Spectral Properties of Elliptic Operators
In previous work we have replaced the strong version of an elliptic boundary value problem

Llu(x)] = f(x) xelU
BClu(x)] =g(x) xeT

with the weak problem
find u € V' such that Blu,v] =f(v) Vvel.

The connection between theweak problem and the strong problem, (and in particular the
boundary conditions), was established by making use of the abstract Green’s formula

Blu,v] = (L[u],v)y +{(Tov,T1u)y  Vu,v € V.

If the bilinear form B is V — elliptic, ~ Blu,u] > co||u||; Vu € V. then it follows immediately
from the Lax-Milgram lemma that the weak problem has a unique solution for every f. This
is the same thing as saying that L is an isomorphism from V onto H.

On the other hand, if B is only ¥V — H — coercive, Blu,u] > collul|? —ci|u||}; Vu € V, then
we are not able to apply this lemma directly to the weak problem. Instead, we replace the
weak problem with

find u € V such that Bu[u,v] = f(v) +u(u,v), Yvel.

For u sufficiently large, B,, is V-elliptic and the Lax Milgram lemma implies the existence of
a solution to this perturbed problem. Then L, is an isomorphism from V onto H, hence
there is a bounded inverse, L,;! from H to V. Then, since the embedding of V into H is
compact by the Rellich lemma, we have that io L' : H - His compact. That is,

Luu=f+p <= u=L'f+ul)u = (-Ku=F

where Ku = uL,'u, and F = L}'f. The operator / — K is an operator of Fredholm type for
which there is a theorem, known as the Fredholm alternative theorem, stating conditions
under which there is a unique solution to (/ — K)u = F. By translating this theorem into the
notation and terminology of the weak boundary value problem, we obtain a similar
existence-uniqueness theorem for the weak boundary value problem.

Now we are going to apply a similar approach in considering the eigenvalue problem for an
elliptic operator. We suppose that

Llu(x)] = =div(A(x) Vu(x)) + c(x)u(x) xeU



is uniformly elliptic on U, and we will consider the eigenvalue problem of finding values of
the scalar A, such that

Llu(x)] = Au(x) xeU
ux) =0 xel

has nontrivial solutions. Note that in the abscence of first order terms,

(LlPLw)o = (6LIw]Do Vv € CG(U)

and we say that L is symmetric. Then it follows that the associated bilinear form B is also
symmetric,

Blu,v] = B[v,u] Yu,v € V= H}U).

Unless ¢(x) > 0, the bilinear form B is not V-elliptic, but it is V-H-coercive, which is to say,
B, is V-elliptic, for u sufficiently large. Then we recall that L, : H}(U) -~ H°(U) is an
isomorphism for u sufficiently large. Then, instead of considering the eigenvalue problem
for L, we will consider the eigenvalue problem for L, which is a compact operator for which
there is a classical theorem. By translating the conclusions of the classical theorem into the
terminology of our elliptic operator, we obtain the following theorem.

Theorem Under the assumptions on L, there is a countable collection {1;} of scalars such
that

Llu(x)] = Au(x) xeU
ux) =0 xel

has nontrivial solutions. Moreover,
(@)the Ay areallrealand y <A, <Ay < -+ >
(b) Let Ny = {u € H\(U) : L[u] = Awu}. Then dim Ny < oo all k and
(u,v)o =0 if ueN,veN, j+k
(c) The weak solutions {¢:} , for  L[¢p(x)] =Ad(x) xe€U
d(x) =0 xeTl

Bllo =1,

form an orthonormal basis for H°(U), and at the same time, an orthogonal
(but not orthonormal) basis for H}(U).



Proof- Let y denote the smallest value such that L, : H}(U) -~ H°(U) is an isomorphism.
Then for any u > y, there is a bounded linear operator S, : H'(U) - H}(U), which is
inverse to Ly; i.e., L,(Syf) = ffor all f € H'(U). LetK =io S, : H'(U) » H)(U) < H°(U).
Then K is a compact linear operator on H°(U). Note that

Sf=u = Bu[u,v] = (f,v), Vv € H\(U) = Lyu=f
For arbitrary f,g € H'(U), let Kf = u, Kg =v. Then
(.Kg)o = (iv)o = Bulu,v] = Bulv,u] = (gu)y = (4.8)y = (K£.8),-
Thus the symmetry of the bilinear form implies that K is symmetric, and since K is bounded,

in fact compact, it follows that K is self adjoint.
In addition,

(Kf)o = (usf)o = Bulu,u] = coljullt,

so K is a compact self adjoint, positive operator on the Hilbert space H = H°(U). We have
the following theorem about such operators,

Theorem (Fredholm-Riesz-Schauder) For K a compact self adjoint, positive operator on the
Hilbert space H,

(a) K has a countable collection of positive eigenvalues, {0}, accumulating at zero; i.e.,
K|y = 01 2 02 2 - > 0

(b) Let Ny = {u € H : K[u] = 0xu}. Then dimN; < o all k and
(u,v)y, =0 if ueNy, veN, j+k

(c) The normalized eigenfunctions for K form an orthonormal basis for H.

The compact self adjoint, positive operators on the Hilbert space H are the analogues of
symmetric positive definite matrices on R”.

Now
K¢ =0¢ = Bu[0¢,v] = (§,v), Vv € V = Hy(U) = L[0¢] = ¢
hence

Li0g1=¢ <=  Lldl= ¢

so the eigenfunctions of K are the eigenfunctions of L, but the eigenvalues of L, are the
reciprocals of the eigenvalues of K. Thus



1Kl = 01 2022 -+ > 0 implies 0 < 1

<oy <oy <> o0,

Koy
In addition, Lu[(ﬁk] = akgbk <~ L[¢k] = (ak—,u)(ﬁk = ﬂ,k(ﬁk
with
1
O0<——-—-nu<21 <A< > o0,
K, "S54 =7

If {¢x} denote the weak solutions of

Lip()] = apx) xeU

$(x) = 0 xeTl
6llo = 1,
then foru € V = H\(U), write u= oW di) g = D urds
Define ((u,v))y = Bu[u,v]+ u,v)y Vu,vel.
Note that ((u,v)), = B“[ZM Mk¢k,2j>0 vj q’)j] + (ZM uk¢k,2_,->0 vj ¢1)H

= D 20 kv Byl ¢l + 20 uivie
But Bu[¢jsbx] = (Lujsbx) y = (0> Pi) yp = Ai0j
hence ((u,v)), = Zk(ak + Dugve.
and, in particular,  ((¢;,¢x)), = (ax+1)0u.
To see that the eigenfunctions form a complete family for the inner product on V, suppose

((u,9))y =0 Vk

Then 0= ((us0x))y = Bu[tt, pi] + (1) yy = ic(ut, dic) y + (i)
ie., @+ Ddi), =0 Vi
But S S Yk

o =
K Loy

hence (u,¢x),; =0  Vk and since the family is complete in H, « = 0.1



Notethat — ue V=H)U) iff |ull = (wu)), = 3, (ax+1)u} < o
Similarly, u e H=H(U) iff Jull} = (w,u)g = 3, u} < o
For F e D'(U), v € D(U) < H,
F(y) = FQ2, wide) = 22 Wil ($e) = 2 Wil
and we have F e V" iff

F)| = |2 wiFi| = |20+ @) 2wl + ai) 2 F|

12 2
| vl

< >, +an) ' F}
ie., FeViff {(1+ax)*Fi) € L.
In addition, ueH iff Lury € s

ueV iff {(1+ar)"ury € la.
and we can define, more generally,

ue B°U) iff {1 +ar)Pur) € b,

and we have, with this definition, (H#*(U))' = H=(U). This scale of Hilbert spaces, each with
the inner product

(W v))y = 22,(1+au) uevi
is completely analogous to the Fourier spaces H*(R") we have defined previously.
Consider now the following examples.

1) Llu(x)] = —u”(x), O<x<m
u(0) =u(r) =0

Here ¢(x) = 0 so u = 0 and ar = Ax. For this operator, it is easy to compute the eigenvalues
and eigenfunctions

be(r) = |2 sin(e) and A=K k=12,



Then the function
2x

u(x) = r
2(1-%) nl2<x<nm

0<x<ml2

has
_ ___4 g
ue = (U, i)y = -3 sin(4£ ).

Now (1+A0)"~k so (1+A)ur~k2el, fors<I;
ie. wueH =H)).

On the other hand, for the function v(x) =1, 0 <x <7,

we find . 1_(}(_1);{ el

but (1+2) v~k e, fors<o0;
ie., v e H = L2(U).

Finally, for w(x) = 6(x—x0) xo € (0,7)

Wi = ‘/% sin(kxo) € o wi €& (o

and
(1+ ) Pwp~k= el fors>1/2;
In particular, 6 € H'(U).
2) Llu(x,y)] = -V?u(x,y) in U={0<x,y<m}

u=20 onT
Then, again, ¢ =0 so a=A1, and
() = 2 sin(ix) sin(ky) A = (2 +K), jok=1,2...
In this case, for  w(x,y) = 6(x —x0)0(y —y0) (x0,y0) € U
we have Wik = % sin(jxo) sin(kyo)

and A+ 20) P wi~(1+2+ k)2 e, fors > 1



Then w ¢ H'(U).

2x
O<x<nm2,0<y<nm

For the function u(x,y) = 7 o y

2(1-%) n2<x<m0O<y<nm
we have wip = <k,

J> ]kz
2 2\s/2

but (U2 k2~ LRI g g g

jk

Then ue H but u ¢ V.



