2. Nonlinear Conservation Law Equations

One of the clear lessons learned over recent years in studying nonlinear partial differential
equations is that it is generally not wise to try to attack a general class of nonlinear
problems but to focus instead on specific problems, preferably ones which are physically
motivated. Consider then the situation involving a quantity of some kind contained in a
region U in R". We will refer to this quantity only as Q and we suppose the amount of Q
contained in U need not be constant but can change with time. However, we suppose the
amount of change is due only to the flow of Q across the boundary of U plus any losses or
gains due to internal sources or sinks inside U. These assumptions then provide the basis
for deriving a "conservation of Q equation”.

The density of Clat position X at time t is a scalar valued function which will be denoted
by u(x,¢). Similarly, F = F(X,t,u) will be used to denote the vector flux field for Q and
S = S(X,t,u) will denote the scalar source density field. Then at time t, the amount of Q in an
arbitrary ball B in U is given by the expression

IB u(X,?)dx = amount of Q in B at time t

Similarly, the outflow through the boundary of the ball during the time interval (¢;,¢,) is given
by

jiz jaB F(¥,t,u) » n dSdt = outflow through the boundary of the ball during

the time interval (¢1,12)

where 7 denotes the outward unit normal to 6B, the boundary the surface of the ball. Then
we can formulate the following the conservation law equation

[LuG.)dx = [ u@u)dx—[7[ FEtu) e dSde+ [ [ SGtu) dxdt 2.1)

expressing the fact that the amount of Q in the ball at time 7, equals the amount of Q in the
ball at time ¢, less that amount of Q that has flowed out of the ball through the boundary
plus any amount that has been created or destroyed inside the ball during the time interval.
Then (2.1) is the integral form of the conservation law equation.

We can use the fundamental theorem of calculus to write
[ u@t2)dx—[ u@u)dx= |7 8, u@ 1) dvdt
B B t B
and the divergence theorem to write
[ FG.tuyes dS = [ divF@.t,u)dx

Then (2.1) impllies



[ LowG.t) +divF@,t,u) - SE.t,u))dxdr = 0.

Since this must hold for every ball B contained in U, and every time interval (¢1,¢,), it follows
that if all of the functions here are assumed to be smooth then,

ou(x,t) + divl_}(}', t,u) = SG,tu) at all X € U, and all t.
If we suppose that F= f?(u), then this becomes

ou(xX,t) +ay(u)Osu+ ...+ a,(u)0,u = SE t,u) atall X € U, and all t. (2.2)
where

aj(u)=%, 1<j<n

Equation (2.2) is the differential form of the conservation law. We refer to (2.2) as a scalar
conservation law equation. Later we will consider problems where the unknown is a vector
valued function. Then we will be faced with a system of equations of the form (2.2).

Shock Type Solutions

Equation (2.2) is a special case of a quasilinear first order pde and, as we have seen in the
examples, such equations can have solutions with spontaneous singularities. Then since
global classical solutions do not exist, in general, we must consider a weaker notion of
solution. We will begin by considering the simplest example of equation (2.2). In the case of
one space variable, n = 1 , the Cauchy problem for equation (2.2) with S(u) = 0, reduces to

Oru(x,t) + 0xF(u) = 0, u(x,0) = uo(x), xeR', t>0. (2.3)

LetR? = {x € R,t > 0} and R? = {x € R, ¢ > 0}. Then a classical solution of (2.3) is a
function in C'(R2) N C(R%). As examples in the previous section have shown, it may be the
case that no classical solution for (2.3) exists.

We will therefore define a weak solution for (2.3), to mean a function u € L¥¢(R?),
satisfying

[ :’ jR(u(x,z)atqs(x,t) + F(u) 0xp(x, 1)) dxdt + jR uo(x)P(x,0)dx = 0 Vo e C2(R2).  (2.4)

It is evident that (2.4) implies that u satisfies the equations of (2.3) in the sense of
distributions. Then (2.4) and (2.3) have meaning in the distributional sense even when the
function u is discontinuous. What is not evident is that these discontinuities in the solution
are subject to some constraints.

Problem 2.1 Show thatif u € Li*(R2) satisfies (2.4) then u solves (2.3) in the sense of
distributions, and if u € C'(R?), satisfies (2.4), then u solves (2.3) in the classical sense.



Jump Conditions

Suppose u(x,t) € L*(R?) is a weak solution for (2.3) such that u has a jump discontinuity
across a curve C = {(x,t) € R? : x = s(¢) }. This means that u has (finite) one sided limits
as C is approached from either side but at any point of C, the one sided limit from the left
does not equal the one sided limit from the right. Let U denote an open set in R2 and

suppose that C passes through U, dividing U into two disjoint parts,
U =Un{x<s@)}yand U, =UN{x > s(t)}.

Note that a weak solution u, of (2.3) is a distributional solution of the pde in U. Suppose
further, that u satisfies the pde in the classical pointwise sense in each of the sets
U, and U,.

Note that O, 1) + Ox F(u) = [0, M{ F(u) ]:div[ F(u) ]
u u

In addition, for any ¢ € C?(U),

. pu _ » u . 0.9
dlv|: FW) :|—¢dz |: ) :|+[u,F(u)] |: o :|

and fork = 1,2,

. pu _ . u . 0
”dew[ ¢ F(u) ]_”de)dw[ F(u) ]Jr”Uk[u’F(u)] [ O ]

Now the assumption that u satisfies the equation in (2.3) in the classical pointwise sense in
U, and U, leads to

”qubdiv|: F(”u) J =[], #{0u+0sFu)y =0 for k=1,22.

Furthermore, (assuming that the distributional solution u is regular enough to permit the use
of the divergence theorem) the divergence theorem gives

I e 1 S [ u
”dew[ PF(u) ]IMW [ PF(w) J

where 7, denotes the outer normal to dU;. Then

- ¢T/l 8t¢
Lm""'[ o F(u) ];”Uk[“’F(u)]'[ 0. J



and, by adding the equation with £ = 1 to the equation with £ = 2 we obtain

5 du 5 du 0.
h“n“[:¢FW):l+hwnzw:¢Fw>:IZILJMFWH°[ a¢:}

Since u is a weak solution of (2.3) and ¢ € C?(U), the last integral on the right vanishes.
Also, since supp ¢ lies inside U it follows that ¢ vanishes on oU. However the boundaries of
the sets U; are not simply the two pieces of oU, but are composed of the curve C together
with portions of oU. Then there is a part of 0U; where ¢ is not zero, namely on the
discontinuity curve, C. It is important to note, however, that the orientation of C as part of
the boundary of U, is opposite to the orientation of C when it is considered as part of the
boundary of U,; in particular this means, n; = —n,. Then the last equation reduces to,

-[CUﬁl. pu '_-[CUﬁl. pu .=0
o gy | e ™ Ry )

forall ¢ € C¥(U). Here the subscripts 1 and 2 indicate that limiting values have been
obtained by approaching C from within U; or U,.

t

u(x,t) is discontinuous across C
Now suppose the curve C along which u is discontinuous is given parametrically by,

C- t=1(s) ,
x = x(s)
and as s varies from s = a to s = b, the part of the boundary of U, that lies on C is covered.

Then the tangent to C can be written as T= [£(s),x'(s)], and, N = [x'(s),—t'(s)] is easily
seen to be normal to 7. The outward unit normal to C N U, is then



ni(s) = [¥'(s),~'(5)]
(the parameter is scaled to make this a unit vector).
This leads to

brsen gt PU ey 1. | P _
[/ ()~ (9)] [ S lds [/ ().~ (9)] [ sF ) lds 0

du ) du Uy
=1 = .
|: ¢ F(u) :|k(p) qq§}|: o F(u) :|(Q) ¢(Q)|: F(u) :|

I 80) 4 ()l = ua} (9)[F(ur) = Fluz)]yds = 0,

where

Then,

where u; and u, denote respectively the left and right hand limiting values of u at points
along C, the curve of discontinuities for u(x,?). Since this integral vanishes for all test
functions ¢, we can conclude that 7' (s)[u; — u2]—x'(s)[F(u1) — F(u2)] = 0, or equivalently,

& [Fw) - Fa)]  [[Fw)]]
p R o]} @35)

where we use the notation [[«]] to denote the jump in the value of u as the curve C is
crossed from left to right. Note that x'(¢) = o is equal to the speed with which the curve C
propagates. Then (2.5) asserts that [[F(u)]] = o[[«]], and this is referred to as the
Rankine-Hugoniot relation for the conservation law (2.3). A solution for (2.3) which is
discontinuous across a curve C but is smooth on either side of the curve and in addition
satisfies (2.5), is referred to as a shock type solution for the conservation law. The curve
C is called a shock curve. The Rankine-Hugoniot relation asserts that discontinuities in the
solution to a conservation law do not propagate along arbitrary curves but can be consistent
with the conservation law only when they propagate along curves which are solution curves
for (2.5).

Note that if F(u) = a(x,t)u(x,t), then the conservation law is a linear pde and (2.5)
reduces to x'(¢) = a(x,?); i.e., the shock curve C is just a base characteristic for the linear
pde. The conservation law is said to be genuinely nonlinear if F”(u) + 0. (i.e, if
F(u) = a(x,t)u(x,t) then F'(u) = a(x,t), and F”(u) = 0 ). When the equation is genuinely
nonlinear, the shocks are not base characteristics.

Example 2.1
1. Consider the Cauchy problem

O(x,t) +u(x,t) Ou(x,t) = 0, u(x,0) = { (1) l; x < 8 }
iy x>

Here, the initial condition has a jump discontinuity at x = 0 hence we expect a solution
which is a weak solution having a jump discontinuity across a curve C which originates at



the point (0,0). Of course this curve will then have to conform to the Rankine-Hugeniot
conditions.

Note that u(x,?) d.u(x,t) = 0 (L u(x,1)) = 0.F(u). This equation is known as Burger's
equation and in this case, we have
[[u]] =ur—u>=1-0, and [[F(u)]]=F(ui)-F(uy) = %u% -

1,2
7”2.

[\S1 )

L2 1
Then [[1[:[%)]]] = 2 Zi _Lf;l = 3 (1 +uz) = 5(1+0),

and the Rankine-Hugeniot conditions imply that the shock curve is a solution curve for
x'(¢) = 1/2. Since the discontinuity is located at x = 0 when 7 = 0, we have the initial

condition, x(0) = 0; i.e., x(¢) = #/2. Then the shock curve is the straight line x(¢) = #2, and
the shock solution for this initial value problem is the discontinuous function,

(x.1) 1 if x<1t/2 (>0
u(x,t) = > 0.
0 if x>172

Of course since the solution is discontinuous, this is only a solution in the weak sense.

2. Now consider the Cauchy problem

Ou(x,t) +u(x,t) Ou(x,t) = 0, u(x,0) = { (1) l; x < 8 }
iy x>

As in the previous example, we can show that x(z) = #/2 is a shock curve for this problem
and a shock solution is given by the discontinuous function

(x.1) 0 if x<t2 (>0
ui(x,t) = > 0.
1 1 if x>

On the other hand, it is easy to check that the continuous function

0 if x<0
w0 =< 5 if 0<x<t, t>0
1 if x>t

is also a solution to the initial value problem. This continuous solution is an example of what
is called an "expansion fan solution”. We shall have to appeal to physical principles in order
to decide which (if either is) is the physically relevant solution to the problem.

3.The previous example provided our first encounter with loss of uniqueness. We consider
now a more extreme case of lack of uniqueness. Suppose u(x,?) solves,



Ou(x,t) + u(x,t) Oxu(x,t) = 0, u(x,0) = { —11 Jl{ x <00 }
if x>

We can show that this problem has an infinite family of shock type solutions and, in
addition, it has one expansion fan solution. We do not yet have any way of selecting "the
correct” solution out of this collection.

Since the initial condition here is discontinuous at x = 0, if a shock type solution exists, it
must originate at x = 0, ¢ = 0. In fact, there are an infinite number of shocks that could
originate from this point. For each choice of a parameter, a, 0 < a < 1, there are three
shocks originating at (0,0), all of which satisfy the R-K condition. For an arbitrary
a, 0 < a <1, the corresponding shock type solutions for the pde are given by

e N

: 1-a
-1 if x<-t5% t>0

a if —t55% <x<0,1>0
u(x,t) = <
—a if 0<x<t% 1>0

1 if 155 <x, >0

J

The first shock, S1, separates the region where u = —1 from a region where u = a hence it
satisfies,

x'(t) = T +uz) = +(-1+a), x(0) = 0; ie, xi(1)=—15%

The second shock, S2, separates the region where u = a from a region where u = —a
hence this shock satisfies,

x'(t) = %(ul +uy) = %(a—a) =0, x(0) =0; ie., x2(t) =0.

Finally the last shock, S3, separates the region where u = —a from a region where u =1 so
it must satisfy,

x'(t) =+ +uz) = +(-a+1), x(0) = 0; ie, x3(1) =15~

Since this locally constant function satisfies the pde in the distributional sense, and since
each of the discontinuity lines satisfies the R-H conditions, this is a mathematically
acceptable shock type solution for the Cauchy problem. Visually, the solution can be
represented as follows:



S22

A 3 Shock Solution

In addition to the shock solution, this problem has another solution of the expansion fan
type. The following, continuous and piecewise differentiable function can be shown to solve
the Cauchy problem

-1 if x<—-t, t>0
u(x,t) = % if -t<x<t, t>0
1 if x>t t>0

This solution looks as follows,

A Fan Type Solution
We shall have to await the development of selection principles to determine which of these
solutions is the physically correct one.

4. Consider the Cauchy problem

1 if x<0
Owu(x,t) + u(x,t) Oxu(x,t) = 0, u(x,0) = f{x) = l-x if 0<x<1
0 if x>1

Here the initial condition is continuous so we expect a non-shock weak solution for the initial
value problem, and we will use the method of characteristics to construct this solution.

Since the pde is homogeneous, the solution is constant along characteristics. Then the
coefficient in the equation, u = u(x,t), is constant on each characteristic (although it is not



necessarily the same constant on each characteristic). This leads to the result that the
characteristics are straight lines. The equation for the base characteristics is x'(¢) = u(?),
and it follows that x — uot = x¢ is the equation for the characteristic originating at the point
(x0,0), where uy = f{xo). There are three cases to consider.

o If xo <0 then uy = f{xo) = 1, hence the characteristics that originate on the left half
line {t < 0} are given by x —¢ = xo and the solution is given by
u(x,t) =11if x—t<0.

o If xo >1 then uo = f{xo) = 0, and the characteristics that originate on the half line
{t > 1} are given by x = xo. Then the solution is given by u(x,#) =0 if x> 1, t > 0.

o If 0 <x¢<1 then uo = f(x0), and the solution is given by
u = flx—ut) = 1- (x—ut). Solving this equation for u in terms of x and t leads to,

u(x,t)=%, for t<x<1,0<t<l.

Note that at # = 1, the value u = 1 carried along the characteristic x = ¢, collides with the
value u = 0 being carried along the characteristic, x = 1 (not to mention the values

u, = (1 —x,) that move along the lines x —u,t = x,, which all collide at the point (1, 1)).
Although the solution to the pde is continuous up to the time r = 1, atthe point, r = 1, x = 1,
a discontinuity appears and the classical solution no longer exists. For ¢ > 1 the solution
must be a weak solution originating from a discontinuous initial condition at ¢ = 1; i.e.,

Ow(x,t) + u(x,t)ocu(x,t) = 0, u(x, 1) = { (1) lj: x < 1 }
if x>

In the same way we did in the first example, then we find the shock curve is the straight
line,x—1#2 =1, t > 1, and a weak solution is provided by a function which is constant on
either side of the shock curve,

ur(t) = 1 if x<(+0)/2 > 1
PPN 00 x> (102 -

Then u, is the weak solution of the initial value problem originating at t=1, and a complete
weak solution to the original problem is given by
e

\
1 if x<t,
11:;6 if t<x<l1, 0<t<l
u(x,t) =< 0 if x>1, >
1 if x<(+1)/2,
0 if x>+
~ J

All we know at this point is that this is the only possible shock type solution for this problem.



Selection Principles

We will describe now the simplest of the so called selection principles by means of which
we can choose the physically relevant solution from the collection of all possible solutions to
a nonlinear conservation law equation. The principle can be stated as the condition that a
shock can exist only if the nearby characteristics carry information toward the shock not
away from the shock. This is consistent with the examples we have seen in which the shock
occurs when characteristics carrying conflicting values collide. When characteristics
carrying conflicting information diverge from one another, leaving an empty wedge
containing no characteristics, a shock solution can be constructed but this solution is
nonphysical in the sense that it violates the principle of causality and, in the context of gas
dynamics, the solution can be shown to produce a decrease in entropy across the shock,
violating the second law of thermodynamics. For this reason, the condition we are about to
discuss is called the entropy condition. Other selection principles leading to the same
results will be given later.

If the equation is given by
Ou(x,t) + O0xF(u) = Ou(x,t) +a(u)ou = 0,

then the entropy condition takes the form,

t t

%)
ally) oz =xit) Cx ==t

aluy) a/u‘l’lz Ta(uzjl

a(iy ) < x'(f) < alu,) afng) = =) = alu,)
inadmissible admissible

Recalling earlier experiences with the linear transport equation, we can view a(u) = F'(u)
as the wave speed in a transport equation. Then the condition of admissibility for a shock
solution is that the wave behind the shock travels faster than the wave ahead of the shock;
i.e., the shock results when a fast moving wave runs up the back of a slow moving wave.
On the other hand, if the slow moving wave is behind the faster wave, then the fast wave
just pulls away from the slower wave. In this case no shock develops but instead we have a
fan type solution. Applying the selection principle to example 4, we observe the following:

1st shock, S1- F'(u1) = -1 < x'(t) = (-1 +a) <a = F'(uz)  (condition not satisfied)
2nd shock, S2- F'(u1) =a <x'(t) =0 < —a = F'(u2)  (condition is satisfied)

3rd shock, S3- F'(u1) = —a <x'(t) = +(1-a) <1 =F'(u2)  (condition not satisfied)

10



Then this shock solution, while mathematically correct, fails to satisfy the selection condition
and it is therefore not a physically relevant solution. The fan type solution is therefore the
one that is physically relevant.

Expansion Fans

Expansion fans are also called rarefaction wave solutions as they represent the physical
situation where a fast wave runs away from slower trailing waves, leaving an area of
rarefaction in between. In order to motivate this type of solution, consider the following
example for some L > 0,

0 if x<0
Owu(x,t) + u(x,t) Oxu(x,t) = 0, u(x,0) = flx) = XL if 0<x<L
1 if x>L

As we have seen in previous examples, the base characteristics are given by
x —uot = xo; i.e., this is the equation of the characteristic originating at (xo,0) where
u(x0,0) = uo. Now there are three cases to consider,

if xo <0 then uo=0 so x=uxo for all characteristics that originate to the left of zero

if xo>L then uo=1 so x=t+xo for all characteristics that originate to the right of x = L

if 0 <xo <L, then u(x,t) = f{lx—ut) and u(xo,0) = xo/L = f{xo) so u(x,t) = X_T”l

This third case leads to the solution u(x,t) = L)-Cl-t O<x<L+t, t>0.

t u=x/(L+)

UZO u:]_

Vs

Continuous solution for L > 0

11



Letting L tend to zero causes this picture to become

t
u=xt
u==20
u=1
=
L=0, Rarefaction Wave Solution
i.e.,
0 if x<0 0 if x<0
u(x,t) = L)-Cl-t if 0<x<L+t t>0 = T i 0<x<t,t>0
1 if x>L+t, t>0 1 if x>t,t>0

This last solution is the rarefaction wave solution.

To further motivate the expansion fan solution, consider the initial value problem

Ouu(x,t) + 0:F(u) = 0, u(x,0) = { u, if x <xo }

ur if x> xo

where we suppose F’(u) # 0, a(u) = F'(u) and u;, < ug so the equation is genuinely
nonlinear and the shock solution is not admissible. The characteristics in this case are,

i) x—a(ur)t = x, if x, <xo and u=u; for x <xo+a(ur)t, t>0
i) x —a(ur)t = xp, if x, >x0 and u=ugr for x <xo+a(ur)t, t>0

Since u; < ug, there are no characteristics in the wedge, a(u;)t < x—x0 < a(ugr)t

12



L no characteristics

Xp

= A, fill the wedge as 4 varies over the interval,

Note that the family of rays, = —txo

[a(ur) < A < a(ur)]. This suggests that we try a solution of the form, u(x,7) = G(%) in
the wedge. This leads to,

du(x1) = G' (X=X )(—X‘XO ) dux,0) = G'(E=%0 ) (1),

t2

and

Ot +0ckw) = 6 (22 ) (255 ra(6(22)) 1) -0

If G’(%) + 0, then

(o(272)) - =2,

Since F’(u) > 0, F'(u) = a(u) is invertible, and it follows that G(e) = [a(+)]"!. Then the
following is a solution of the pde in all three regions of the half plane,

ur if x <a(ur)t+xo
u(x,t) = G(%) if a(up)t <x—xo < a(ug)t
UR if x> a(ur)t+xo

and, in addition, the solution is continuous (but not differentiable) across the boundaries of
the wedge; i.e.,

u(a(uy)t +x0,t) = G(=20) = Gla(up)) = up,  p = LR.

In the case of Burger's equation, F/(u) = a(u) = u (identity), so we have
G = (a)™' = identity, G(u) = u.
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