Weak Formulation of Elliptic BVP’s

There are a large number of problems of physical interest that can be formulated in the
abstract setting in which the Lax-Milgram lemma is applied to an equation expressed in
terms of an appropriate bilinear form to prove existence of a unique solution. The selection
of the solution space and the bilinear form controls the PDE and boundary conditions that
the solution will satisfy. We will give some examples to illustrate the interplay between the
bilinear form, the solution space and the formal problem that the corresponding solution
satisfies.

The Abstract Green’s Formula

In each of the problems, the linkage between the formal problem and the weak problem
is provided by the Green'’s formula. For U < R", bounded open and connected, let

Llu(x)] = —div[AX)Vu(x)] + b(x) - Vu(x) + c(x)u(x) (1)

where A = [a;j(x)] denotes an n by n symmetric matrix which is uniformly positive definite on
U. Suppose also that ajj,bj,c € L*(U). Then we have, for all ¢,y in C*(0),

[, wGIL[pOO1dx = B, ] — [ w(x){n(X) - ACOV(x)}dS

where
Blp.y] = | SLVY - AVE(X) + v (X)b(X) « V(X) + c(X)y (X)¢(X)]. (2)

Since C*(D) is dense in H'(U), it follows that for every u,v € H'(U), there exist sequences
{¢m},{ym} in C*(U)such that

¢m — U,  ym—V inHY(U)
Bl¢m,wm] — B[u,v] inR
| LYm(){n0O + AX)Vm(x)}dS — | _Tov-Tiuds

Here Ty is just the previously defined zero order trace operator that amounts to restriction
to the boundary of U.In view of the trace theorem, the fact that |[ym — yn|, — Oimplies that
| Towm — Townllyrzy — 0,hence Toym — Tou € .HY2(I'). Similarly, Tipm = n(x) « A(X)Vm(X)
converges in HY2(I") to a limit we denote by Tiu .H=Y2(I"). Then we are tempted to write the
generalized Green’s formula as follows,

(L[ul,v)g = Blu,v] = (Tov, TaW oy for u,v e HY(U),

where (-,+)o and (-, +) o denote the inner products on HO(U) and H°(T"), respectively. Of
course, what this really means is that

(L[UJ,V)y 1y = BIUV] = (ToV, Til) ey, fOr u,v e HY(U). (3)

That is, (L[u],v),must be interpreted as < L[¢],y >,y , the action of the linear functional,
L[¢] € V' on the element y € V = HY(U). and (Toy, T1) vz, vz, indicates the
analogous duality pairing on HY2(T") x H=Y2(I"); this duality pairing is just the extension of the
HO(T") inner product to HY2(I") x H-Y2(I"). Note that the operator T is not just the usual
normal derivative obtained by projecting the gradient on the outward normal of the



boundary. In fact, Tiu = n(x) - A(X)Vu(x) and it is possible to show that this is continuous
from HX(U) onto H~Y2(T")

We are going to be using the abstract Green’s formula for Hilbert spaces V,H with C*(0)
dense in V and V dense in H. Then, taking H' = H, we have H = H' is contained in V', so
V c H=H' < V.This is the case when V is any space such that H}(U) < V < H'(U) and
H = HO°(U).That is, the smallest V we will encounter is V = H}(U), and the largest will be
V = HY(U). Spaces in between these two extremes are composed of subspaces of
functions from H(U) that "vanish on part of the boundary". With this set up, known as a
Gelfand triple of spaces, then the abstract Green’s formula (3) makes sense, and since all
the spaces V are contained in H(U), there is a trace theorem asserting that

T : V — HYZ(T) is a bounded linear mapping whose kernel is H§(U).

The abstract Green’s formula is the basis for the weak formulation of all the BVP’s we
are going to consider. We will now illustrate how the weak formulation is obtained from the
strong problem in several examples. Many of the remarks are repetitions of results that
have already been developed but they are repeated in order to emphasize their importance
and enhance their understanding.

1. Dirichlet Problem
Consider the Dirichlet problem with homogeneous boundary data,
Lo[ux)] = F inU, and u=0onT (1.1
in the case that the operator is symmetric; i.e.,
Lo[u(X)] = —divV[AX)Vu(x)], xeUcR".
We assume that A(x) is a symmetric n by n matrix of functions, a;j(x) € L*(U), such that
Z-AX)Z>a|z? VzeR"andVxe U
Then Ly is said to be uniformly elliptic on U and for all ¢,y in CZ(U), we have
(Lo w)o = [, ¥ OILIO)TX = Bo[4,v]
Bol¢,w] = [, Vv + ACOV$(x)dx.
The Poincare inequality then implies
Bol¢,¢] = aollVoll; = FaollVéll5 + » aoll¢llz = Cli¢|l; for all ¢ in CE(U),

and this result extends to all of H§(U) by continuity. Thus By is coercive (or V-elliptic) on

V = H}(U) which implies then, that Lo is an isomorphism from Hj(U) onto H1(U). That is,
for every continuous linear functional F acting on H}(U), there exists a unique

u € H3(U) such that

Bo[u,v] = F(v) for all v e H}(U).

This u € H}(U) is then the weak solution of (1), the Dirichlet problem with homogeneous
boundary data.

Note that for F given by F(v) = (f,v),
f=fo+ X' ofi with fje HOU) 1<j<n,



we have

(f.6)0 = (fo.$)o + 211, @1fi, 9o = (fo,d)g — 257, (Fi. Gi0)o

and
1/2
|(F,9)ol Ilfolloligollo + X7, Iy o ldiello < (7l 13) ™ il

Then F(v) = (f,v), defines a bounded linear functional on H§(U) repeating the already
known fact that the space

H(U) = {f=fo+ X, ofy with fj e HOU) 1<j<n}

is a realization for the dual of H(U).We recall that since the test functions C¥(U) are dense
in H3(U), it follows that the dual of H3(U), is continuously embedded in the dual of the test
functions, that is H1(U) is continuously embedded in the space of distributions, D' (U).
Then

Bo[u,¢] = F(¢) for all ¢ € CZ(U)
is equivalent to
(Lo[u] - F,¢), =0  for all ¢ € CZ(U)

which is just the statement that Lo[u] — F = 0 in the sense of distributions. Then the weak
solution of (1.1) can be said to satisfy the partial differential equation in sense of
distributions, at least. It may follow from arguments based on additional information about
the ingredients of the problem that the equation is satisfied in some stronger sense,
possibly even in the classical pointwise sense. In the abscence of such arguments, we can
only conclude the equation is satisfied in the distributional sense. Since the weak solution is
in H3(U), we know that u vanishes on the boundary of U in the trace sense. This is also
weaker than being pointwise equal to zero (except in the case that U is 1-dimensional).
Roughly speaking, to say that u = 0 on the boundary in the trace sense means that u has
average value zero over any neighborhood of a point on the boundary of U.

Now consider the Dirichlet problem with homogeneous boundary data for the modified
operator,

LU = Lo[u()] + 2211, 0j(X) Gju(x) + c(x) u(x).
The associated bilinear form
Blu,v] = Bo[u,v] + [, [Z,-”:l bj (%) Au(x) + () u(x) | v(x) dx,
is not,symmetric and in general, is not V-elliptic but is only V-H coercive, which is to say
Blu,ul| > alullf - ullulls  Vu € H3(V).

This estimate is not sufficient to imply that L is an isomorphism from H§(U) onto H1(U),
which would imply existence of a weak solution to the Dirichlet problem. However, the
eguation

Blu,v] = F(v) Vv e H}()

is equivalent to



Bilu,v] = F(V) + A(u,v), Vv e H§(V),

and the bilinear form B,[u,Vv] is V-elliptic for A > u. Then L, is an isomorphism for A > u and
for every f e H1(U) there exists a unique u € H(U) satisfying u = L;*(f + Au), or,
equivalently, satisfying (I — K)u = L;}f where K = AL;! is compact so that (I - K) is a
Fredholm type operator. Then, we can apply the classical Fredholm alternative theorem to
the weak Dirichlet problem,

given f € H(U) , find u € H§(U) such that
Blu,v] = F(v) = (f,v), VYveHjU) (1.2)
in order to assert that exactly one of the following alternatives must hold,

i) B*[u,v] = 0 Vv e H}(U) if and only if u = 0and there exists a unique u € H}(U)
which solves (1.2)

i) N* = {u e H§U) : B*[uv] =0 Vv e HyU)}
= span[wsy,...,Wp] P < o,

N = {ueHjU) :Bluvl=0 VvveHjU)}
= span[zy,...,Zp] P < o,
and no solution for (1.2) exists unless F(w;) =0 1<j <p. Inthatcase
B[uo+2£lcj Zj,V] = F(v) Vve H})
for all choices of ¢cjsand any choice of uo satisfying (1.2).
Here B*[u,v] = B[v,u] u,ve H}U)

denotes the bilinear form associated with the adjoint BVP
L*[v)] =g(x) xeU

v(x) =0 xeod=T
where  (Lo,y)o = (0.L'y), Yoy € CE(U),
ie., Loy () = Low(x) = 23 01(0j (<) w (X)) + CO0) w(X).

Note that since the matrix A is symmetric, L§ = Lo.
Now consider the Dirichlet problem with nonzero data on the boundary,

Llu(X)] = f(x) xe U (1.3)
u(x) = g(x) xeTl
where
f e H1(U), g € HY2(I')

and we are seeking a weak solution in H1(U). Recall that if I" is C! then g € HY?(I") can be
extended to U as a function in H(U) by making use of the continuous right inverse of the
trace map, To,



| K=right inv for To
HiX(U) > G «— - -B--- H¥2(R})

i.e., g € HY2(I') is extended to U as an H(U) function, and ToG = g.
Let w= u- G, and note that since both u and G belong to HX(U), w € H(U).
In addition,
Tow=Togu—-ToG =0, sow € ker To = H%(U)

and
LIw(x)] = L[u(X)] — L[G(X)] = f— L[G(X)].
But |(L[G].V)ol = IBIG, V]| < BIGII,IV]2
which implies L[G(x)] € H1(U) and f - L[G(x)] = F € H1(U),
and w e H}(U) solves B[w,v] = F(v) Vv e H(U) (1.4).

Then we say that u € H'(U) is a weak solution of (1.3) if
) u=w+G for G e HY(U) such that ToG = g
i) w € H§(U) solves (1.4) where F(v) = (f,v), — B[G,V]

The Fredholm alternative applies to (1.4) when B is not coercive.

2. The Neumann Problem

Consider the following weak boundary value problem of the previous section but with the
solution space changed from V = H}(U) to HX(U);i.e., ,

findu e HY(U)  satisfying  Bo[u,v] = F(v) Vvve H}(U), (21)

where By denotes the symmetric bilinear form of the previous section, and F is a continuous
linear functional on H(U); note that this is not the same as saying F € H1(U). We have
that

Bo[¢,y] = (Lo[¢l.y), for ¢ € C*(U), y € CZ(U)
and since C*(U) is dense in H1(U) and By is continuous, we can extend by continuity to get
Bo[u,y] = (Lo[ul,y), for ue H'(U), y e CZ(U)
Now if u solves (2.1), then
(Lo[ul,y)o = F(w) = (f.y), forall y e CZ(U)

whichistosay Lo[u] =f inthe sense of D'(U). Notice that we have continuous, dense
injections

Cz(U)cC*(U) and C*(U) < HYU)
implying that the following inclusions are one to one,
(C*(0)) «D'(U) and (HY(U))' < (C*(T))".

However, since the inclusion C¥(U) < H(U), does not have a dense image, we cannot
conclude that the inclusion of the bounded linear functionals on H'(U) into the space of



distributions is one to one. In fact, there are bounded linear functionals on H(U) that are
not zero but vanish when acting on any C* function with compact support. Of course, these
functionals would then have to be "concentrated on the boundary of U”.

Now for ¢,y € C*(U),
(Lolg1,W)o = Bol,y] = (Tow, Tagypunqryps-vaqry
and since Ty is continuous from H1(U) to HY2(T"), we can extend by continuity to get
Bo[u, ] = (Lo[ul,¥)g + (Tow, TiWuzryyazy- V¥ € C*(U) VYu e HY(U).
If u solves (2.1)
(fv)o = (Lolul,w)o + (Tow, TiWwerypyazry V¥ € C(0)
But we already know that if u solves (2.1) then Lo[u] = f so this last equation reduces to
(Toy, TaW)pyuo oy =0 Vy € C*(0).
Extending again by continuity, this becomes
(ToV, Tal) ey 2y = 0 WV € HY(U).
But  To: HY(U) - HY4(I') is onto so
(9 TiWyweypazy =0 Vg € HYA(T)

which is to say, Tiu = 0in HY2(I"). It follows that any solution of (2.1) is a weak solution of
the problem

Lofux)] =f(x) xeU (2.2)
onu(x) =0 xel

It is clear that By is bounded on H(U), but
Bo[u,u] > ao|Vull;  Vu e HY(U)

does not imply that B is coercive on H(U) because the Poincare inequality does not hold
in H(U). In fact,

Bo[u,u] > ao|Vullg = ao(Jlullf — lullf)  Vu € H(U),

so even the symmetric bilinear form By is just V-H coercive on V = H1(U), H = H°(U). Note
that

Bo[u,u] = 0 if and only if Vu =0 in H°(U)

and Vu = 0 in H°(U) if and only if u =constant, assuming U is connected and
u e HY(U). Then

N* = N = span[1]
and then (2.1) has no solution unless

F(1) = (f,1), = ju f(x)dx = 0.



If this condition is satisfied then
Bo[uo + C,v] = F(v) Vv e HYU),

for all constants, C and any up which solves (2.1).

In the more general case when Lo and Bp are replaced by L and B having lower order
terms, the null spaces N* and N may become more complicated to describe but the overall
results are not significantly different from the more special case described here.

For f € HO(U) < (HY(U))' and g € H™Y2(I") define
F(V) = (f,V)o + (ToVs Dpzryyazry ¥V € HY(U).
Then  [F(V)| < [ifllo IVllo + 19]l-veer ToVIliveqr

= Ifflo Mlo + 1911422y CIVIlx < CvIl

and it follows that F is a bounded linear functional on H(U).
Now suppose u € H1(U) satisfies

Blu,v] = F(v) = (f,v)o + (ToV, D puerypzy VYV € HY(U)  (2.3)

where B is the usual bilinear form associated to an elliptic operator, L, involving lower order
terms. Just as before, we can show that (2.3) implies L[u] = f in the sense of distributions.
Now for u € H(U) satisfying (2.3),

Bo[U,V] = (LQ[U],V)O + <TOV, T1u>H”2(F)><H*”2(F)' YV € Hl(U)

= (f,V)o + (ToV, O pweryaivz(ry
and since L[u] = f, it follows that
(ToV, Ta) vz ryp-v2my = (ToVs Q) pyvz(ryen-v2¢ry vv e HY(U).
Since Tp : HY(U) » HY2(I") is a surjection, it follows that
(0, Tal) o ryan2ry = (N Dy 2y Vh € HY2(T)
ie., Tiu=g.

Then we have shown that a solution of (2.3) is a weak solution of the Neumann boundary
value problem,

Llux)]=f(x) xeU
Tiu = g(X) xeT,

provided that U has a C* boundary.

3. A Mixed Boundary Value Problem

The setting for the Dirichlet problem was the Hilbert space V = H}(U) which was contained
in the pivot space H = H°(U). The pivot space was identified with its dual which then
became a subspace of V' = H™1(U), the dual of V. In the Neumann problem we took the
solution Hilbert spaceto be V = H(U) with the pivot space again equal to H°(U). Now we
are going to consider a solution space V which is contained in H*(U) but contains H}(U), so



that H3(U) < V < H(U) and this solution space lies "between” the solution spaces of the
previous two examples.

Suppose that I", the boundary of the open set U, is composed of complementary parts,

I'rand 'z, and let C?(U) = {gb e C*(U) : ¢ = 0 in a neighborhood of 1"1}. Clearly

F(U) c C7(U) < C*(U) and if we complete each of these spaces in the H! = norm, then
the completions satisfy H{(U) < V < HY(U), where V denotes the completion of
C7(U). The dual spaces are then related as follows, H < (H}(U))' < V' < H1(U). The
dual space V' contains linear functionals which are continuous on V and are not zero, but
which vanish for every test function in C3(U). These would be functionals that are
concentrated on I'».

Now we consider the weak boundary value problem
for FeV, find ueV suchthat Bo[uv] =F() YweV (3.1
As in the previous two examples, we find that
Lofu] =f inD'(U) where F(v) =(f,v), Vve V.
Now for ¢,y € C*(U),
(Lolg1.¥)o = Bol@, y] — (Tow, Tag ey vaqry
and since T is continuous from V < H'(U) to HY2(I"), we can extend by continuity to get
Bo[u,y] = (Lo[ul,w)o + (Tow, TiWuz g1z V¥ € C*(U) Vue V.
Now we can writ
(Toy, Tal) e ryvay = (ToWs Tal) g2y + (ToWs Tal) e, an-vory)
and if we choose y € C?(U), then
(Toy, TaW e,z = 0 @and  (Toy, Tal) ey ey = (Tow, Ta) a2y
If u solves (3.1) then
(fy)o = (Lolul,w)o + (Tow, TaW) a2,y VY € C2(U)
But we already know that if u solves (2.1) then Lo[u] = f so this last equation reduces to
(Toy, TiW oz, q2ry =0 Vy € CP(U)
Extending again by continuity, this becomes
(ToV, TaW) e,y yzqry =0 VVEV
But To:Vc HY(U) > HY2(I') = HY2(I"y) @ HY2(T",) is onto so
(O T1W 2,y = 0 Vg € HY3(T2)

which is to say, Tiu = 0in HY2(I",). It follows that any solution of (3.1) is a weak solution
of the problem
Lo[u(x)] = f(x) xe U
ux) =0 xel (3.2)



onu(x) =0 xels
It is clear that Bg is bounded on V, and if U is connected and u € V, then
Bo[u,u] = 0 if and only if Vu = 0in H°(U).

Now Vu = 0 in H°(U) if and only if u =constant, and for u € V, this means u = 0 since
u = 0 in neighborhood of I';. This allows us to use the Poincare norm on V, in which case

Bo[u,u] > ao|Vull;  Vu e HY(U)

does imply that By is coercive on V. Then (3.1) has a unigue solution in V for every F in V'.
Now for g; € HY2(I";), and g> € HY2(I",) suppose u € H(U) satisfies

Blu,v] = F(v) = (f,v) — B[G1,V] + (ToV, 92) 21,y api-v2(r ) vweV (3.3

where G; € HY(U) is such that ToG; = g; and B is the usual bilinear form associated to an
elliptic operator, L, involving lower order terms. Just as in the first example, we can show
that (3.3) implies L[u] = f—L[G1] in the sense of distributions. Now for u € V satisfying
(3.3),

Bolu,v] = (Lo[u],V)o + (ToV, TiW ey gz YV €V
= (Lo[ul,V)o + (ToV, Til e t2,y: WV EV
= (f,V)o = B[G1, V] + (ToV, G2) w2, VYV EV
and since L[u] = f— L[G1], it follows that
(ToV, TaW o vz = (ToVaO2) o papvzr,y YV € Ve
Since Tp : V < HY(U) - HY2(I") = HY2(I";) ® HY2(T",) is a surjection, it follows that
(N ToU o 2y = (MO, VN € HY2(T2)
ie., TiU = go.

Then we have shown that a solution of (2.3) is a weak solution of the Neumann boundary
value problem,
Llux)] =f(x) xeU
u = gi(x) xel;
Tlu = gz(X) X e Fz,

provided that U has a C* boundary.

4. A Robin Type Boundary Value Problem

We have seen in the previous examples that by varying the solution space from V = H}(U)
at one extreme, toV = HY(U) at the other extreme, we could change the associated weak
boundary value problem,

find u e V such that B[u,v] = F(v) VveYV,

from a Dirichlet problem when V = H}(U), to a mixed problem when H3(U) < V < H1(U),
and finally when V = H(U), to a Neumann problem. We have also seen that by modifying



the functional F, we could achieve inhomogeneous Neumann conditions. Now we are going
to modify the bilinear form B[u,Vv] and find the corresponding modification of the associated
weak boundary value problem.

Foru,v € V = H(U), define
R[u,v] = B[u,v] + [_p(x) Tou(x) Tov(x) dS(x),

where B denotes the previously defined bilinear form on V = H}(U) and p denotes a
function in L=(I"). Clearly, since Ty is continuous from V into HY3(I"),

| PO Tou() Tov(x) dSX) | < 1Pl IToullaery MoVl ez
< Cllully Ivllv
which implies that R[u,Vv] is a bounded bilinear form on V x V. In addition,
R[u,u] = B[u,u] + [_p(x) Tou(x)? dS(x) = Col|ul[§ = Callull = IIPll ) Moul Faer,
> Col|ulf, — Calull
so Ris V,H — coercive. Then we can consider the weak boundary value problem,
find u € V such that R[u,v] = F(v) Yv eV, (4.1)
where F(V) = (f,V)o + (ToVs Dpzryyazy ¥V € HY(U).
with fe HO(U) < (HY(U))' and g € HY2(T") given.
In order to interpret the meaning of (4.1), we note first that since
b[u,v] = [ p(¥) Tou(x) Tov(x) dS(x)
is a bounded bilinear form on V x V, it follows that for u € V, fixed
HY2(I) 5 p —; [_p(x) To[u] u(x) dS(x) € R

defines a bounded linear functional on HY?(I"). Then the Riesz theorem implies the
existence of an element Pu e H"Y2(T") such that

[ POO To[U] w(x) dS(X) = (pt, PU) uzpyqary Ve € HYZ(D).
Then for u,v € V,
b[u,v] = (ToV, PU) w2y -
and we can now write,
Rlu,v] = Blu,v] + (ToV, PU) vy 422
= (L{u],v) g + (ToV, Tal) yue vz + (ToVs PUY vy vy
= (L[u],v)q + (ToVv, T1U + PU) vz -2y -
In the usual way, we show that if u € V satisfies (4.1), then
Llu=f inD'(V)
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and Tiu+Pu=g inHYD).

The interpretation of the abstract boundary condition must be Adyu+pu =gonT.
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