A Nonlinear Parabolic Initial Boundary Value Problem
For U c R", open, bounded with smooth boundary I', consider the IBVP

ou(x,t) — div(a(u(x,t))Vu(x,t)) = flx,1) in Ux (0,7)
ulx,1) =0 on T'x(0,7)
u(x,0) = up(x) inU

where

a:R - R Dbelongsto L”(R)
and

0<CoSa(S)SC1 Vs € R.
Let V=H\U) cH=L*U) cV =HYU)
and define a(u,v) = jUa(u)vu.vV dx for uveV
Evidently, la(u,v)| < C1|IU Vu « Vv dx| < Cil|ul|/l| vl

and it follows that A(u) defined by
(AW), V) = a(u,v) for uyve Vv

defines a nonlinear map from V into V’ such that for all u € V,
1G]y = Cullully

Then we define u(¢) € L?[0,T : V] to be a weak solution of the IBVP if

1) W' (), ), +au@),v) = (1),v), forallv eV,
u(0) = uo

Alternatively, u(¢) must satisfy

(2) u' () +Aw(@) =0,  u0) = uo.



Existence and Uniqueness Theorem
Suppose fe L?[0,T : H] and uy € H. Then there exists a unique weak solution
for the IBVP. This weak solution has the following additional smoothness,

u'(t) € L2[0,T: V'] and  u(t) € C[0,T : H|

Proof- Since the embedding of Vin H is compact, it follows that there is an ortho-
normal basis for H, {w;}, which is simultaneously an orthogonal basis for V; i.e.,

( ) 0 if j+k
Wi, W =
PR L), i =k

Then, for N = 1,2,... let

un(t) = 21, crn(®) wi
satisfy,

3) (un(®),w)), + alun(®),w)) = (RO, w;),,  forj=1,.,N
(un(0) —uo,w;), =0 forj=1,.,N

This is a system of nonlinear ODE’s for the coefficients {c;~(?)},

C},N(t) + ZkN=1 Bji(cr,....en) cin(t) = fi(2)
C/sN(O) = (uO,,Wj)H
where
Bji(ct,....cn) = IUa(uN)ij e Vw, dx

For each fixed N, it is well known that this nonlinear IVP has a unique solution on an interval
[0,Tn] with Ty < T. In order to have Ty < T the solution would have to become infinite as t
tends to Ty. However, the a-priori estimates we are about to prove will show that such
unbounded behavior for uy(?) is not possible. Therefore, for each N, an approximate

solution ux(¢) exists on [0, 7.

a-priori estimates
It follows from (3) that

(4) (Ol + 2a(un(), un()) = 200), ux()) 4.

Then,
Lun()|[7; + 2Co[lun(®)I} < 211/ lullun(t)|lu



< (VC)IfIE + Collun (@)1

(5) G llun@I[ + Collun(®lli < (1/Co)IADIF

Then, clearly,
Lun()|lF; < (CH)IAD 17

Integrate this last expression from ¢ = 0 to ¢ = 7, to get

lun(o)117 < llun(0)]l7; + (1/Co) Ijllf(t)ll?fdt < lluollz; + 1117 20,701
Since this holds for all 7 € [0, 7] it follows that
(6) ||uN||12f°[O,T:H] < uol|7 + ||f||§2[0,T,HJ =M,

This shows that the sequence of approximate solutions is a bounded infinite set
in L*[0,T : H]

Integrating (5) from O to T, leads to

T T
lun(T)|l7+ Co J, lun(@)ll7 d < un(0)|I7; + (1/Co) [ | ILA) |17 dlt
i.e.,
(7)  MNunllizory < VC)[uoll + (VCo) /120,10y = Mo

This shows that the sequence of approximate solutions is a bounded infinite set
in L2[0,T : V].
Next, for each N, let Py : V - Vi = span{wi,...,wy} denote the projection from
Vinto Vy. Then it follows from (3) that for each N,
(un(t) + A(un(t)) = fO),Pxvy ;=0 YveV
This is equivalent to

(PRAuN(E) + A(un (@) =D} V) oy =0 Vv eV

where P}, : Vi —» V' But PL{uj(¢) = ul(¢), so

/ T 1/2
1N 207y = ([ SUPp =1 [(UN (D)) D2l



||“}v(f)||L2[o,T;yf] = |[PAA4(un(t)) =D} | 1200 707
< ACun() ~ D0
< [|ACun(Dl 20,77 + I Alz2p0,7:07
< Cillun|l 2007 + | Al2orrys  dees,
(8) ||”}v(f)||L2[o,T;Vf] < M\Ci + || fllz2p0,707 = M3

This shows that the sequence of derivatives approximate solutions is
a bounded infinite set in L2[0,7 : V']

passing to the limit
The a-priori estimates (7) and (8) imply the existence of a subsequence of
{un(t)} such that

(@) un(t) » u(r) weakly in L?[0,T : V]

(b) uy(t) - v(t) weakly in L*[0,T : V']
The usual distributional argument is used to show that v(r) = u'(¢).
It follows from (a) and the fact that V is compactly embedded in H that
there is a further subsequence (still denoted by {ux(¢)}) such that

(c) un(t) - u(t) strongly in L[0,T : H]

It also follows from (7) and the assumptions on a(e), that

[ACun(e)l 200,77 < C1M2
which leads to

(d) A(un(s)) » By weakly in L2[0,T : V']

Now let
b(u) = _[Z a(s) ds;

i.e., b'(u) =a(u), b(0) =0, and b(u) is continuous on R.
Also,
Colu| <|b(u)| < Cy |ul Yu € R



Since Vb(u) = a(u)Vu, it follows from (6) and (7) that
IBCun( )2y < CMi - VN,
It now follows that
(€) b(un(+)) » B» weaklyin L2[0,T : V]
and the compactness of the embedding 7 ¢ H then implies that
b(un(s)) = B> strongly in L2[0,T : H] . But b(e) is continuous on R
and un(t) - u(f) strongly in L2[0,7 : H] . Then it follows that
b(un(s)) = b(u) strongly in L?[0,T : H], hence b(u) = B».
Now a(u,v) = | , @) Vi s Vv dx = | , Vb(u) « Vv dx
= (b(u),v)y = (b(w),v)
hence for arbitrary v €
[ (AN, V) oy di = [ 4D, v) = (D), v) .
Then we have
[oADun). vy, = (Bluw).v) i~ [ {(b).v)y = (b)) 3 dt

T T
and [ (AQun(0), V) di > [ (B1,V)py dt.

Aiso [ {(bu).v), — (bw).v)ydt = || aluv) di = [ (AQu()).v)yy di

and together these results imply that A(u(¢)) = Bijie., A(un(e)) - A(u(t)),
weakly in L2[0,T : V']. Then we can pass to the limit in (3) to see that u(7)

is a weak solution of the partial differential equation. Then u'(z) = f{t) — A(u(¢))
belongs to L2[0,7 : V'] and it follows that u(z) € L*[0,T : V]NC[0,T : H]. In addition,
we can show that u(0) = uy.

To prove uniqueness, suppose that u,(¢),u2(¢) € L?[0,T : V] are two weak solutions
of (1). Then w(t) = ui(z) — uz2(¢) solves

©Ow(t), V) + (A1) —AW2),V) ey =0 Vv e, w(0) = 0.



But  {(A(u1) —A(u2),v)pypy = IUV(b(ul) —b(uz)) » Vvdx
= (b(u1) = b(u2),v)y = (b(ur) = b(u2),v)y
and  (b(ur) - b(u2),v)y = (b(ur) = bua), v e = (bur) = bluz),Iv)

where J denotes the isomorphism that associates v € V' with a unique element
Jv € V' as prescribed by the fact that H is the pivot space between J and V' If we
choose v € ¥ such that Jv = w, then

(O(ur) = b(u2),v)y = (b(ur) = b(uz),w)y
and (AQur) = AW2),V) oy = (B(ur) = b(ua),w) = (b(ur) = b(u2),v) .
It follows that

OW(1),V) gy + (b)) = b(uz), W)y = (b(u1) = b(2),v) .
and
@w(D),J W) s,y + Col Wl < Cr [ W) w(x)] dx.
< LCo|wll3 + Gl W) |7,

Note also, that ~ (@w(1),J '), = (@w(®),w),, = +L|w(®)]|},

and w7, = T w@), T w(x), = (ww) .

Then from Liw()|[3 < 2Ca w3 w(0) =0,

it follows that Iw(®)|],» = 0 so the solution is unique.



