The Lumer Phillips Theorem

The Hille-Yosida theorem provides a set of conditions on the operator A that are necessary
and sufficient in order for -A to generate a strongly continuous semigroup of contractions. It
is often more convenient to have an equivalent set of conditions as described in the
following theorem.

Theorem (Lumer-Phillips) Suppose A : Da — H is closed and densely defined. Then the
following are equivalent conditions:

1. —Agenerates a C° semigroup of contractions on H
2. Aisaccretiveand |1+A: Da— H issurjective

Proof- (2) = (1): Suppose A is accretive. Then for A > 0
A+ AXly = Al VX € Da
Letting z = (Al + A)x this becomes,
llzlly = AL+ A) 2|,
In particular, since (I + A) is surjective, this previous estimate implies

(1 + A) <1

g
Now observe that if 0 < 1 < 2, then formally,
AM+AT=U+A [ +@A-DU+A)1]?
=(1+A1 ::O[(l -2 +A"

Note that if 0 < A < 2, then (1-24)(I + A)! € L(H) and

L= +A) | < -1 1.
Then the Neumann series for (1- A)(I + A)~t converges and we get,

[1+Q-D0+A]" =327 [A-D(0+A)P
Now let B = [I + (A - 1)(I + A)~] and note that

A+A(+ABT=((A-D+U+A)I+A BT
=[A-D0+A1+1]BL=BB"L=]|

and
I+A)BTA+A =1 +ABA-1D+((+A)
= +ABHA-DU+AT+1](+A)
= (1 +A) BB +A) =I;
i.e.,
A+A)1T=0U+A"B?
and



1A +A) My = 10+ Al IB e
<3 CA-AH"=Vr 0<2a<2

Now it follows that

(ul + A = A +A T+ (u- A+ AL
and for u > 0and [u — A[[[(Al + A) YL < 1, we have

(ul + A)texists and ||(ul + A)Hliw < Vu
Repeating this process we see that (il + A)~* exists for all A > 0, and

AT+ A) ey < VA

Then the hypotheses of the Hille-Yosida theorem are satisfied and —A generates a C°
semigroup of contractions on H. This proves (2) implies (1).

Proof that (1) = (2) : If -A generates a C° semigroup of contractions on H then
(SOX = %) = (SOX )1 = [XI[E < (SO = [XIDIX]ly < O

This implies that for all x in Da
(SOX =X/t X)n — (A% X)n < O

i.e., A is accretive. In addition, it follows from the Hille-Yosida theorem that (1 + A) is
surjective for all A > 0, and for 4 = 1 in particular.ll

Examples-

1) LetH = H(R), A =04, Da = HR). Note that u € H}(R) implies that u(x) is
continuous and tends to zero as [x| tends to infinity.
Then

(Au,u)y = jR u'ux)dx = /2 u(x)2fe=, =0  Yu e Da
and A is accretive. Note that according to this, — Ais also accretive. Next, note that
I+xAu=uX)£uXx) =f(x) ueDa feH

implies (1xia)U(a) = F(a) where U,F denote Fourier transforms of u and f,
respectively. Then

Ula) = 12— (liia)% ~ G(a) FiaG()
and

ux) = gx) Fg'(x)
where

009 = Te{ 125 | = [ e fyay.

This shows that | + A: Do — H is onto and now it follows from the Lumer-Phillips theorem
that —A generates S(t), a C° — /g of contractions, on H. This implies, in turn that for each



Uo € Da there exists a unique u(t) satisfying,
u/(t) + Au(t) = wu(x,t) + oxu(x,t) = 0, u(0) = uo.

Since it is evident that u(x,t) = up(x — t) solves the initial value problem, it follows by
uniqueness that S(t)ug(x) = uo(X —t).

Since —-Ais also accretive and | — A : D — H is onto, +A must also generate a C° - s/g
of contractions, Z(t). Then the solution of

u/(t) — Au(t) = dwu(x,t) — oxu(x,t) = 0, u(0) = up € Da

is given by u(x,t) = Z(t)up(X) = uo(X+1t) = S(—t)uo(x). Then uniqueness implies that
Z(t) = S(-1). In this case, the operator A generates a C° group of contractions on H. That is,

U(t){sa) f tzo}
Z(-t) if t<O

UOU(-t) = SO = SO) = 1.

Then {U(t) : t € R} is a group of contractions on H since for each operator in the collection,
the inverse operator is also in the collection.

2) LetH = Ho(U), for U < R", open and bounded. Let Au = —div(MVu), forM a
symmetric positive definite matrix, and let Da = H(U) N H2(U). Then

(Au,u)y = B[u,u] = ju Vu-MVudx >0  Vu e Da.

satisfies

This shows that A is accretive and, from previous results regarding elliptic operators, it is
known that A+ Al is surjective for 2 > 0. For A = 1, in particular, A+ | is surjective and the
Lumer-Phillips theorem asserts that —A generates a C° — §/g of contractions, S(t). Then the
VP

u'(t) + Au(t) = f(t),  u(0) = uo

has a unique solution for all up € Da and for all f € C1([0.«) : H). The solution is given by
u(t) = S(Huo + [ St-0)f(z)dr.

This abstract IVP stands for the problem

ou(x,t) — div(MVu(x,t)) = f(x,t) in Ur
u(x,0) = uo(x) in U
ux,t) =0 on I'x(0,T)

and then
U(X’ t) = Zn>0 e_/lnt(u(h ¢n)H¢n(X) + Zn>0 J.; e—/ln(t—r) (f('1 T)’ ¢n)H dT¢n(X)1

where {in, ¢n} denote the eigenvalues and normalized eigenfunctions associated with the
elliptic operator A. Evidently

S(HUo = 2.5 € 7" (Uo, )1 $n(X).



Groups
A family {G(t) : t € R} < L(H) is said to form a group on H if:

i GM)G(s) =G(t+s) VsteR
i G =I
Note that G(t)G(-t) = G(0) = | so that for each real t, G(t)* = G(-t). The group G(t) is

said to be a C°-group on H if, G(t)x — xin H as t tends to 0, for all x in H. As in the case of
semigroups, there is a closed, densely defined linear operator associated with G(t),

Bx = Iimhﬁo%x forallx e Dg = {x € H : limn_o %x exists}

and we say this operator B is the generator for the group. Note that if G(t) is generated by B,
then B generates a C%s/g, S(t) = G(t) fort > 0, and —B generates a C%s/g, S(-t) = G(t) for
t < 0. In this case, the Lumer-Phillips theorem implies that B is accretive and

| + B : Dg — H is surjective and, in addition, — B is accretiveand |-B: Dg — H is
surjective. Note that when B and —B are both accretive, then

(Bx,X)y >0 and (-Bx,X)y >0  Vxe Dg
i.e.,
(Bx,x)y = 0 VX € Dg

In this case we say the operator B is conservative. Note that this implies

d/dt|GOX|[Z = 2(G' ()%, G()X)n = 2(BG(t)x, G(H)X)n = 0
ie.,
IGM)X||Z = [X||3  forall te R

Then [|G(1)]l 4, = 1 and we say that {G(t) : t e R} is a unitary group on H.

Example- Consider the IVP

OrU(X, t) — Oxu(Xx,t) = 0, O<x<1 t>0
u(X’ O) = f(X), atu(xi O) = g(X) t> O’
u(o,t) = u(1,t) =0, O<x< 1
Let Uy = oxu Oty = OxtU = OxU>
Uo = 8tu 8tu2 = 8ttu = axUj_
Then
| 01 0
8, ui B 8, ui _
U 10 U 0
and
u f'(x
lglg | f®
| Uz | 9()
i.e.,



oU(t) — AU(t) = 0, U(0) = Ug

01
H=120132 A= Ox
10

Da={UeH:ueHY0,1), up e H0,1)}

where

Then
(AU,U)y = f;(axuz « Uz + U » OxUz)dX = j; d/dx(uuz)dx

= (U1W)[53 = 0 (since uy € H3(0,1))

This proves A is conservative. Now for 1 = 0, F € H, consider

Ug Uz AUq + OxUz F1
Us up AUz + OxU1 F2

Then

AOxU7 + OxxUz = OxF1 and OxU1 = F2 — Auy,
or

8)0(U2 - ),UZ = axFl - MZZ

Since 0xF1 — AF, € H™1(0, 1), this last equation has a unique weak solution u, € H}(0,1), by
the previously developed elliptic theory. Then

Aup = Fq —6Xu2 S LZ(O, 1), axul =F,— AUy € LZ(O, 1),
so u; € H(0,1) and U € Da. This shows that A + A: Do — H is surjective forall 1 + 0.l

We have the following version of the Hille-Yosida theorem for groups rather than
semigroups.

Theorem The following statements are equivalent:
1. B : Dg — H generates a Cy — unitary group on H

2. a) Bisclosed and densely defined
b) vA+0 (A-B):Da— H isonetooneandonto
with

- 1
|| (1-B) 1||L(H) =7

Proof- Suppose B generates a group, {G(t) : t € R}. Then B generates a contraction

semigroup, {G(t) : t > 0} and —B also generates a contraction semigroup,

{G(-t) : t > 0}. Then Hille-Yosida theorem implies that both B and - B satisfy the

necessary conditions for generating a contraction semigroup and this implies 2.
Conversely, suppose the conditions 2 hold. Then, again by the Hille-Yosida theorem,

B generates a contraction semigroup {S.(t) : t > 0} and - B generates a contraction

semigroup {S.(t) : t > 0}, and these semigroups commute. For Xo € Dg



LEMS (M%) =0 t=0
from which it follows that S.(t)S.(t) =1 t> 0. Then

o - { S.() t=0 }
S(t) t<o0

satisfies all of the conditions for a group. i.e., (i) and (ii) are evident and
1= G GEDI = IGOIIGEDI = IGM] < 1.
Finally, to see that B generates G(t), note that B generates {S.(t) : t > 0} so for h > 0,

G(h)x—x _ (Si(h) = x B
h h

and - B generates {S (t) : t> 0}, soforh <0
G(h)x-=x _ (S (=h)-Dx
h B -h
We have also a version of the Lumer-Phillips theorem for groups.

X.

— —(-Bx).H

Theorem The following statements are equivalent:

1. . B:Dg — H generates a Cp— unitary group on H
2. a) Bis closed and densely defined

b) Bis conservative

c) A+ B isontoforsome A > 0 and for some A < 0.

Example- Consider the IVP for the wave equation

oru(X,t) — Oxu(x,t) = 0 O<x<1 O<t<T,
ux,0) = f(x), owu(x,0) = g(x), O0<x<1,
u(o,t) = u(1,t) =0, O<t<T.
Let u1(X,t) = oxu(x,t)
uz(X,t) = dtu(x,t)
o]
Otu1(X,1) = OxU(X,t) = OxUa(X,t)  Uu1(X,0) = f'(x)
OtUz(X,t) = Ou(X, 1) = oxui(X,t) uz(x,0) = g(x);
ie.,
a0 (t) = 01 1; Uw), Uxo0) = f
t - 10 g ’ e g |
Let
H = L2(0,1)2, Da = {D e H : u; € H(0,1), ux € H(O, 1)}
Then

(AU,0) Y= f;(ul OxUz + Up OyUy ) dX = f; L (uguz )dx = (Usl2)R = 0

which shows that A is conservative and must therefore generate a group if we can show



- F
that condition 2c of the previous theorem is satisfied. But for A + 0 and F = |: ! :| eH

F-
- — - A 0 F
AW+AU =B o | Matodz | 1
/le + axul FZ

But in this case, AOxU1 + OxxU2 = OxF1
and Oxu1 = Fo — Auz
hence

},(Fz — le) + OxxU2 = OxF1,
or
5XXU2 - 12U2 = axFl - ),Fl

This last equation is uniquely solvable with u, € H§(0,1) since o«F1 — AF; € H(0,1).
Next, Au; + oxus = F; lmplles AU1 = OxF1 — 0OxUs € LZ(O, 1).
In addition, oxu; = F» — Au, € L?(0,1) hence u; € H(0,1) and

D:[ Uy ]E[ H1(0,1) J:D
Us H3(0,1)

This shows that A + A: Da — H is onto for A # 0.
Then A generates a group which we know from previous experience is given by

LEx+)+T'(x=1) + 2@(x+1) - gx— 1)) J

G(H[U(x,0)] = - .
(OO |: SE X+ - f'(x=1)) + 3@ +1) +J(x-1))

where f, § denote the odd 2-periodic extensions of f and g.



