3. Scalar Conservation Law Equations- part I

We have seen now that scalar conservation laws have solutions which are not, in general,
global classical solutions. Discontinuous solutions for a Cauchy problem can arise either
spontaneously due to nonlinearities, or as the result of discontinuities in the initial
conditions. In any case, the singularities are resolved either as shock type solutions or as
fan type solutions and the selection of the physically relevant solution has, so far, been
based on the so called entropy condition that assert that a shock is formed only when the
characteristics carry information toward the shock. Then we have the following assertion,
(which we may prove later),

Admissible weak solutions to the equation d.u(x,t) + 0.F(u) = 0, are unique. At this point,
we interpret admissible to mean that the solution satisfies the entropy condition. Other
interpretations of admissibility will be discussed later.

We suppose, F’(u) # 0, and a(u) = F'(u) then at a point where
lirg}ru(xo —&ty) = Up # UR = lirg}ru(xo +&,19),

(a) ashock, x = x(¢), forms if a(ur) > a(ur) (Entropy condition)
the shock satisfies

x'(t) = %, x(to) = xo  (Jump condition)

(b) afanforms if a(u;) < a(ugr). In this case,
u(x,t) = G(%) in xo+a(ur)(t—1ty) <x <xo+a(ur)(t—to)
where
G(e) =a’'()

In this section we will consider more complicated examples of shock and fan solutions, and
note additional features about such weak solutions for scalar conservation laws.

3.1 More Difficult Examples

1. An Example With Secondary Shocks
Consider the following intial value problem for Burger’s equation

2 i 1
Ou(x,t) + uodyu(x,t) = 0, u(x,0) = if |x| >
L if |x[ <1

There are discontinuities in the initial data located at x = +1. We shall have to determine
whether these discontinuities result in a shock or in a fan type solution. At x = —1 we have
a(ur) = 2 > a(ug) = 1. Therefore at this discontinuity, the fast wave is behind a slow wave
and we have a shock. At x = +1 we have a(u;) = 1 < a(ur) = 2. Then at this discontinuity
a slow wave is behind a fast wave which means a rarefaction wave or fan will form.

As we have seen in past examples, the characteristics for the Burger's equation are the
straight lines x — uot = xo, originating at the initial point (xo,0) with u¢ = u(x0,0). Atx = -1,
where the shock forms, we have



1,2 _ 1,2
v = L - 22 f vy = 4. 20 = -1

Then
x(t)y=2t-1, >0,

2 if x< 3t-1,
u(x,1) = f 2
1 l]r X > 71‘— 1
At x = 1 there is a fan, bounded on the left by the characteristic x —¢ = 1, and on the right
by x -2t = 1. Between these two rays we have

and

u(x,t)=%, t+1<x<2t+1, t>0.

Now observe that the characteristic that forms the left boundary of the fan intercepts the
shock line. That is %t— 1 =¢t+1att=4,x=>5. Atthis point, the shock hits the fan (so to

say).

Zecondery shock

To the left of the shock line we have u; = 2, and to the right of the fan boundary we have

up = x; 1 , and since u; > ug, a secondary shock forms. This secondary shock satisfies

¥(6) = T +run) = L2+ 2L, x4y =5,

The solution of this intial value problem is x,(z) = 2¢+ 1 — 2. Then the solution to the
original Cauchy problem is,

e . 3
lf X<7l‘—1

1 if 3t-1<x<t+1
X=l i vl <x<2t-1

2 if x>2-1

u(x,t) = <




2 if x<t+1 or x>2t-1

=boyp vl cx<u-1-24

for t>4

Clearly the secondary shock, x»(¢) = 2¢+ 1 - 2¢, never meets the far edge of the fan
which is the line, x — 27 = 1.

2. An Example With Nonconstant Initial Conditions
Consider the following intial value problem for Burger’s equation

J=x if 0<x<lI }

0 if x<0orx>1

ou(x,t) +uou(x,t) = 0, u(x,0) = {

The initial condition is discontinuous at x = 0 but at that point we have u; =0 <ug =1 so
there is no shock. Instead, a rarefaction wave originating at (0,0) develops and the solution
for this part of the problem is,

0 if x<0, t>0
1) =
U@ 1) %if0<x<t,t>0
For characteristics originating in the interval 0 < xo < 1, we have
X —uot = xo, o = f{xo) = J1—-x0 and
u=fix—ut)=J1-(x-ut)
Solving this last equation for u leads to
u = % + 4 /7 +401 —x),% ~ L/ +4(1-x)
but only the first solution satisfies u(x,0) = V1 —x for 0 < x < 1. Then we have
u(x,t) = % + 3P +4(1-x), for t<x<x(t), t>0,

where x(¢) is the equation for a shock which originates at (1,0) and is due to the following
collision of solutions,

up =5+ 3P +4(1-x) > ur = 0.

Then the R-H condition asserts that

() = L(us +ug) = %(% + LA =) + o) = L+ JF+a0-x)), x(0)=1.
This is a nonlinear ode for x(t) which is found by inspection to have a solution of the form
x(t) = kt* + 1

and substitution into the equation shows that & = 13—6 We have then



. 3 2
if x<0 or x> ¢t2+1

if 0<x<t 0
1 : 3
+ o +4(l-x) if t<x< P +1

Note that at ¢ = %, the right boundary of the fan, x = ¢, meets the shock, x = %ﬂ +1;

u(x,t) =
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t=-ct"+1, 50t=5 and x= 3.

In view of the picture,
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we have u; = % > 0 = up so a secondary shock forms. This shock must satisfy

¥(6) = L +ur) = F(£+0),  x(4) =4

Then x2(t) = /%

and
0 if x<0 or x> %
u(x,t) = t>%.
% if 0<x< %

It is apparent from this example that when a shock forms between two regions in which the
solution is constant, then the shock is a straight line. If the solution is nhonconstant on either
side of the discontinuity, then the shock curve will necessarily be curved.

3. An Initial-Boundary Value Problem
Consider the following initial-boundary value problem

Ou(x,t) + 2udsu(x,t) = Ou(x,t) + 0y (u(x,1))> =0, x>0,1>0,



| 1 if 0<t<1
u(x,0) = -, x>0, and  u(0,t) = 1
2

Note that this is slightly different from Burger's equation. We still have u = constant on
characteristics but the characteristic equations, x'(z) = 2u, u'(¢) = 0, lead to straight line
characteristics given by, x —2uot = Cy. For a characteristic originating at a point (x(,0) on
the line ¢ = 0, this becomes x — ¢ = xo, since u(xo,0) = up = % For a characteristic that
originates at a point (0,#p) on the boundary x =0, we get x—2¢t = C and C = -2¢, if
O0<to<l andC=—tif to > 1.Thenx =2(t—19)if0 <ty <1, butx = (—1)ifto > 1.

t

z-t=-1

Secondary Shock

X

Evidently there is a discontinuity in the data located at (0,0) where we have
a(ur) =2ur =2 >1=2ur = a(ur)

Therefore, a shock forms, satisfying the equation

x'(t) = [[1[:[(;3)]]] = Z% :Z% =ur+ur ==, x(0)=0.

Then x,(¢) = %t is the equation for the straight line shock originating at the origin. There is
also a discontinuity in the data located at (0, 1) where
a(ur) =2ur =1 <2 =2ur = a(ugr)

so a fan type solution must form in the wedge shaped region W = {r—1 <x < 2¢-2}.

Since a(u) = 2u, the inverse function is G(u) = a™'(u) = Fu and so

u(x,t)=G(tfl)=%tfl in W.

Now it can be seen from the picture that the right boundary of the wedge, x = 2t -2, meets
the shock x = %t, atr =4, x = 6. At this point the solution to the left is greater than the

solution value on the right so a secondary shock will form which satisfies



x'(t) =ur+ur = +—*=-+1, x4)=6.

1
2 -1
Then x2(t) =t—1+4+J3t-3, t>4,

describes the (curved) secondary shock and the global weak solution is,

1/2 if O0<x<t-1, or 3t/2 <x
X if t—1<x<2t-2

>0<t<4
0<x<3t2 for 0<t<1

_ 1
ux,1) = T iiacx<an gor 1<i<4d -
J

172 if 0<x<t—=1, or x2(t) <x

t>4
X jf t—1<x<x)

3.2 Equivalence of Conservation Law Equations
If u = u(x,t) is a smooth solution of the Burger’s equation

Ou(x,t) + uodu(x,t) = 0,

then u is also a smooth solution of each of the following equations
udu(x,t) + u? o0yu(x,t) = 0,(u*/2) + 0x(u?/3) = 0,
w? Ou(x,t) + u® Ocu(x,t) = 0,(u’/3) + 0. (u*/4) = 0,

o
These equations all have the form of a conservation law corresponding to density field P(u)

and flux field given by F(u). Then the R-H condition for the shocks for these equations
reads,

U ) + 0L ) = 0i(P()) + 0u(Fw)) = 0.

Fluy) —Fug) _ _n  ui™ —uj”
P(ur) — P(ur) n+1 uf—u} °

x'(t) =

n=1) Xx'(t)= %(uL +ug),

u% +Uurur + ulzg
up + ugr ’

n=2) x@)=+% etc

Evidently the equations for various values of n have the same smooth solutions but each
has its own shock solution different from all of the others. Therefore, when studying the
weak solutions of a given conservation law equation, it is not permissable to change the
conservation law to a form which, for smooth solutions is equivalent since the form does
not, in general, have the same weak solutions.



3.3 Transformations and Conservation Laws
Consider the conservation law equation,

Ou(x,t) + O F(u(x,t)) = 0 3.1)
where F”(u) # 0 so the equation is genuinely nonlinear. If we let v(x,7) = F'(u(x,?)) then
ov(x,t) = F’(u)owu(x,t), and  Oyv(x,t) = F”(u)Ou(x,t),
hence
F’(u)(Ou + F' (1) 0yu) = 0,v(x,t) + vov(x,t) = 0.

Evidently this change of variable transforms the general conservation law (3.1) for

u = u(x,t), into the Burger’s equation for v = v(x, ). If the solutions to these equations are
smooth, then solving one of them leads to the solution of the other. However, there is no
such equivalence for shock solutions to these equations since

Fur) — Fur)
Up —UuUp

Ou(x,t) + 0:F(u(x,1)) =0  leads to  x'(t) =
while
Ov(x,t) +vOxv(x,1) =0 leads to  x'(t) = 3 (vi+vr) = +(F'(ur) + F'(ur))

and, in general, these are not the same.

More generally, consider the initial value problem for Burger’s equation in example
2.1.1. The shock solution here is given by

1 if x< +¢
u(x,t) = 4 2 (3.2).
0 if x> %t
On the other hand, the transformation, v = ¢%, leads to 0,v = e“0;u, 0.v = e*0,u, and it

follows that

e[ O + udsul= 0v(x,t) + u Oxv(x,t) = Ov(x,t) + (Inv) Oxv(x,t) = 0

V(r.0) = e if x<0
ol 1 x>0 [

Since F'(v) = Inv, the shock relation for (3.3) is

[[viInv-v]] (elne-e)-(1In1-1) 1
[[v]] B e—1 e-1

(3.3)

x'(t) =
and this is not the shock that is obtained by subjecting (3.2) to the change of variable,
v = e".

The implication of these examples is that smooth transformations do not preserve weak
solutions, even though smooth solutions are preserved by such smooth transformations.

3.4 Time Reversals for Conservation Laws
We recall that the solution to an initial value problem for a linear first order equation can be



written as u(x,?) = f(¢(x,t)) where f denotes a function determined by the initial data and
¢ = const is an implicit representation for the base characteristics of the equation. Then is
clearly possible to recover the initial state from the specification of the solution at any time
after the initial time. On the other hand, for 0 < ¢ < 1, consider the initial value problem

1 if  x<-c/2
Qu(x,t) +udau(x,t) = 0,  u(r,0)=< X=9IZ o xcen

—C

0 if x> c/2

The solution to this initial value problem is easily found to be

1 if x<t—cl2
u(x,t) = xl‘_céz if t—c2<x<c¢/2 pfor 0<t<c
0 if x>cl2

1 i 12
= i< for t>c
0 if x>12

Solutions for various choices of ¢ are shown in the figure,

ND=<gc=1 c=1

Since the solutions for all choices of ¢, 0 < ¢ < 1, are identical for ¢ > 1, we observe that it

is not possible, in general, to recover earlier states from later states when the solutions
involved are weak solutions to nonlinear equations

We can summarize some of the differences we have noted between linear and
nonlinear initial value problems:

Linear Problems
e for all smooth initial data, there is a smooth global solution
e the smooth solution is uniquely determined by the equation and the data and the
solution is reversible in time,
ie, u(x,t) = S)[ux,0)], u(x,0) = S(—0)[u(x,1)]
e discontinuities in the initial data propagate along characteristics

e solutions are invariant under smooth transformations and equivalent equations have
the same smooth solutions



Nonlinear Problems

no global classical solution need exist, even for smooth initial data; global weak
solutions exist but are not reversible

weak solutions are not uniquely determined by the equation and the initial data, an
additional selection principle is needed.

discontinuities can arise spontaneously and are propagated along noncharacteristic
curves called shocks

weak solutions are not invariant under smooth transformations and equations which
are algebraically equivalent need not have the same weak solutions



