-2'
|b(@,v,W)| < Cdlly IVl W],
so b(U,V.W) is continuous on VxV xV forn = 3,4.
Forn=2 H}U) < L%U) for 1<q< osowechoose p=r =4, q=2 so that
[ woviwidx| < flullalomilloliwille (3 +4+4=1)
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and b(u,v.w) is continuous onVxVxV forn =2 as welll.

Note that H(U) < L4(U) forn< 4so VU,V,We V
Ib(T,V, )| < Cl[Tll a0, IVVIl, 20, Wl 5, < CIE IVl I

and
|b(@, T, ®)| < CIGI [IWl,--

Then for U €V, fixed, F(V) = b(U,U,V) is a bounded linear functional on V and WV eV,
F(V) = (B(U),V),,, forsome B(U) € V'
= (B(U),V),, because H is the pivot space for V, V'
Then the weak problem (2) is equivalent to
AG+B@@) -f=0 in V' (3)

where A = —vPZ2 denotes the Stokes operator. If U € V solves (3) then, since (3) implies
that Al + B(U) —fe K°NH1(U)", there exists a p € L?(U) such that

Vp = AU+ B(d) - .

This clarifies the sense in which (1) is satisfied by the weak solution for (2).



Lemma 2- For U < R" open and bounded

(@ b@,v,v)=0 vieV, VeHjU)"

(b) b(U,V,W) = — b(U,W,V) VeV, V,We HiU)".
Proof- It is sufficient to show this for U e K and v e Cx(U)". Then

J.U uiaivjv,- dx = % J.U uiai(v,-vj)dx = —% fu(v,-)zaiui dx,
n
and b V,V) =-1 qu(vj)zdivﬁ dx = 0.
j=1

ie, bUVY)=[ U-W.Vdx=[ T-V(3V-V)dx=-5[ divi(V-V)dx=0,

Now (a) implies

Fixed Point Theorems

The existence of weak solutions for (1) can be proved using various fixed point theorems.
We will review some fixed point theorems now.

A 1-dimensional fixed point theorem- Suppose f € C[0,1] and f[0,1] < [0,1]. Then there
exists an Xxo € [0,1] such that f(xo) = Xo.

Proof- Let g(x) = f(x) —x. Theng € C[0,1] and g(0) =f(0) >0, g(1) =f(1)-1<0. If
g(0) = 0 then xo = 0 and if g(1) = O then xo = 1. If neither

g(0) =0 nor g(1) = 0 then g(0) > 0 and g(1) < 0 and since g is continuous on [0,1], there
exists at least one xp € [0,1] such that g(xo) = 0 = f(Xo) — Xo.H

Note that the only hypotheses here were that f is continuous on | = [0,1] and f[lI] < |I. More
generally, we have

Brouwer’s Fixed Point Theorem- Suppose B is a closed ballinR"and f: B - B is
continuous. Then there exists an Xo € B such that f(xo) = Xo.

Recall the following definitions:

e A set A in Banach space X is compact if every sequence {x,} < A contains a
subsequence converging in the norm of X to an element of A.

e Alinear mapping T : X - Xis compact if, for every bounded sequence {x,} < X, it
follows that {Tx,} contains a convergent subsequence; i.e.,
[IXn]lx < M implies 3{Xm} < {Xn} such that Txm - X € X.

e AsetAin Xis convex if, forall x,y € A tx+ (1-t)y e A for all t € [0,1].



In both the previous theorems the mapping f is continuous and the sets | and B are
compact and convex. The Brouwer theorem generalizes to

Schauder’s Fixed Point Theorem- Let A denote a compact convex set in a Banach space
X. Suppose T : A - A is continuous. Then there exists an xo € A such that T(xo) = Xo.

The idea of the proof is to approximate T by maps T, : R” - R" and use the Brouwer
theorem.

Corollary- Suppose A is closed and convex, T : A - A is continuous, and T[A] has
compact closure. Then there exists an xo € A such that T(Xo) = Xo.

We can avoid any reference to a specific set A by assuming compactness for the mapping,
T, together with the conidition that the fixed points of the family of mappings,
{tT, 0 <t < 1}, alllie in a bounded set. The result is the

Leray-Schauder Fixed Point Theorem- Suppose the mapping T : X - X is compact and,
forany t € [0,1], x = tTX implies ||X||x < M. Then there exists an
Xo € X such that T(Xp) = Xo.

The Leray-Schauder theorem can be proved from the corollary to the Schauder theorem. It
can be used to prove existence theorems for linear elliptic and parabolic partial differential
equations having variable coefficients. In such proofs the Banach spaces are the so called
Schauder spaces, C%*“(U). We will show how existence for weak solutions to the Stokes
system can be proved using either the Brouwer theorem or the Leray-Schauder theorem.

An Existence Proof Using the Brouwer Theorem

Givenan fe Hor f e H1(U)", we will show there exists at least one U € V such that
VI[GV]] + b@,Gv) = (FV)e VeV

or, equivalently, v AU + B(U) ~f=0 in V'

Then there exists a p € L2(U) satisfying, Vp = vAlU + B(U) -

Proof- Let {w;} denote a countable orthonormal basis for V (e.g., the eigenfunctions of the
Stokes operator). Then for each integer N, let

N
Un =D CinWi
i=1
where the coefficients {Ci} are chosen so that
V[[Un, V1] + b(Tn, T, V) = ((FV))o for all Ve Vy = span{Ws, ..., Wi

This is a nonlinear system of algebraic equations for the N unknowns {Cix}. Existence of a
solution for this system will follows from

Lemma A- Let X denote a finite dimensional Hilbert space with inner product and



associated norm denoted by (c,d), and |c|y, respectively. Let P denote a mapping of X into
itself such that P is continuous and satisfies

(P(c),c), > O for all ¢ such that |c|y =k, k>0
Then there exists a ¢ € X such that |c|, < k, and P(c) = 0.

i) Existence of an approximate solution- Let us assume for the moment that Lemma A
holds, and let X = Vy equipped with (U,V), = [[U,V]]. Further, let P : X - X be defined by

(P@), V) = [P, V)] = VI[T,V]] +b(@T,V) - (,9))o.
Since F() = b@,u,v) - (f,¥))o.
satisfies IFO)I < (CITIG + il ) IVl
it follows from the Riesz theorem (not availing ourselves of the pivot space H), that
FOV) = [[ze@),V]] WWe V.
Then (P(U),V) = [[VU+2ze(W),V]] = (VU+2e(U), V), VU e X
so P : X - Xis continuous. Moreover,

—

(P(@), U), = v{[T,U]]+ b(d, b, 0) - ((F.t))o.
> VI[GII, — Ifllv 11l = 1l (VIS - 1)

and so, for |||, = k and k > ”f‘l/lv' , we have (P(C),c), > 0.Then the hypotheses of

lemma A are satisfied and it follows that for each integer, N, there exists at least one

Un such that P(Uy) = O; i.e., Uy is an approximate solution for the nonlinear Stokes system.
We must now show that the sequence of approximate solutions converges to some limit

U in V and that this limit, U, is then a weak solution for the Stokes system.

i) An A-priori Estimate- For each integer, N, we have

v[[Un, Un]] + b(@n, T, Tn) = ((FTn))o

and V[T, T = ((F.Tn)o < [ Fllv 1Tl
since b(tn, Uy, Un) = 0.
Then Iunll, < S0fl N,

iii) Passing to the limit- Since the sequence {Un} is bounded in V, uniformly (in N), it follows
that there exists a subsequence {Uy'} < {Un}such that {Uy'} converges weakly to some
U € V. Since Vis compactly embedded in H = L?(U)", there exists a subsequence of the
subsequence that converges strongly, in the norm of H, to the same limit. That is,

[[Un- —U|lw — 0. Now suppose we can prove

Lemma B- If {Uy'} converges weakly in V and strongly in H to some U € V, then
necessarily,



b(Un,Un,V) - b(U,U,V) WV e K.
Assuming, for the moment, that this lemma holds, then
V[T, V1] + b(@n, Tn, V) = (V)0 for all Ve Vi = span{@a, ..., Wi}
! ! R | asN-w
v[[U,V]] + bU,uV) = ((fV))o foralve|JVn=V

N>0

This proves that the sequence of approximate solutions {Un} contains a subsequence
which converges to some U € V (weakly in V but strongly in H) and this limit point is a weak
solution of the Stokes system. Note that weak convergence of the sequence of approximate
solutions was sufficient for passing to the limit in the linear problems of last semester,
whereas here, in the nonlinear term, b(u,u,Vv), strong convergence is required.

It remains only to prove lemmas A and B.

Proof of lemma A-

The lemma follows from the Brouwer fixed point theorem:
Suppose f : Bx(0) - Bk(0) = {X € R" : ||X|| < k} is continuous.
Then f has at least one fixed point in Bx(0).

Suppose P(c) has no zero in Bx(0) = {c € X : |c|x < k}. Then if we define
P(c)
IP(c) |y

it is evident that S maps Bk(0) into Bx(0) continuously. Then by the Brouwer theorem S(c)
has a fixed point in Bx(0); i.e., there exists ¢y € Bk(0) such that

c- §c) =-k

P(Co)
Co = -k———2—.
* T P Iy
Then
P(Co)
Colx = |-k =
ol ‘ Pl |
: a2 = k2 — i (P(C0),Co)x
But this leads to  (Co,Co)y = [col2 = k k P(Co)l,
ie., (P(Co),Co)x = —K |P(Co)|x < O

which contradicts the assumption on P. The contradiction shows P(c) has a zero in Bx(0).H

Proof of lemma B-

From a previous lemma, we have

b(Tn, U, V) = —b(Un,V,Un) = =230 [ (Un),8iv; (Tn), dx
i



Then for each N,
[, 1@V (@n); = ui Givyugfdx < [ [, = uidiv @), ldx [ Jui Givi[(Un); — Uy [
But div; € L*(U) if V.e K and [[tn - U] 2(,» ~ O, hence

2l|f [l
T 1@, 0% @), — Ui 6,31 < [~ Tl plloll, S > 0 2 N - o,

Then  b(Un,V,Un) - b(4,V,U) = -b(G,u,Vv) WwWeK

and the result extends to V by continuity.ll

An Existence Proof Using the Leray-Schauder Theorem
If we fix W e V and consider the linear problem

VIGV]] = (FV)o - b@ @)  We V,
Then FOV) = (f.V)o - b@,W,v) WeV,
defines a bounded linear functional on V; i.e.,
F@)I < IIflly IVl + b @) |
< (Il + CIWIR) 1¥llv
It follows that there exists a unique Z(W) € V such that
VI[UV]] = [[ZW),V]]  WeV,

SO

sl

= 1=
U—VZ(

).
If we define  TwW = % Z(W) from Vinto V, then
i) T: V-V iscompact

i) Ifd eV issuchthat U =tTu fort e [0,1],
then |[Ullv < M for some M > 0 not depending on U.

Assuming for the moment that i) and ii) both hold, then the Leray-Schauder theorem implies
that T has a fixed point U in V. Then the fixed point satisfies Tu = % Z(U), i.e.,

v =[[fzov]] wev,
= F@ = (fD)o-bETLY)  WeV,

which is to say, U is a weak solution for the nonlinear Stokes system. Note that T is not a
contraction so the fixed point need not be unique. However, for f sufficiently small, (or for v
sufficiently large) the inverse function theorem could be applied to show that there is a
unique solution in a small ball about the origin. Alternatively, we can (and will) prove
uniqueness by arguments like those employed for linear elliptic equations. It remains now
only to prove i) and ii).



Proof of i)
Suppose {Wm} < V is bounded; i.e., |[Wnl|l, <M Vm. Then

—

V[[TWm - TWn,V]] = b(Wn,Wn,v) - b(\TVm,\TVm,V)

and
— — — — 2 -
V| [[TWm — TWn, V]]| < C||Wn = Wn|[ sy IVIly-

The embedding V < L*(U)" is compact for n < 4 hence {Wn} contains a subsequence
{Winy } such that |[Wyy — W[, = 0. Choosing V = T,y — T leads to

V”T\Tvm/ - T\Tvm'”\zl = C”Wm/ _Wm'lli“(u)”"T\Tvm/ - T\TVm"”v

and this implies that {Tw,, } is strongly convergent in V. Then T maps bounded sequences
into relatively compact ones, which is to say, T is compact.l

Proof of ii)
Suppose U = tTu for some U e V and t € [0,1]. Then

v[[G,V]] = t[[Z([W),V]] = t{(FV))o-bT,TV)} We V.
Choose V = U. Then
VI = [t((E9)0-b@TLW)| < t il

and
v < % I fllv: < % Iflly =M1

Uniqueness

We have succeeded in showing the existence of weak solutions to the stationary N-S
eguations by means of fixed point arguments. Of course such arguments say nothing about
the uniqueness of the solutions. It is typical of nonlinear problems that uniqueness is a
separate issue from existence, even in the case of stationary problems (for linear stationary
problems recall that existence and uniqueness always occured together.)

Theorem (Uniqueness of Weak Solutions) If v > 0 is sufficiently large, orfeV'is
sufficiently small, then the stationary N-S equations have at most one weak solution.

Proof- For n < 4 we have
Ib(@, v, @) < Cldll, VIl Wi, VEV.W e V.
We will show that the weak solution of the stationary N-S equations is unique if
vZ > Cllf[ly. (*)

Suppose U is any weak solution of the stationary N-S equations. Then, as we saw in the
proof of ii) in the previous section



Il < L 11 Fiy.
Now suppose Uy, U, are both weak solutions. Then
v[Us,V]] = (FV)o—b(ln,Ur,v) W eV,
v[U2V]] = (FV)o - b(o,Uo,v) W eV,
and
v[[U1 — U2,V]] = b(Uz,Uz,V) — b(U1,Us,V)
= b(Uy, Uz, V) — b(Uy, U1, V) + b(Uz, Uy, V) — b(ty, Uy, V)
= b(Uz, Uz — U1,V) — b(Uz — Uy, U, V).

Now choose V = U, — U1, S0 b(Uz, Uz — U1,v) = 0. Then
2
Z =

v|[tz - Us][, = —b(Uz2 — U, U1, U2 — U1) = b(Uz — Uy, Uz — Uy, U1),
and
2 2 T4 2
V]|t — Ue |3 < Clltz — Ual? 1 Tally, < S IFlv T2 - Ual?
. —
ie., (v=S1IfIv) G2 - Ul < 0.

If v2 > C|[f|lv then it follows that |z — Ua|lZ = O which is the desired uniqueness result.

Obviously if v2 < C ||?||V, or if n > 4 (where the estimate on b(t,U,V) may fail) the solution
need not be unique.l

A Nonuniqueness Result

Suppose U < R"is open and bounded with smooth boundary 6U.ﬁLet a = d(X) denote a
given, smooth divergence free vector field in U, and for u > 0 let ¢, 7 denote a nontrivial
solution pair for

%vz$=a-v$+$-va+v7r in U

divg = 0 inU, (1)
$ -0 on ouU.
Then we will show there exist vector fields ? d such that
YV +TU-Vi+Vp=1 in U
divi=0 inU, (2)
i=4 on oU
admits two distinct solutions for the data ? g with v = %

N

Let th=1(38+4), T=21(3-9).

Then U; and U both solve (2) for



= 13 ra 1 — 1/ =2 - 7 e
g= 7a|0U and f= —mvzaﬁ' 7<a-Va+¢ 'V¢>

That is,
— L v 4T VO = - L V(B )+ 1(B+d)-V(3+ 4
3 V2U; + Uy - VU 4HV <a+¢>+ 4<a+¢> V<a+¢>
__ 1z 1(3.vE3+d-Ve) - LV (B Vo4
- 4HV a+ 4<a Va+¢ V¢> 4HV o+ 4<a Vo + ¢ Vﬁ),
and then it follows from (1) that
—L Vzﬁl +U1 . Vﬁl :?_ %Vﬂ'.
2u
imi _1 gy . —f4l
Similarly, 2 VZUy + Uz « VU = f+ 2 V7,
and it is evident then, that for v = % (U1,27), (Uz,—17) are two distinct solution pairs

for (2).
The uniqueness theorem asserts that for v > 0 sufficiently large, the weak solution is
unique. Here, suppose ¢ is a weak solution of (1). Then

#[[6:6]]=b(E9.6) +b(4:34) - b(4.39)

and % 915 < Clialv Il 1
This leads to (% ~ClIEIM lI413.< 0
which implies n$m=:0ﬁ-%:>cnmw;

Then (1) can only have a trivial solution if 2v > C||d|Jv.

Inhomogeneous Boundary Data
Suppose V solves

YV +V.-W+Vp=f inU
divv = 0 inu, (1
V=4 on ou.

We can reduce this to a problem with homogeneous data on dU by letting T = V-V where
V denotes a smooth, divergence free vector field such that V|sy = . Then

vV +T -Vl = vV + vV + [V -V) - VE - V)
= VN4 VVV 4V - W+V VW —V.W-V.VV
—T-Vp+vVV+V.W —V.W-V.VW

and
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Now, b(V,V,0) - bV, T

and so,

V[T, U]+ 0 = ((F,0))o + v[[V,T]] + b(@,V,T) + b(V, V, T).
Then we have

| ()0 + VIV, T + bV, V, 0| < (Ifllv: +vIIVIlv -+ CIVIE ) Ty
If the following condition
[b@ V.| < el forsomea<v (%)

is satisfied, then it follows that

v=a) U = (Iflly +vIVIv+CIVIE) Tl
which leads immediately to the a-priori estimate

Il < 255 (1l + VIV + CIVIR).

This estimate is the principal ingredient in proving the existence of a i € V such that

V[T, ®]] + b@, 0, W) = ((F,W)o + v[[V,W]] - b(V,V,®) — b@,V,#) VW eV

Evidently, existence for (1) depends on being able to extend g off of oU as a divergence free
vector field satisfying (x). We can view the condition (x) as a lower bound for v sufficient for
existence, or, we can view (x) as a condition on the set U and on g; i.e., U and g must be
such that for all « > 0, there exists V = V(a), a divergence free extension of g such that (x)
holds. When oU has only one connected component, this reduces to a requirement on the
smoothness of 60U and g. When 6U has more than one connected component, it is more
complicated to find the conditions on oU and g which imply (x). Note that

((divt, 1)), = (U,gradl), - (TG, 1) = jutj -V(1)dx — jau 1Tuds,
0= —jaUTEjds= —jauﬁ-ﬁds

Therefore the data g must satisfy the usual compatibility condition for any solution to exist.

Regularity of Solutions to Steady State N-S Equations

Using the same estimation techniques that were used for linear elliptic boundary value
problems, the following regularity results can be proved.

1) Interior Regularity Suppose U ¢ R", n > 2, is any bounded open set. Suppose
Ve WU, p e L2.(U) are a weak solution pair for the stationary N-S equations. Then

fe L) implies Ve WiZU)", peWgU),

11



where
l<g<wo if n=2

2n i
) <q<w if n>3.

Moreover, fe Wpl(U) implies Ve WE>2(U)", p e WiH2(U),
where
l<g<ewo if n=2

%§q<oo if n>3.

2) Regularity Up To The Boundary Suppose U ¢ R", n > 2, is a bounded set whose
boundary has at least C? regularity. Suppose V € W?(U)", p € L?(U) are a weak solution
pair for the stationary N-S equations. Then

f e L9(U) and U, € W2Yad(oU) implies V e W29(U)", p € WhI(U),
where
l<g<w if n=2

2n i
— <g<ow if n>3

Moreover, if oU e C™2, fe WMI(U) and U, € W™2-Yaq(5U)

then Ve W™22(U)",  pe W™L2(U),
where

l<g<w if n=2

%§q<oo if n>3

Transition to the Stokes Problem as v - «

The linear Stokes problem can be viewed as an approximation to the nonlinear stationary
N-S equations when U - VU is small compared to —vV2U. The following theorem shows the
sense in which the transition from N-S to Stokes equations occurs as v — oo.

Transition Theorem
Suppose U < R", n = 2,3, has Lipschitz smooth boundary, and suppose

V., € H2(0U), T V. LetV = V(x;v), p = p(x,v) denote a solution pair for the steady state
N-S equations corresponding to viscosity v > 0 and data ? V.. Let W, = denote the solution
pair for the associated linear Stokes problem with the same data. Then for any

vo > 0, there exists C = C(F, V*,v()) > 0 such that

C

IV-wll, +lp—7llp < = Vv = vo.

Proof- First, write
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[[V-W4]]+LbEV.d) =0 VéeV,
or, letting T = V- W, and taking ¢ = U

16 = |- bEv.0)| < S Wi I,

Then il = SIE < SCR(L Il + K I9.Ruee,)”
We also have

v[[U,#]] +bEVV,§) = (p-7V-¥), Yy eV,
which leads to

lp=lly < C(vImlly + INI)-

Combining this with the previous estimate leads to the conclusion.li
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