Problems

Problems from the text:

page 12, .problem 3

page 290 problems 5,6,7,8

page 291 problems 10,13,14,16,17

page 292 problem 18

page 345 1,2,3,4,7

page 425 1 through 10 (Hint for 2 and 6: expand u(x,t) in terms of an appropriate family of
eigenfunctions {¢,(x)})

1. (equivalence of definition of weak derivative)
Show that for u € L?(R'), the following are equivalent:

) Owu € L?>(R")

)zii € L*(RY)

) u(x+h) —u(x)
h

) there exists a sequence of test functions ¢,, such that ¢, converges to f

in L2(R") and 0,¢, converges in L>(R")

c converges in L>(R') ash - 0

(a
(b
(

(d

2. For what values of s is the characteristic function of 7=1[0,1] in H*(R)?
For what values of s is the characteristic function of 77> = [0,1]*> in H*(R?)?

3. To which spaces H"(U) do the following functions u belong?
0 if 0<x<1

(a) ulx)= x-1 if 1<x<2
3 -x2-3if 2<x<3

~

Xy 0<x <1,0<y<1
x2-y) O0<x<l,l<y<?2
(b)) ulx,y) = < «x 0<x <.5,y=1 >
4 x=.5,y=1
X S<x<ly=1




if0<x <1,
4) Let  u@) =< 70<x and v(x) = Sinzx
2-x if 1 <x<?2,

a) Determine whether u and v are orthogonal in L2(0,2).
Are they orthogonal in H'(0,2)?
b) Find the distance from u to v in L2(0,2) and in H'(0,2).

5. Use the Sobolev embedding theorem to show that the function

) x2y? if x>0,y>0
u(x,y) =
0 otherwise

is continuouson Q= (-1,1) x (-1,1)
6. Suppose u € H*(U), and v € H*(U) . Show that

[, V2uVivdx = [(Viuvdx + [ [(V2u)ony — On(VZu)v]ds

Here Oy =neV where n = outward unit normal to oU

7. By evaluating the relevant integrals, show that:

xand xInx € H'(0,1),
Inx € L2(0,1) but x' ¢ L?(0,1)
x~' € H'(0,1) (afunction belongs to € H7'(0,1) if it is the weak derivative of an
element of L2(0,1))

8. Suppose u(x) is continuous for all x in R. Show that for all test functions ¢(x),

lim o [ $O)[uCx + h) — u(x)Vhdx = —[u(x)' (x)dx

9. Let U = (a,b) denote a bounded open set in R.
a) Show that if u € H}(U), then u is absolutely continuous and u(a) = u(b) = 0.
b) Show that H'(U) is the direct sum of H}(U) and the space of functions
v(x) = Ae* + Be™ for arbitrary constants 4, B; i..e, show that any v of this
form is orthogonal to every function in H}(U).
c) Show that for every u in Cy(U),
u(x)? = _[Z 2u' (2)u(z)dz
and then use the C-S inequality to show that for some constant C > 0,



Ij u(z)?dz < iju'(z)zdz

d) Show that the previous inequality continues to hold for all u in #}(U).

{1—m y¢ﬂ<1}
ui(x) = _
0 if > 1
2 .
o { e
0if x| >1

Find u}(x), the weak derivative of u;(x) and show that it is a locally integrable function.
Show that the weak derivative of u»(x) is not locally integrable

10. Let

11. Show that for a bounded linear operator 4 on H, if |Ax|, > c|lx||,, forall xin H,
then the range of A is a closed subset of H.

12. Suppose u(x,y) € H™(R?) and let

u(x,y) i y>0
NN S k) if v <0
k=1
where
Y (—k)ar=1 for 0<s<m-1.
k=1
Show that
0% ofu(x,y) if y>0
okofv(x,y) = i

2 (—k)Tardkofu(x,~ky) if y <0

k=1
and that this implies

limy_0%v(x,y) = limy o: Ofu(x,y) for 0<qg<m-1.

Does this imply that the mapping defined by v(x,y) = Eu(x,y) maps H"(R?) continuously
into H™(R?)?



