8. Some Additional Examples

In addition to the Fourier transform and eigenfunction expansions, it is sometimes
convenient to have the use of the Laplace transform for solving certain problems in partial
differential equations. We will quickly develop a few properties of the Laplace transform and
use them in solving some example problems.

Laplace Transform
Definition of the Transform

Starting with a given function of t, f(¢), we can define a new functionﬁs) of the variable s.
This new function will have several properties which will turn out to be convenient for
purposes of solving linear constant coefficient ODE’s and PDE’s. The definition of f{s) is as
follows:

Definition Let f{¢) be defined for > 0 and let the Laplace transform of f{¢) be defined by,
L] = [ e Reydt = fis)
For example:

=1, 9120, L) =[ evdi= <25 =L =fts) fors>0

0 —(b=s)t . _ 1 ~
— bt bt (b=s)t J; — € =0 _ —
ft) =e”, Vt>0, Lle™] _[0 e dt 5=b) = =~ 5=b f(s), fors>b.

The Laplace transform is defined for all functions of exponential type. That is, any function
A(t) which is

(a) piecewise continuous = has at most finitely many finite jump discontinuities on any
interval of finite length
(b) has exponential growth: for some positive constants M and k

()] < Me for all t >0,

Properties of the Laplace Transform
The Laplace transform has the following general properties:

1. Linearity L[Cif(t) + Cag(t)] = C1/(s) + C28(s)
2. Homogeneity L[f(at)] = %}(%) for  a>0

3. Transform of the Derivative LIf' ()] = sf‘(:v) -A0)
LI ()] = s*f(s) = s0) = f'(0) etc



4. Derivative of the Transform L[tf(t)] = —}”(s)
LIAAD] = (1" (s) etc

Some Special Transforms

There are some transform pairs that are useful in solving problems involving the heat
equation. The derivations are given in an appendix.

S.1) Ao = ‘/4’;_[3 e >0 L] =e*5, k>0
_ 1 —k2/4¢ _ 1 ks
(S2)  fit) ,/EeM’ t>0 LIf(t)] G e, k>0
(S3)  fut) = erfc( 2"% ) t>0 Lfit)] = Le s, k>0
Here erfc(z) = 1 —erf(z) and erf(z) = % IZ e dx.

Additional Properties of the Transform
Let f(r) be a function of exponential type and suppose that for some » > 0,

{0 if0<t<b}
h(t) =
flt=b) if t>b

Then A(¢) is just the function f{¢), delayed by the amount b. Then
LIh(0)] = [ h(tye™tdt = [ fit=b)e™'dt
Let z=17r-b sothat

L[h(t)] = I;Oﬂz) ez = e7bs _[;Of(z) e dz = e‘b‘?jp(s).

If we define H(t—b) = 0 if 0<t<b
1 if t>b
then
h(t) = H(t - b)f(t - b)
and we find

5. Transform of a Delay LIH(t - b)fit - b)] = e f(s), for b>O0.



A related results is the following

Lle"fit)] = [ e fityetdt = [ fitye D de = fis - b).

i.e.,
6. Delay of a Transform L[e"f(t)] = fis - b)

Results 5 and 6 assert that a delay in the function induces an exponential multiplier in the
transform and, conversely, a delay in the transform is associated with an exponential
multiplier for the function.

A final property of the Laplace transform asserts that

7. Inverse of a Product L[(f*g)(1)] =}f(s)g”(s)
where (fxg)) = I;ﬂt—f)g(r)dr

The product, (f* g)(¢) , is called the convolution product of f and g. Life would be simpler
if the inverse Laplace transform of f{(s) g(s) was the pointwise product f{¢) g(¢), but it isn't, it
is the convolution product. The convolution product has some of the same properties as the
pointwise product, namely

(F*xg)@) = @xN@)  and  (hx (f*g)(t) = ((h+[) *g)0).

We will not give the proof of the result 7 but will make use of it nevertheless.

Applications to PDE'’s

1. Consider the IBVP owu(x,t) = kOxu(x,t) x>0,1t>0,
u(x,0) =0, x>0,
u(0,1) = f(1), f(0) =0, t>0.
Let

U(x,s) = Llu(x,t)]  Laplace transform in t.
Then
sU(x,s) -0 =kU”(x,s), x>0, U’(x,s) = d—ZU(x,s)

) R dx?
U(0,s) = f(s).

Solving this ODE in x, we find
U(x,s) = Ae™Vk 4 BexIsk x> 0.

We want U(x,s) to remain bounded for all positive x, which requires that B = 0. Then the
boundary condition at x=0 leads to



U(x,s) =;‘(s)e‘x stk x> 0.
Then (S.1) together with property 7 of the Laplace transform, gives

u(x,t) = f* K(x,») = j ——X D) dr.

O JAmk(t-1)?

as the unique solution of the IBVP. Suppose now that we wish to compute the flux through
x=0,
Flux at 0 = —k0,u(0,?).

Differentiating the integral expression for u does not seem like a pleasant prospect.
However, note that

L[~k0su(x,1)] = —k6xU(x,s) = Jks f(s) eIk,
and
Flux at 0 = —k0,u(0,1) = L—l[mjﬂf(s)]'

In order to use our inversion formulas, we write

Jks fls) = %sﬂs)

and, recalling that /0) = 0, we have s/(s) = L[/ (¢)]. In addition, (S.2) with k=0, gives

SE

and so,

Flux at 0 = L‘1|:

B

sﬁs):| I ‘/f;(_;) dr.

Note that if f(t) = 4¢, then

Fluxato_‘/_j ‘/7 r =24 /K.

Problem 1  Show that if v(x, ) solves

0v(x,t) = kOxwv(x,t) x>0,¢t>0,
v(x,0) = 0, x>0,
—k0xv(0,¢) = g(t), t>0,
then



v(0,0) = [ — 2@ 4 4o,

O Jmk(t—1)

and if g(r) = B, then  v(0,1) = 2B /# :

2. Consider the IBVP Ont(x,1) = a*Opu(x,t) x>0, ¢>0,
u(x,0) = ou(x,0) = 0, x>0,
u(0,1) = f(1), t> 0.
Let
U(x,s) = Llu(x,t)]  Laplace transform in t.
Then

s2U(x,s) =0 = kU”(x,s), x>0,
U(0,s) = f(s).

Solving this ODE in x, we find a general solution of the form,

A X X
U(x,s) = Aea” + Be  a”,
and both
) X ) . x
Ux,s) =fls)ea®  Ulx,s)=fls)e a’

solve the transformed equation and the boundary condition at x=0. To see how to choose
~ X
the correct solution, recall that for x > 0, property 5 implies that f{s)e™ a* is the transform of
X

A(t) delayed by the amount - > 0. On the other hand, f(s)e @* is the transform of /(1)
advanced in time by the amount % > 0. Another way to say this is to say

=] - 5o ).

represents the wave form f{«) propagating from L to R into the region {x > 0} while
A X
uGet) = L7 fiye @ | = f(e+ £ )H(e+ )

represents the wave form f{+) propagating from R to L out of the region {x > 0}. Then the
solution that is relevant for our problem is the wave that travels from L to R into the region
{x > 0}.

3. Consider the IBVP

Owu(x,t) = KOxu(x,t) O<x<l1, t>0,
u(x,0) =0, 0<x<l,
u(0,¢) = f(t) oOw(l,t) =0 t>0.



Here, we may use the Laplace transform, or if we prefer, we can use eigenfunction
expansion after a suitable modification of the problem. We will solve the problem first by
this means. Since the boundary conditions are not homogeneous, the method does not
apply directly but if we let
v(x,t) = u(x,t) — f(t)
then
Ov(x,t) = Ou(x,t) — f'(t)
= Kowu(x,t) —f'(¢)
= KOuv(x,t) — (),
v(x,0) = u(x,0) - f(0) =0,
v(0,¢) = u(0,¢) —f(¢) = 0, ov(1,t) = ou(l,t) = 0.

Now the method of eigenfunction expansion applies directly to the problem for v(x,¢) since
the boundary conditions are homogeneous. Since v(0,7) = 0,v(1,¢) = 0, it follows that the
eigenfunctions are the eigenfunctions of example 6.3, namely

dn = (n- %)2# =i, ga(x) =sin(n— 1 )mx =sinpx,  n=12,..

We write v(x,t) = f}vn(x)qsn(x) and fi(t) =f (@)1 =f ’(t)fl Con Pn(x),
n=1 n=1
where
(L) _[(l)sin(n—%)nxa’x B 4 2

" () I;Sinz(n—%ﬁrxdx C @2n-Dm Ha

Substituting these expansions into the IBVP for v(x,7), we conclude that
Vh(0) + K2 va(t) = =" (£) oy va(0) =0,  Vn.

and va(t) = —=C, _[; e K= 1" (s ds.

For example, if f(t) = mt, then

Vn(t) =-mC, J.; e‘KH%(t—S) ds. = _HI;‘S; (e—K,u%t _ 1)
and

u(x,t) = f(t) + é ”I;—ig (e—Ku%t _ 1) $n(x),

o 2msn Lok
= mt+ =7 Eﬂf’q (e Mt — 1) du(x).

Alternatively, we may use the Laplace transform to solve this same problem. Let i(x,s)
denote the Laplace transform of u(x, 7). Then,



su(x,s) —0 = Ka”(x,s), u(0,s) =ﬁs), i'(l,s) = 0.
The general solution of the equation may be written as
u(x,s) = Aexp(—x,/s/K) +Bexp(x,/s/K),

and then the boundary conditions lead to

4 exp(Js/K ) . 5 exp(—/s/K ) .
" o (goK ) rom(K) T p(CIR ) + e (oK)
Then
) - exp(—(x—l)ﬁ) n exp(—(l—x),/ﬁ) n
) = o (IR ) + o (K )t axp (= 5K ) +oxp(fK )

B exp(—xﬁ) n exp(—(2 —X) W} n
- exp(—ZJs/_K) +1 )+ exp(—ZJs/_K) +1 A,

and since the formula for the sum of a geometric series implies that,

1 S (1) exp (-
exp(—ZJs/_K)+l g( K exp( 2n,/s/_K>,

this becomes

u(x,s) = jf(s)io(—l)” exp(—(x +2n) ‘/W) +ﬁs)§:0(—l)” exp((2n +2-x) ,/W)

It follows from (S.1) that

— 2 Py
L l[exp(—ﬁﬁ)J = 1/4;? exp(— éiCKt) = G(x,Kt), t>0,

Then, using property 7, we find

u(x,t) = f}(—n" j; G(x + 2n,K(t — 7)) flr) dr + f}(—n" j; G2n+2-x,K(t-1)f(r)dr
n=0 n=0

- j; G(x,K(t— 1)) f(r)dr + j; G2 - x,K(t - 1))f(r)dr - j; G(x + 2,K(t— 1)) f(r) dr

Notice that this representation for the solution looks nothing at all like the eigenfunction



expansion obtained previously. However, this problem has a unique solution so the two
representations must produce identical results. What can, in fact, be seen is that since each
representation involves an infinite series of which only a finite number of terms can actually
be computed, each representation produces only an approximate solution. Moreover, it can
be shown that the Laplace transform approximation is most accurate at small values of t
while the eigenfunction expansion is more accurate as t grows large.

Appendix Some Laplace Transform Formulas

We will derive some Laplace transform formulas which are useful in solving problems
involving the heat equation.

Lemma1lf fr)=L"[fis)], then L '[AJ5)]= =i 7) de.

Proof- if the lemma holds, then

1
Jart

j?(ﬁ) — J';O e—st|: _22/4tf(z) dz:|dt

1
Jart

” z ze M €t |z,
-l ff”[f e ’J

Let 7=—£Z then dr = -1 —Z2—dt
Jat > Jar

t = 42—22 and as t goes from 0 to «, T goes from o« to 0.
T
Then
j‘(ﬁ) = j: Lﬂf(z)“‘;O 2e‘225/4fze‘72dr]dz

_[ f(z)|: T e s :|dz—j fz)eV dz.

Here we used the following result,

Applications of the Lemma
We have that

for ity = 8(t—a)  flis) = e

Then, by lemma 1,



L1 I:jf(s):l — L—l[e—aﬁ] = 1 Ijze_zz/4t5(z—a)dz

Jart

L e ] = ﬁae‘“z/‘” for a > 0.

Now, if we integrate both sides of (A.1) with respect to the parameter a from 5 to o,

L1 I:I: oS da] _ 1 I: ae—a2/4tda’

Jart

we get

L—I[Le—bﬁ:| = L vt p>,
In particular, for b = 0,
L—l |: L :| — L
Js Jrt

Integrate both sides of (A.2) with respect to the parameter 4 from a to «,

L} |:J'°O Le—bﬁ db:| _ 1 J'ZO eV gp.

aJs Jrt
Let £= ﬁ dé = %
so that L‘1|: [ fe—bﬁ db} = L[ LeF ] - % ij% e EdE.
If we define erfc(x) = % jj e S dé,
then

L‘l[%e‘“ﬁ] = erfc( ,/Léll_t )

(A1)

(A.2)

(A.3)

Proceeding, we integrate both sides of (A.3) with respect to the parameter a from b to o,

L‘IU: %e‘“ﬁda} = jjerfc( j;_t )da.



Welet &= -4 dé = -da

and then,

L[ Leataa] = L‘l[%e‘bﬁ} — VA" b erfo(&)de.

S m
That is,
L‘l[#e‘bﬁ] = J47ierfc( 1/% ) (A.4)
Here

ierfc(x) = jjerfc(é)dé

denotes the so called, iterated complementary error function. It can be shown that

ierfc(x) = L — xerfc(x).

JT
so the iterated complementary error function can be expressed in terms of other functions.

Finally, there are two Laplace transform pairs that are obtainable by elementary means:

L_1|: s(s}l-c) :| B %(1 —e)

1| 5855 | - fa-eeona-a) = Fao.

and

Then lemma 1 implies

- —aﬁ _ 1 «© —22/4¢
| w i | e o

— 1 Ij Ze—zz/4t%(1 _ e—c(z—a) ) dz.

Jart

Then integration by parts leads to

_[Ooze_zzm%(l — <) )dz = 2t IOO e o714
a a

SO

eac

L—1|: e s :| _
Js (s +¢) Jrt

o _2
J. 66262/4td2,
a

10



ac

e J' @ o~ (EHdzerdc )AL p—c*t dz,

Jmt e

actct* oo 2
_ € J‘ o~ (zt2c)?/4t dz,
a

Jrt

_ 2 actet® [© -£2
=< —¢ e d
ﬁ I ,/Zt il é:
ie.,

-1 e—aﬁ — pactct? a
| i e vl
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