Alternative Development of Semigroups

Consider the abstract initial value problem
u'(t) +Au(t) = 0,  u(0) = up

where A denotes an unbounded but closed and densely defined linear operator on a
Banach space X. We recall from the previous development that if we approximate this
problem by

u(t+h)—u(t) = —hAu(t+h),
then

I+ hA)u(t+h) = u(t) for h >0,
or

u(t+h) = (I+h4d) " u(t)

This leads to  u(h) = (I +hA)  uo
u(h) = (I+hA) 'u(h) = (I + hA)2u

u(nh) = (I+hA)"uo,
or
u(t) = (1+ %A)_nuo for t=>0.
This suggests that the solution of the abstract IVP is given by
u(t) = Limyo (1+L£4) "uo for t>0, (1)
and raises the question of whether this limit exists under appropriate conditions on A.
Theorem (Hille-Yosida) In order that the limit in (1) exist it is sufficient that
i) A is closed and densely defined

i) (M +4)7" exists and is bounded for 2 > 0
_ 1
i)y [|A1+ )|, <5 Jor 2> 0.

Proof- It follows from iii) that for u > 0,
[T+ u) ]y <1 )

Now for n = 1,2,... define  S,(¢) = (1+ %A)_n. Then



1Se@llpy =1 for n=12,.. t=0.
i.e., the family {S,(¢)} is uniformly bounded in the operator norm on L(X). Now write
u— I+ pA) " 'u=p(l+pd)"'Au  Yu € Dy
Then it follows from (2) that
||u—+pd)"ul|, < plldully  Vu e Dy,
and this implies that Vu € D4, we have
[|u—+pd)"ul|, >0 as p— 0
i.e., U+pud)'u>uinXasp->0 Yue Dy

Since D, is dense in X and (I + u4)™" is uniformly bounded for u > 0, it follows that
(I + uA)™" converges to I (in the norm topology on X) as u - 0 and S,(¢) converges to I (in
the norm topology on X) as ¢ — 0. Now suppose for the moment that we can show

[S2(O)u = Sm(O)ullx = %(% + 5 )| 4%ully Vu € Dy =D(A?).  (3)

Then (3) implies {S,(¢)u} is a Cauchy sequence in X for every u in D,. But

Dy = (M+A4)"'Dy = (Al +4)™2X, and since D, is dense in X, it follows that D, is also dense
in X. Then, {S,(¢)} is a uniformly bounded family of bounded operators on X with {S,(¢)u}
converging strongly for all u in a dense subset of X. It follows that for all # > 0, S,,(¢)
converges strongly to a bounded linear operator, S(¢), as n - .

It remains only to prove (3). Write
Su(t)u = Sy = limeo [ (Sp(t = 5)Su(s)u)ds

= lime.g [ [Sn(t=5)Sh()u = S)(t = 5) Su(s)ul ds.
But
Syt)y =4 (1+L4)™"
hence
Sn(t=8)S,()u =S, (t—5)Su(s)u =

AT+ 50) " (15 A) " a1+ 554) " (14 S4) ™

= (LS -9 ) (1+ 58a) " (1 )



Now A commutes with its resolvent and the family {S,(¢)} is uniformly bounded which leads
to

t —
1Su(0u = Sw(oyull < 4] [} (LS + 5 ) ds
2
< 5 (F + 4 )Ml VueDs = D)

Recall that in the previous approach we began with the assumption that the IVP had a
unique solution, which we expressed as u(z) = S(¢)uo, and we then proceeded to prove that
S(t) had certain properties. In particular, we showed that there was an operator B, called the
generator, associated with S(t) and we showed that B was an extension of the operator -A
from the IVP. Finally we proved the Hille-Yosida theorem which specified conditions on A
sufficient to imply that -A was the generator of a semigroup. Here we have begun with A
and showed that under certain conditions on A, the limit (1) must exist. We must now show
that the operator S(t) obtained in this limit has properties that are useful for solving the IVP.

Properties of S(t)
Let A denote a linear operator on X satisfying the hypotheses of the theorem and let

S(t) = Limpo (1+L4) ™.
Then
1) S(¢) is a strongly continuous function of ¢ > 0; i.e., Yu € X
IS()u — S(to)ully = 0 as t -ty > 0.
2) S(0)=1
3) SOz, < 1.
4) S(t) : D4y » D4 and AS(t)u = S(t)Au Yu € Dy
5) S'(yu = -AS()u = -S(t)Au Vu € D,

6) lim STy - gy Vuen,

To prove 1) we can write
IS(&)u — S(to)u|ly = IS@)u — Sm()u + Su(t)u — Sm(to)u + Sw(to)u — S(to)u||y

and use (3) to write



1S = Sw(Oully < l4%ull, Vu € D;y = D(4?).

t2
2m
Since S,,(¢) is strongly continuous in t for every m,

ISm(t)u — Sw(to)ully = 0 ast—to >0,

and the result follows. The results 2) and 3) are proved similarly. To prove 4) note that since
A commutes with its resolvent (7 + u4)~", it follows that for all u € D4

A1+ £4) " w = S0y (14 £4) " 'u — AS@) I = AS(1)u
and  A(1+L4) " u= (1+£4) " Au
= S0 (1+ L-4) " du — S 4u = S(1)Au.

This proves 4) and since  S,(t) = —(1+ %A)_HA, we have
Swu-u=-[ (I+54) " dudc  Vue D,

Letting n tend to « we find
7) S(tyu-u=-[ S(t)dudr  Vu e Dy.

Note that passing to the limit under the integral is valid since the convergence
(I1+ T4) " du — S(x)Au

is uniform on any finite time interval. The result 7) is also of interest. To prove 6), use 7) to
write

(S(t) = Du = = [, S()Audr ~ Vu € Dy.
Now the MVT for integrals implies
[ S(@)Audr = S(to)tAu  for 0=ty <t,

and

S(t)t_]u =—S(to) Au  for 0<to <t

Now let t tend to zero and use 2) to get 6).



It is now possible to show that for all uy € D,4, the unique solution of
u'(t) +Au(t) = 0,  u(0) = up
is given by

u(t) = S()uo.

That u(¢) = S(t)uo solves the IVP follows from 5) and 2). To see that the solution is unique,
let v(¢) satisfy

ve C(0,T] : D4)NCH(0,T: Dy)

v'(t) + Av(t) = 0, v(0) = 0.
Let F(s) = S(t—s)v(s), 0<s<t t>0 fixed.
Then

F'(s) = =S8'(t —s)v(s) + St — s)v'(s)

= AS(t—s)v(s) = S(t—s)Av(s) = 0.

i.e., F is constant. But,

F(t) = S0)v(t) = v(t) and F(0) = S(¢)v(0)
hence

v(t) = S(6)v(0) =0 forall t> 0.

Since the difference of any two solutions to the IVP must satisfy the IVP with a zero initial
state, the uniqueness follows.

Finally consider F(s) = S(¢ — s)v(s) in the special case that v(s) = S(s)uo. Then
F(s) = S(t—5)S(s)uo and  F(0) = S(t)uo.
But F is constant even in this case so
F(s) = S(t—5)S(s)uo = S(t)uo = F(0). Yug € Dy.
Since D, is dense in X we have
S(t—5)S(s) = S(t) for 0<s<t
or

8) S(z+s) = S8(1)S(s) for s,t>0.

Note that if we let ~ J(t)u = e ¥S(t)u for A,t > 0 and u € X, then



J'(Ou = -re S(u + e S (Hu = —e ™ S(t)(AM + A)u Yu € Dy
ie.,
J(tu = —J@)M+ A Yu e Dy

and we see that J(¢) is a contraction semigroup generated by (1/+ 4). Letv = (Al + A)u.
Then

S —u==[ J@)M+Audr  Vue D,
and if we apply (Al + 4) to both sides of this equation, then we get
Jty=v=—Ql+A)[ Ja)vdr  VveX
Let t tend to infinity and use the fact that
IJ@ully = lle ™ S(ullx < e *|lullx
to conclude that
u= [ e*S()(A+Audr  Vue Dy
Note that this implies (1/ + 4) is one to one. Moreover,
v=Q+A)[ eFS(xvdr  VveX
implies that (A/+ 4) is onto and
AL+ A) "y = j;" eMS(t)vdr Vv e X,

with
|G+ ) ||, < S il V2> 0.

Together, these properties of S(t) show that the Hille Yosida conditions on A are not only
sufficient for the generation of S(t), they are also necessary.



