Solving PDE’s Using the Fourier Transform
1. Consider the Neumann problem
V2uix,y) =0, xeR, y>0,
oyu(x,0) = g(x), xe R
(a) Let v(x,y) = oyu(x,y) and show that v(x,y) then solves the Dirichlet problem,

Vi(x,y) =0, xeR, y>0,
v(x,0) = g(x), xe R
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(b) Show that v(X,y) = %j +Z)2g(z)dz - %j g(x— z)dz
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(c) Show that ay[% In(y?+2?)] = W

SO OyU(X,y) = % fio dy[ £ In(y? + 22) Jg(x — 2)dz

and  u(xy) = % ji In(y? + 22)g(x — z)dz = % ji In(y? + (x - 2)*) g(2)dz

(d) Is this solution unique?

2. Consider the problem

ou(x, t) = Koxu(x,t) + Voxu(x,t) + bu(x,t), xe R, t>0,
u(x,0) = f(x), x e R

Denote the solution of this problem by uix t; K, V,b).
(a) Show that U(a,t) = Te[u(x,t)] is given by

U(a,t) = F(a)eKa® gVte ght
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(b) Show that TA[Fla)e™] = —L_ [* e% f(z)dz = u(x,tK,0,0)
JarKt T
(c) Show that Te[ F(a) e K’V ] = u(x+ Vt,tK,0,0) = u(x,t;K,V,0)
ow tha F KM ght T — bt y(x + Vi, t;K,0,0) = u(x,t;K,V,
(d) Show that T [ F(a) eKe’eMeght ] = ebtu(x+ Vt,t;K,0,0) = u(x,t;K,V,b)

3. Consider the boundary value problem on a quarter plane,
Vau(x,y) = 0, x>0, y>0,
u(x,0) = f(x), x>0,
u0,y) = 0, y > 0,
and let v(x,y) solve V2v(x,y) = 0, xeR y>0,
V(x,0) = f(x), xeR,



where
. f if 0
f(x) = { 0 x> (odd extension of f(x) )

—f(—x) if x<O
(a) Show that V(X y) = L =1 sziz)zf(z)dz
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f( Z)dZ+ IO mf(Z)dZ
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and so v(i0,y) =0
(b) Show that v(x,y) satisfies V2v(x,y) =0 x>0, y>0,
v(x,0) = f(x), x>0,

v(0,y) = 0O, y > 0,
and therefore, by uniqueness, it must be the case that  u(x,y) = v(x,y) for

x>0, y>0.

4. Consider the boundary value problem on a quarter plane
V2u(x,y) = x>0, y>0,
uix,0) = f(x), x>0,
oxu(0,y) = 0, y > 0,

and let v(x,y) solve V2v(x,y) =0 xeR, y>0,
v(x,0) = f(x), xeR,
where
. f if 0
(x) ) _I x> (even extension of f(x) )
f(—x) if x<0O
(a) Show that v(X,y) = ij S A
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y f(—Z)dZ+ % .[OOO *_Z)zf(Z)dz
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and so oxv(0,y) =



V2v(x,y) = 0, x>0, y>0,
v(x,0) = f(x), x>0,

oxv(0,y) = 0, y > 0,
u(x,y) = v(x,y) for

(b) Show that v(x,y) satisfies

and therefore, by uniqueness, it must be the case that
x>0, y>0.

5.Consider the boundary value problem on a quarter plane,
Vaux,y) =0, x>0, y>0,
oyu(x,0) = f(x), x>0,
u(0,y) = 0, y > 0,
Vv(x,y) =0, xeR, y>0,

and let v(x,y) solve
v(x,0) = f(x), xe R,

where
son ) fo if x>0 _
f(x) = { o0 i x<0 (odd extension of f(x) )
(a) Show that V(X y) = % J“:O In<y2 +(x— Z)2>f(z)dz
= E_,]T' io |n<y2 +(X— Z)2>f(—Z)dZ+ % J': In<y2 + (X — Z)2>f(z)dz
= 51 [ In(y? + (x+ 2*)f@dz+ 5= [ In(y? + (x - 2)*)f(2)dz
= % J’:[In<y2 +(X— Z)2> _ |n<y2 + X+ Z)2> ]f(z)dz,
_ 1 LX—Z)ZJ
- 2n O|:|n y2+ (X+Z)2 f(z)dz,
and so v(0,y) = 0.

Vau(x,y) =0, x>0, y>0,
oy(x,0) = f(x), x>0,

V(O’ y) =0, y > 0,
u(xy) = v(x,y)

(b) Show that v(x,y) satisfies

and therefore, by uniqueness, it must be the case that
x>0, y>0.

6.Consider the boundary value problem on a quarter plane,
Vau(x,y) =0, x>0, y>0,

oyu(x,0) = f(x), x>0,

oxu(0,y) = 0, y > 0,



and let v(x,y) solve V2v(x,y) = 0, xeR, y>0,
v(x,0) = f(x), xe R,

where
Y B ¢9) if x>0 .
f(x) = { 0 if x<0 (even extension of f(x) )
(a) Show that v(X,Y) = % ji In(y2 + (- x)?)f(2)dz
_ % jio In(y? + (x—2)*)f(-z)dz + % j: In(y? + (z— x)*)f(2)dz
— 2_17[ f: In(y? + (x+2)*) f(z)dz + 2—17[ f: In(y? + (z— x)*)f(2)dz
_ % j:[ln<y2 +(zZ-%%) +In(y? + (x+2)%) Jf(2)dz
_ % j: In[ (y? + (z-%%) (y? + x+ 2)%) Jf(2)dz
and so oxv(0,y) = 0.
(b) Show that v(x,y) satisfies V2v(x,y) = 0, x>0, y>0,

oy(x,0) = f(x), x>0,
oxv(0,y) = 0, y > 0,

and therefore, by uniqueness, it must be the case that  u(x,y) = v(x,y) for
x>0, y>0.

7.Consider the boundary value problem on a quarter plane,
Vaux,y) =0, x>0, y>0,
oyu(x,0) = f(x), x>0,
u@©y) =gy), y>0.
(@) Show that  u(x,y) = v(X,y) + W(X,y) where

Vi(x,y) =0, x>0, y>0, and Vaw(x,y) =0, x>0, y>0,
oy(x,0) = f(x), x>0, oyw(x,0) =0, x>0,
v(Oy) =0, y>0, wO,y) =gy), y>0.

(b) Refer to previous problems for the solutions to the v and w problems and write down the
solution for u.

8.Consider the boundary value problem on a quarter plane,
Vau(x,y) = 0, x>0, y>0,
ux,0) = f(x), x>0,
oxuQy) =g(y), y>0.



(&) Show that  u(x,y) = v(X,y) + W(X,y) where

Vy(x,y) =0, x>0, y>0, and Vaw(x,y) =0, x>0, y>0,
v(x,0) = f(x), x>0, w(x,0) =0, x> 0,
oxv(O0y) =0, y>0, oxw(0,y) =gy), y>0.

(b) Refer to previous problems for the solutions to the v and w problems and write down the
solution for u.

9. Consider the boundary value problem for Laplace’s equation on an infinite strip,

Vau(x,y) =0, xeR 0O<y<l,
ux0) =0, xeR,
u(x,1) = f(x), Xxe R

(a) Show that U(a,y) = Te[u(x,y)] can be expressed as
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U(a,y) = Fl) =S4

(b) Use the fact that

1 _ n ;
l_X—Zx if  K<1
n=0
to write

U(a,y) = F(a) D_(-1)"e @kl + F(a) D (-1)"e @il
n=0 n=0

(c) Find u(x,y).

10. Consider the boundary value problem for Laplace’s equation on a semi-infinite strip,

Vau(x,y) =0, x>0, 0<y<l,
oxu(0,y) = 0, O<y<1
u(x,0) = 0, x>0,

uix,1) = f(x), x> 0.

(a) Use an even or odd extension procedure to convert this problem to a problem on an
infinite strip.that you have solved before.

(b) Use the previously found solution for the infinite strip problem to express the solution to
the problem on the semi-infinite strip writing it in terms of the extended data function, f

(c) Express the solution to the problem on the semi-infinite strip in terms of f, not the
extension of f.



