Existence, Uniqueness and Asymptotic Behavior

In the previous sections of the course we have developed information about particular
solutions to various specific equations. In this, the final section, we will prove qualitative
results about more general solutions to some nonlinear equations. As is typical for
nonlinear problems, none of these results is a result about nonlinear problems in general
but each applies to an equation of a specific form but with general ingredients for equations
of that form. Since most of the results make use of one or another of a large set of
inequalities, we will begin by collecting some of the more useful of these.

1. Inequalities
Lemma1.1-Fora,b € R and ¢ > 0
i) ab < %a2 + %bz

.. 2, 1 42
ii) ab < ga* + 48b

Proof: The first result follows from the observation that for any real numbers a,b

La-by=Lta?-ab+Lb*>0.

The second result follows from
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Lemma 1.2 (Young’s Inequality) For 1 < p,g < o, % + % =1,and a,b> 0,

a’ | b7
ab < ot
Proof- Note that the function f(x) = e* is convex, which means that

fi) = (5 +4v) < 5O+ Hf0) =Fa) - Vxy

l lnal’+l Inb?

Then write ab = enethhb = ¢ p 9 = fli)
and an + % = %e‘“"p + % e = flu).l

Lemma 1.3 (Holder’s inequality) For 1 < p,g < o, L % = 1, and functions u and v,

p
measurable on U — R" such that,

Jull, = (Jypurar) " il = ([ vrrar) ™,

we have
[ Juvldx < [lull, V]l



Proof- WLOG suppose ||«||, = 1, ||v|]|, = 1. Then, using Young’s inequality,

1 1 _ 1 1 _
J Juvids < [ (Slup + £vdy = L+ L = ju, v,

These inequalities, along with others to be developed later, will be used to prove results of
existence, uniqueness and asymptotic behavior of solutions to partial differential equations.
These arguments will be carried out in the setting of a linear space of functions. These
function spaces will be equipped with a norm and often with an inner product as well.

The function space norms can be defined in various ways, leading then to different linear
spaces of function. For functions defined on a bounded open set U in R”, we may define

foru e C(U) l[ull, = supg |u(x)]
forue MU)  ully = ([ uldx)"", 1<p <oo.
(M(U) = measurable functions).

In particular, when p = 2, we will write | u||,>- = ||u||, for the Hilbert norm associated with
the inner product

v)o = [ uvdy,  lully = (wu).

We define  H'(U) = {u € L*(U)| éxu € L*>(U), 1 <j < n} where 0,,u denotes the
distributional derivative and
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[ullt = [lullg + [ Vi o Vul|y

is then a Hilbert norm for the inner product,
(u,v), = (u,v), + 21 (Ox;ut, Ox;v),-
=
In the case n = 1 the functions in H'(U) = H'[a,b] are Lipschitz continuous.

Lemma14If u € H'[a,b] then
(a) x,y €la,b], a<x<y<bh,

u(y) —u(x) = [Lu'(z)dz;
i.e., .uis absolutely continuous on [a,b]

(b)  u € Cla,b] (in fact u is Holder continuous with exponent 1/2).

Proof (a) Let [a, 8] denote an arbitrary subinterval of [a,b]. Since we can define H'[a, 8] as
the completion in the ||¢||, norm of C'[a, ], it follows that there is a sequence
u,(x) € C'[a, B] such that u, converges to u in the ||s||, norm. This implies

|un—ul|lg =0  and  |ju,—v|[, » 0 asntendstoo

Then for each n un(x) = un(@) + [ u).
Write this as



un(a) = up(x) — IZ u,.

Now 1, (x) — IZ u), converges in L?[a, 8] to the limit u(x) - IZv and this implies, in turn,

that u, (@) must converge (as a sequence of real numbers) to a limit we will denote by C.
Then it follows that

u(x) = C+j2v

for almost every x in [a, f]. By modifying u on a set of measure zero, if needed, we can
assume this last equality holds at every point of [a, f]. Then u is an absolutely continuous
function on the interval [, ], and C = u(a); i.e.,

u(x) = u(a) +j’;v Vx € [a, B].

Since [a, f] denotes an arbitrary subinterval of [a,b], the point x can be taken as close as
we like to either a or to » and we can conclude that u(x) is absolutely continuous on the
whole interval [a, b].

(b) For arbitrary x,y € [a,b], a <x <y <b,
u(y) —u(x) = J.iu’(z)dz.
Then  |u(y)—u()| < [ |u'@)ldz = [ 1]u'(z)|dz
< ([ 12a) (P wera)” < (Frea) ([ wers)
< @=-0)"2ully £ @ =x)"]ul|,m

Lemma 1.5 (Poincare Inequality) If u € H'[a,b] then
i) Nullg <2(b-a) ||u'll, i u(b) =0 (oru(a)=0)
i) Jully < L& ull, i u(@) = ub) =0

Proof- Suppose u € H'[a,b] and u(a) = 0. Then
Ij u(x)’dx = Ij 1u(x)?dx = Ij d%(x —a)u(x)?dx

= (- @)’ - |72 (- ayuCou () d
and
[ 1updx < 200~ a) [ ]| | dx < 206 = @) ully|1u -

Then it follows that  ||ul|, < 2(b—a) ||u'||,- If we have u(a) = 0 instead of

u(b) = 0, then we use x — b in place of (x — a) in the first line of the

proof. If u(a) = u(b) = 0 then this estimate can be sharpened as follows. Let

$u(x) = cusin( 52 ) denote the orthonormal family of eigenfunctions for the self adjoint
operator Lu(x) = —u”(x) on {u € H'[a,b] | u(a) = u(b) = 0}. Then for any u € H'[a,b] we
can write



u(x) = 220t ¢n)o$n(x).

In general the convergence of this series is L? convergence but if u € H'[a,b] and, in
addition, u(a) = u(b) = 0, then the convergence is uniform and we are entitled to write

u'(x) = an(u,qﬁn)ofl);(x).
where this series now converges in L2[a,b]. Then
lu'llg = (;(Wﬁn)o¢L(X),§(u,¢m)o¢L1(X))O = ;(ua‘ﬁn)o;(”a‘ﬁrn)o(‘ﬁ;u(ﬁ;n)y
But (Pnsbm)g = (D75 bm)g = An(Pns )

hence

101 = (S b0, Dbl ) = 5 )
n m 0 n

>0 @)y = Al = = |ju} W

Corollary A norm is defined on X = { u € H'[a,b] | u(b) = 0} by |u|, = ||u'||,- and this
norm is equivalent to the usual H' —norm,  |ul|, = ‘/(u,u)o + (' u"),. on H'[a,b].

Note that |u|, is not a norm on the space H'[a,b]. It is only when the functions vanish at
least at one end of the interval that the Poincare inequality holds and |u|, defines a norm.
The reason is that when the function is "starting from zero”, | u||, can be estimated in terms
of the rate of growth, ||u'||,.

Lemma 1.6 If u € H'[a,b] then u e Cla,b] and |ul|, < Co|lul|;.

Proof- Assume that u € H'[a,b]. We already showed that If u € H'[a,b] then u € Cla,b]
and hence there exist points xo,x| € [a,b] where u assumes its minimum and maximum
values on [a,b]; i.e.,u(xo) < u(x) <u(x1), a <x <b.Since we have assumed u € H'[a,b],
we can write

u(x1) = u(xo) + Ii;u’(x)dx.

Then )] < JuGeo)l+ [ ' @)l < uGo)] + [ (o) dv

and u@n)] = ull, < 7 [ fuoldx + [ @)l dx
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< ﬁ([:’ l2dx) 1/2(I2|u(x)|2dx) 12 . (J.Z 12dx) 1/2(J.i, |u’(x)|2dx) 12

i.e., [[ull, < Col[u]|, M



Example 1.1 A Uniform Bound on the Solution of a Reaction Diffusion Equation
Consider the initial boundary value problem
Ou(x,t) — Oxett(x, 1) = u(x,t)(1 —u(x,t)), 0<x<1,t>0,
u(x,0) = flx), 0<x<l, (1.1)
oxu(0,1) = 0 = dyu(l,1), t> 0.

We will show that if this problem has a smooth solution, (i.e., u, 0,u and o.u are all
continuous on [0, 1] x [0,) ) and if it is true that

e<flx)<1l+eg for 0<x<1,
then it follows that e<u(x,t)<l+g for 0<x<1,t>0.

To prove this result, we will suppose that it is false and show that this assumption leads to a
contradiction. Suppose u(x,t) exceeds the value 1 + . Then there must exist some time
to > 0 and point xo € [0,1] where we have

u(xo,to) = 1 +¢, Oxxt(x0,t0) <0,  Owm(xo,t0) > 0,
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Then the equation implies
Ou(x0,t0) = Oxct(x0,t0) + (1 +&)(1 - (1+¢)) < —€(l+€) <0

and this contradiction implies there can be no such point (x¢,7). In the same way, we can
show u(x,t) never drops below the value e. Thus if a smooth solution exists, it must be
bounded between ¢ and 1 + ¢ if this is true initially.

Example 1.2 Asymptotic Behavior of the Solution of a Reaction Diffusion Equation

We continue to consider the initial boundary value problem (1.1) and we will prove some
results on the solution behavior as t tends to infinity. First we define

F(t) = [ oau(e.0)dv, 120,

Note that if we differentiate the equation (1.1) with respect to x, we see that
v(x,t) = Oyu(x,t) satisfies

0v(x,t) — O (X, 1) = v(x,1)(1 — 2u(x,t)), O<x<l1,t>0,
v(0,2) = 0 = v(1,1), t>0.



Then
F'(t) = [ 2v(x.0)0v(x.t)dx = [} 2v(x, 1) [Duev + V(1 = 2u)] d
= 2vow[Th -2 dv(r 1) dx +2[) v (1 - 2u) dx
Since u is positive on the interval [0,1], this reduces to
F'(1) < 2[ (v = 0v?)dx = 2I|v|[} - 21| 0wv]3.
Now using the sharp version of the Poincare inequality, we obtain
F'(t) < 2||vlg = 22 |v[[5. = =2(z* = 1) F(1)
This implies
L (2DiF()) <0
which leads to  F(r) < e 2(*"1)1F(0)
or [Bs(e, )] < €15

This estimate implies that o0,u(s,¢) converges to zero in L2[0, 1] as t tends to infinity. This

does not mean u tends to zero and it does not necessarily mean u tends to a constant but it
does mean that as t tends to infinity, u(x,¢) - u(¢); i.e., u becomes independent of x.

In order to analyze the asymptotic behavior of the solution, define
E(t) = [ (uG.t) - 1)?dx  for 1>0.
Then E'(t) = 2] (u(e.t) = 1) 0, t)dx = 2 (u = D)[Owett + (1 — )]
= 20— 1)dwr [iZh ~ 2 [ [0 + u(l - u)*]dx
< <2 [u(1 — u)*]dx < ~2¢ [ (1~ u)’dx = ~2eE(r).
This implies E(t) < e E(0),
or [u(e,0) = 1][§ < e [|ft) =1l > 0 as ¢ - .

The solution tends to the constant 1 as t tends to infinity.

Example 1.3 A More General Uniform Bound on the Solution of a Reaction Diffusion
Equation
Consider the following slightly more general reaction diffusion equation,

Osu(x,t) — Opett(x,1) = F(u(x,1)), O<x<l1,¢t>0, (1.2)
u(x,0) = flx), 0<x<l,
uw(0,£) = 0 = u(1,1), t> 0.

where we suppose F € C(R!).
Define



E@) = | ;[%Gxu(x, 02 - Gu(x,0))]dx  for t>0,
where
G(u) = [ F(s)ds; ie. G'(u)=F(u) Vu.
Then
E'(t) = I;[@xu(x, 1) Oxtt(x,1) — G'(u(x,t)) Ou(x,t)] dx
= [} [ Ot 1) Dy, 1) = F(u(x, 1)) duu(x, 1))

where we integrated by parts and used the BC’s to alter the first term in the integral. Then if
u = u(x,t) solves (1.2), this reduces to

E'(t) = = [ [0wu(x.t) + Fu(x,0) 10,0y dx = ~[) du(x.t) dx <0 for 1> 0,
Then E(¢) < E(0) for t> 0. Now suppose F satisfies

lim sup 24 < g (13)

[u|—o0

Note that this condition is satisfied by F(u) = —u?*! but it is not satisfied for
F(u) = +u**. We will discuss this condition further when we present the existence proof for
this problem. The condition implies that for € > 0, there exists a constant C. such that

G(u) —eu? = _[ZF(s)aVs—au2 = IZ[@ —28}sds < C..

Then E(t) = [ [+0w(x0)® - Gu(x.0)]dx > L [} dwi(x,1)%dx — e[ udx - C.
In view of the boundary conditions the sharp Poincare inequality implies that for any
n, 0<n<<,
1 1 1
% Io Oxu(x, )dx = (% -1n) _[0 Oxu(x, 1) dx + nIO Oxuu(x, 1) dx
>(3-m I; Oxu(x, t)dx + nm? _[(1) u(x,t)*dx

and then

E(t) > (% -1) j:) Oxu(x,t)*dx + (nr? — ) _{:) u(x,t)dx — C

1 1
> Cy(f, due.0)?dx + [ u(x,0)’dx ) = C = Cyl|ul} = Cs

where 7 is chosen so that (% —-1n) = (pr? —¢) = C,. Then we have

lull} < d=(E@ +Co) < 2-(E©O)+C.).  (14a)

n n

But E0) = j;[%f’(x)z — G(f(x))]dx depends only on the initial data so (1.4) may be
termed an a-priori estimate for the solution; i.e., it is an estimate on the H' —norm of the

solution that is based only on the initial data and the function F from the equation. It follows
from lemma 1.6 that



WMSJ%%H@+Q) (1.4b)

We can now use this estimate to prove the existence of a solution to (1.2).

Example 1.4 Existence of a Global Solution for a Reaction Diffusion Equation
We will prove the existence of a global solution for (1.2) under the assumptions

i) feC0,1]
i) F(u) is Lipschitzon R;i.e., for each K > 0, Mk > 0, such that
(1.5)
|F(u) - F(v)| < Mg|u—v| forall u,v € R, |ul,|v|] < K..
iii) lim sup %u) <0

|tt| o0
We have to recall that the unique solution for the linear problem
Ov(x,1) — Oxv(x, 1) = p(x,1), O<x<l1,t>0,
v(x,0) = flx), 0<x<l,
v(0,7) = 0 = v(1,?), t>0.
can be written as
v(x,t) = _[; G, y,t) (y)dy + I; _[; G(x,y,t —s)p(y,s)dyds.

Then if u solves (1.2) it follows that

u(x,t) = j(l) G(x,y,t) f(y)dy + _[; j(l) Gx,y,t—s)F(u(y,s))dyds  (1.6)

Then (1.6) is a nonlinear integral equation with the propert that a solution of (1.2) is a
solution of (1.6). If u solves (1.6) then u solves (1.2), at least in some sense, but it may not
be a classical solution.

We define a nonlinear mapping

Dlu] = _[(1) Gy, ) f(y)dy + _[; _[(1) G(x,y,t—s)F(u(y,s))dyds

on the linear space X = C[0,7, : C[0,1]]. Here X is the space of continuous functions of t,
0 <t < Ty, which take their values in the space of continuous functions of x, 0 < x < 1. This
space is a complete normed linear space when equipped with the norm

ull,, = max<{|u(x,£)] :0<x<1, 0<¢<To}.
Here T, denotes a positive time to be specified later. Then for u,v in X, we have

(@] - O[] = || | Gleyt = )(F(u(v.5)) — F(v(y,s))) dyds|

< I TGt = I Fu(ss)) = F(6(3,5)) |dyds



hence
|©[u] - O[V][l,, < [F@.9)) = FO.), [} [, |Gyt~ s)|dyds

1
< M=l [\ [ |GCe.p,t = s)|dyds < CToMy [ju = v]],,.

Here we used
I;I;|G(Xay,l—5)ldyds <CTy¢ 0<t<T,.

Now recall that for F satisfying (1.5iii), the solutions of (1.2) satisfy ||u||, < K for some

constant K depending only on the initial data. Then the constant Mk in (1.5ii) depends on
the initial data as well but the estimate

1Fu(y,s)) = FO(,9))ll, < Mk |lu—vl,

holds uniformly for all solutions u,v of equation (1.2). Then the time 7, is chosen such that
CMk Ty = a < 1. In this case ® is a contraction mapping of X into X and there exists then a
unique fixed point which must be a solution of (1.6). This fixed point is a local (and possibly
weak) solution to the IBVP in the sense that it is valid only on the strip
{0<x<1, 0<t<T,}. However, since condition (1.5iii) implies that condition (1.5ii) is
uniform in u,v, we can make the local solution into a global one. We use the local solution
as the initial condition to solve, by the same technique, a second IBVP, one that begins at
t = Ty, with u = (x,t0). Since the constants K, Mk do not depend on T, the solution to the
new problem is valid on an inteval of the same width, namely, [0,1] x [To,27]. This process
can be repeated over and over, to obtain a solution valid on [0,1] x [To,nT,] for any integer,
n. This extending of a local solution into a global one can be carried out as long as F is
uniformly Lipschitz. The combination of (1.5ii) and (1.5iii) result in the needed uniformity. It
could also result from an F that is uniformly Lipschitz on R without reference to condition
(1.5iii). For example F(u) = e is is uniformly Lipschitz on R but F(x) = u™ for m > 0 is
not.

Note that F(u) = —u* satisfies (1.5iii) but F(u) = +u? does not. Then (1.2) has a global
solution for the first choice of F but only a local solution for the second choice. The next
example will show why this is the case.

2. Monotonicity Methods
Suppose u = u(x,t), v = v(x,t) both satisfy

ou(x,t) — Oxtt(x,t) = F(u(x,t)), 0<x<1,t>0, (2.1)

o0xu(0,t) = 0 = Ou(l,t), t>0,
and
u(x,0) <v(x,0) 0O0<x<l. (2.2)

Then w(x,t) = u(x,t) —v(x,1), satisfies
ow(x,t) — Ouw(x,t) = F(u) — F(v), O<x<l1,t>0,
w(x,0) <0, 0<x<l,
oxw(0,t) = 0 = Ow(1,1), t>0,



But, for F € C!(R),

Fu) - F(v) = ["Fi(s)ds = (u=v) [, F'(v+ 0(u~v))do = p(x.0)w(x.1)
where
pa.t) = [} F/(v(x.t) + 0 (u(x, 1) - v(x.0)))do, 0 <x <1, t>0.
Then
Ow(x,t) — Ouw(x,t) = p(x,t)w(x,t)

and it follows from the initial and boundary conditions and a maximum principle arguments,
that

wx,t) <0 for 0 <x=<1, t>0.

Thatis, (2.1) and (2.2) imply that  u(x,t) < v(x,t) for 0<x <1, t>0. Thisresultis
called a "comparison principle” and it asserts that for solutions of the equation and
conditions in (2.1), the initial ordering (2.2) is preserved as time progresses.

Now suppose u = u(x,t) satisfies
ou(x,t) — Oxtt(x,t) = F(u(x,t)), 0<x<1,t>0,
u(x,0) = f(x), 0<x<1, (2.3)
Oxu(0,1) = 0 = Ou(1,1), t>0,

and v = v(¢) solves the ode problem,
Vi) = F(w(1)),  t>0,
v(0) = C.

In particular, let v, (¢), vu(¢) denote the solutions in the cases C = min.e,1/(x) = fn, and
C = max,ejo,11/(x) = fu, respectively. Then it follows from the comparison principle that

vm(t) < u(x,t) <vmu(t) for 0<x<1,¢t>0. (2.4)

Note that v(z) satisfies the derivative boundary conditions in (2.3) since v(¢) it is independent
of x.

If F(u) = u? then v(t) = % and

_n _fu

T < u(x,t) < T o
If f,» > 0, this result implies that u(x,¢) -» « as t - 1/f,, > 0; i.e., the solution "blows up” at a
finite time. On the other hand, if £, < fir < 0, then u(x,t) - 0 as t - «. Note that for either of
the functions, F(u) = +u?, the solution of the initial boundary value problem could
experience blow up at a finite positive time depending on the sign of the initial data.

If F(u) =—u’ then v(¢) = —C  and

J1+2C%

_.L < u(x,t) < _.L
J1+2/%¢ J1+/t
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In this case u(x,t) - 0 as t > o, whatever the sign of the initial state.

If F(u) =u(l —u) then v(t) = m and
/: /i

T v (fmye SHeD S oy

Then u(x,t) - 1 as t - o,, uniformly in x.

Recall the condition (1.3) from the previous section. Functions F(u) which satisfy this
condition behave like —u?! for large values of |u|. As is illustrated by the example
F(u) = —u?, and as we proved in the previous section, solutions to the initial boundary
value problem for F(u) satisfying the condition (1.3) remain bounded for all
t > 0, independent of the sign of the initial data. That this condition is sufficient but not
necessary for global boundedness is illustrated by the example, F(u) = u(1 — u), whose
solution is also global in t.

Arguments of this type can be extended to obtain existence results. For convenience,
we will write the following IBVP

ou(x,t) = Vu(x,t) = F(u(x,t)) inUr=<{e U, 0<t<T}
u(x,t) = g(x,t) xeoU, 0<t<T,
u(x,0) = uo(x), xe U,
as

ou(x,t) —Vu(x,t) = F(u(x,t)) inUr={eU 0<t<T}
u(x,t) = g(x,t) (x,1) € oUr

by letting g(x,0) = uo(x), x € U and letting oUr denote the parabolic boundary of Ur. We
will call the function Uy(x,¢) an upper solution of the IBVP if

0Uo(x,t) = V2Uo(x,t) = F(Up(x,0)) >0 inUr={e U, 0<t<T}
Uo(x,1) > g(x,t) (x,t) € oUr

Similarly, Vo(x,t), will be called a lower solution to the IBVP if
0Vo(x,t) =V Vo(x,t) —F(Vo(x,0)) <0 inUr=4e U, 0<t<T}
Vo(x,t) < g(x,t) (x,t) € oUr

Assume that upper and lower solutions, U, and V, are known and suppose further that

F(u) is smooth on the interval J = {min V', < u < max Uy}. Then choose C > 0 such that

F'(uy+C >0 forall uinJ.
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Now let U, = U(x,t) denote the solution of the linear problem

0.U1(x,t) = V2U\(x,1) + CU\(x,t) = F(Up(x,t)) + CUp(x,t) inUr={e U, 0<t<T}
Ui(x,t) = g(x,t) (x,t) € oUr

Since U, is completely determined by U,, we will write, U, = G[Uy]. Note that

0.(Uy — Ul)—VZ(Uo— U)+CUy-U;) =0 in Ur = {E U 0<t< T}
Uy—-U; >0 (X,Z)E@UT

This implies that Uy — U; > 0 inside Ur; ie., Uy > G[Up]. Similarly, if V1 = G[V,], we can
show V1 > Vy. More generally, we can show

Lemma21 If u<v then Glu] < G[v]

This allows us to define sequences, U, = G[U,] and V., = G[V,], n=0,1,... The
lemma implies that these sequences are monotone decreasing and monotone increasing,
respectively. If 7y < U, these sequences converge to a common limit, which is then the
solution to the original IBVP. Of course there are numerous technical details to be checked,
including whether the sense of the convergence is sufficiently strong to imply that the limit
function satisfies the pde in the classical sense.
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