Existence and Uniqueness of Weak Solutions to Parabolic IVP’s

For T > 0, fixed, and U  R" a bounded open set, let Ur = {(x,t) : xe U, 0<t<T}.
Then consider the following initial boundary value problem,

ou(x,t) + Lu(xt) = f(x,t) in Uy
u(x,0) = uo(x) xe U, (1)
uixt) =0, xeodU, O0<t<T.

where  Lu(xt) = — i di([aij(x,t)] oju) + i b; (X, 1) o;u + c(x, t)u(x,t)
=1

ij=1
= —div([a(x,t)]Vu) + B(x,t) - Vu + c(x, t)u(x,t)
with
aij, bj, c € L*(U)
and for ap >0, Z-[aj(x1)]Z>ao|z® VZ V(xt) e Ur.

Then L is said to be uniformly elliptic on Ut. We recall that the assumptions on the
coefficients ajj, bj, ¢, imply the existence of positive constants, ai,ao and po such that for all
u,v e HY(U), and i > po,

Bluvt]l < ailul,vl, aete(OT)

Blu,u,t] + u(u,u), > aoflull? ae te (O,T)
where

Blu,v,t] = || {Enj aiviaij(x,t)] ju + v(ﬁn: by (x,t) &ju + c(x,t)) }dx
ij=1 =1
Then the mapping L, = L+ul : H}(U) > H1(U)

is an isomorphism, and the IBVP (1) is said to be a parabolic problem. For convenience, we
will let

V=HiU), H=HU),and V' =H?U).

Then Vc H=H <V and{f,v),,, = (fv),forfeV,ve V.
We recall that

WO, T] = {ue L,[0,T: V] :dwe L[0T: V]
and that WO, T] < C[O,T : H].
Then we define a weak solution of (1) to be a function u € W0, T] satisfying

i) (6w, v), + Blu,v,t] = (f,v), vveV ae te (0,T), (2
i) u(0) = uo.

Equivalently, a weak solution satisfies
) l@uv)dt+ [T BV d = [ (Ev)dt Yy e WO,T]
i) u(0) = uo.

We point out that in a parabolic problem, we can without loss of generality assume that



the bilinear form B[u, V] is coercive. To see this, we simply observe that when L is uniformly
elliptic, the associated bilinear form is at least V — H — coercive;i.e.,

Bu[u,v] = B[u,v] + u(u,v), is coercive for u > uo > 0. If uis a weak solution for (2) then it is
easy to show that U(x,t) = e“tu(x,t) solves

) (BU,v), +B,[UVt] = (e#f,v), VYveVaete(0T),
i) U0) = uo.

Then existence of U is equivalent to existence of u and the problem for U involves a
coercive bilinear form. Now we have,

Theorem (Existence-uniqueness-continuous dependence) Suppose L is uniformly elliptic on
Ut with coefficients in L*(Ut). Then for every f € L,[0, T : H3(U)] and each up € H°(U),
there exists a unique u € W0, T] satisfying (2).Moreover, the linear mapping

Lo[0, T : H1(U)] x HO(U) : (f,up) — ue WO, T] s continuous.

Proof- (uniqueness)
Suppose u € W0, T] solves (2.2) in the case f = up = 0. Then

[} @w,u),dt+ [} Blu,u,tidt = 0.
But
T T T
[} @w,u),dt = %jo(ﬁtu,u)Hdt - %% 1 (U,
= 2 (UM% = IuO)11E)-
Then
.
ZlluCmy I+ J, Blu,u, tidt = 0,
and, using the fact that B is coercive,
Lhum 13 + a0 lu It < 2 uT) 12 + [ Blu,u,tidt = 0

Since u € W[0, T] is continuous in t with values in H = HO(U), it follows that u(t) = 0.This
proves that the solution is unique, if it exists. The proof of existence will be carried out in
steps.

1) Existence of Approximate Solutions

Let {wi}denote an orthonormal basis for H which is, at the same time, an orthogonal
basis for V.For N a positive integer, let

N
un(t) = D Cin() w;
=1
where the coefficients Cjn(t) are required to satisfy

i) (Otun, Wk)  + Blun, Wi, t] = (f,wi) k=1,..,Naete (0,T), 3)
i) (un(0),Wi)n = (Ug,wy),.for k=1,..,N



Since {wi}denotes an orthonormal basis for H,this reduces to,
N
%CKN(t) 4 jz_l:CjN(t)B[W,—,wk,t] —f () for k=1,..,N

Cw(0) = (uo,wy),.for k=1,..,N

This is a system of linear ordinary differential equations in N unknowns where the coefficient
matrix is positive definite on [0, T] hence it follows that for every f € L,[0,T : H1(U)] and
each up € HO(U), there exists a unigue solution {CkN(t) . for k = 1,..,N} e C[0, TN for the
system ofODE’s and a corresponding approximate solution un(t) for (3).

2) Energy Estimates

We will show that there exist constants C1,C,,C3 depending only on U, T and the
coefficients in L, such that for each N,

Loa Junlgore < Ce(lluolly + Ifllfory)
b lunlomy < Co( Mol + IFlory )

6. Uil gomvy = Ca(IUolly+ Il orve )
We note first that
N
lun) 17 = D (uo,w)Z < lluoll?
=1
and  2|(f,un) | = 2KF, Undyl < 20F@) 1y Tun® Il
< L) 12 + allun®) 112
Now it follows from (3) that
(OtuN, Un) + Blun,un, t] = (f,un)

and we have that,

d

it (U UnDy = &

(OtUn,UN) = gt [lunlI?

N
N

which leads to,

L jlun + 2B{un, un,t] < E 1) 13+ allun® 113
e, LfundE+ 2alun® 115 < FIFO 13+ alun@® I
Then,
Ll + allun® 113 < 21015
and since  Jun(®) Il < llun(®) ]I,



iz + allun® 17 < L1013

We rewrite this as,

4 (uliz e)et < Lo 113
from which it follows by integrating from 0 to t,

lun®) [ < e-“t(uuN(O) 12+ L[ ;eatnf(t) ||\2,,dt>
Since this holds for every t € [0, T], it follows.that

S lun® 15 = Cx( ol + 1117, o)
proving a).
To prove b), we return to the estimate,

Ll + allun® 113 < 21015
and we integrate with respect to t over [0, T] to get

Jun(D11Z = lun(@) I3 +a [ llun® [1Zdt < L )ty 12t
Then

Jolun@ 15 < - lun() 1 + L [ty 1l

which asserts that

2 2 2
Iun oy < Ca Tuoll + I rorye
2[! ] 2[: ]

Finally, to prove c), let Vy = span{wz,...,wn}.Then, for each v € V with |lv|,, = 1,we can
use the fact that {w; }is an ON basis in H to write v = vi + v2 where v1 € Vy and (v2,wj)y = 0
forj = 1,...,N. Since {w;} is also an orthogonal basis in V,we have

N

2 2 2 2
vl = (vivi)y = D (ve,w)? w12 < v]2 <1
j=1

Now, it follows from (3) that

(8tuN,v1)H + B[UN,Vl,t] = (f,Vl)H

and
(Otun, V) = (Otun, V1 + V2),, = (OtUn, V1)
since
N
dun(t) = D Cin(®w;  and (va,w)w =0 for j=1,...,N.
=1
Then,



(Otun, V) = (Gtun,V1)y = (f,v1)y — Blun,V1,t]

and
|(Gun, V)| < [Iflly lIvally +aallundlylIvally
< [Iflly, +azllunlly  since [lvi], <1
Then
S KOt Vvl = TRy < 1T+ asfunly

Integrating this expression from 0 to T, and using b) leads to c).
3) Existence of Weak Solutions
We see that b) implies  {un(t)} is bounded in L,[0,T : V]
c) implies  {d:un(t)} is bounded in L,[0,T : V']
Then there exists a subsequence, {um(t)} < {un(t)} such that
um(t) = u(t) weakly in L,[0,T : V]
Owum(t) = v(t)  weakly in Lo[0, T : V']

But then v must equal u'(t) since weak convergence in in L[0, T : V] implies convergence in
D'[0,T : V], which implies convergence in D'[0, T : V'] and um(t) = u(t) in D'[0, T : V']
implies oium(t) — u'(t) in D'[O, T : V'].Similarly, weak convergence in L,[0,T : V'] implies
convergence in D'[0, T : V'] so dium(t) = v(t) in D'[0,T : V'] and v = u’.Now we have,

um(t) = u(t) weakly in L,[0,T : V]

Owum(t) = owu(t)  weakly in L[0, T : V']

which implies that u = w - lim un belongs to WO, T]. To see that this weak limit is a weak
solution to the IVP, let

p
Vp = {v(t) =) diw 1 dy e CHOT], 1< < p}.

=1
Then it follows from (3) that for each M and all p < M,

T T T
jo(atuM,v(t))HdtJrfo B[uwm, V(t),t]dt = jo(f,v(t))Hdt eV,
Now, the weak convergence results imply that we can let M tend to infinity to get,
T T T
jo(ﬁtu,v(t))HdH jo B[u, v(t),t]dt = jo(f,v(t))Hdt
and this holds for all v € V,, for arbitrarily large p. But it is evident that

UVp is dense in L2[0,T : V]

p>0
which means that the last result extends to all v € L[0,T : V].Then uis a weak solution of
the equation in (3). To see that u(0) = up, note that for arbitrary v e C[0, T : V] such that
v(T) =0,



[} ~(u,a0v(t)) et + [ Bu, V() et = [ (F,v(t)) dit + (U(0), v(0)),,
Similarly, for each M,

j';—(uM,atv(t))HdH jg B[um, v(t), t]dt = f;(f,v(t))HdH (um(0),v(0)),,
and if we subtract the latter equation from the former, we get

[ ~(u = um, Bv()) it + [ BLU— U, V(D). t]dt = (U(O) — Uum(0), V(D))
Now we let M tend to infinity, and obtain

0= (u(O) ~lim uM(O),v(O)>H vv e CY0,T : V].

But Iihgn um(0) = up and C[0,T : V] < C[O,T : H] and it follows that u(0) = up. Then uis a

weak solution of the IVP. Note that it now follows that every weakly convergent
subsequence must converge to a weak solution of the IVP and since the weak solution has
been shown to be unique, all subsequences must have the same weak limit. But in that
case, the sequence {un} itself must converge weakly to u € WO, T].

By using av € C1[0,T : V] such that v(0) = 0, we can show in the same way that
Ii’&n um(T) = u(T) in H. Then we can show that {uy} converges strongly to uin L,[0, T : V].

To see this, we write,
[} @, ut)) et + [ BLu,u(t), tdt = [ (f,u(t)) ot

and
T 1(7d 1 1
[ u®)ydt = 5 [ S lu® idt = S IuMIE = 5 1u©) I

Then
T T _ 1 2 1 2
Io(f,u(t))Hdt - IO Blu(®), u(t), tjdt = 5 lu(M I} - 5 IOy @)
Next, we observe that
aollun —ull? oy < j; B[un — U, Uy — u(t), t]dt
T T T
< [, Blun, un, t]dt - [ Blu, u,t]dt - [ B[u, un — u,t]dt

But,
[ Blun, un, tldt = [ (f,un(t)) it = [ @rtin, Un)qclt

= [ un(®)ydt - L (lun™ I3 - lun(@) 1)
and this leads to,
0| un = UlI 1o 7yy < Jo4(F.UN(D), — Blun, U ]} clt
— [ Blu,un — utldt— 2 (lun( 17 = lun(@) 1)

Now, the weak convergence results imply we can allow N to tend to infinity on the right side



of this last expression and make use of (4) to obtain
T T
RHS — [ (f,u())t — [ BLu(®), u®), tidt - 3 lum 17+ 3 )11, = 0

from which it follows that [lux — ul|? 1., — 0as N - o

Note it now follows that the energy inequalities b) and c) apply to the weak solution u and
this implies that the solution depends continuously on the data. That is,

{Uo,f} e Hx Ly[0,T;V'] - ue WO, T] iscontinuous,

where we recall that

luldrom = 7 {IU® 12+ 1w 12 ot



