Extra Problems for Laplace Equation
1. Suppose u € C?>(U) N C(U) satisfies

V2u(X) = F(x) for x e U,
au(x) + ponu(x) = g(x) for x € oU

Show that if the constants, ¢ and  have the same sign, then this problem has at most one
solution.

Does this follow if @ and g do not have the same sign?
2. Show that there exists at most one u(x) € C2(U)NCY{(U)  solving

- Vau(X) + ux) = F(x), xe U,
ONU(X) =@ for x € oU

3. Show that there exists at most one u(x) € C3(U)NCY(U)  solving
- V2u(X) + ux) = F(x), xe U,
u(x) = fi(x) for x € U,
onu(X) =0 for x € dUy,

4. Show that there exists no u(x) € C2(U) N CYU)  solving
—V2u(X) + c(x)u(x) = F(x), x e U,
au(X) + Bonu(x) = 0 for x € oU

unless F(x) satisfies the condition,
ju Fx)v(x)dx =0  for all v =v(x) € C2(U)NCLYD)
such that,
~-V2v(X) + c(X)V(x) = 0, X € U,

av(X) + ponv(x) = 0 for x € oU.

5. Suppose u,v € C?(U) N C(U) satisfy
-V2uX) = F(x) for xe U,
u(x) = g(x) for x e oU

and

~-V2v(X) = F(x) + ejx]? for x e U,



V(X) = g(x) for x € dU.

Use the max-min principle to show that if ¢ > 0 then v(x) > u(x) for x € U.

6. Suppose u € C>(U) N C(U) satisfies
V2u(X) = F(x) for x e U,
u(x) + onu(x) = g(x) for x e oU .

Then express u(x) in terms of a Green'’s function G(x,y) = E(x—Yy) — ¢(X,y); i.e., start with
the symmetric Green'’s identity and find the boundary value problem that ¢(x,y) must satisfy
in order to express u in terms of integrals involving the Green’s function and the data F and

g.

7. Suppose u € C>(U) N C(U) satisfies
V2u(X) = F(X) for x e U,
u(x) = gi(x) for x € oUq
ONU(X) = 02(X) for x € U3 .
Then express u(x) in terms of a Green’s function G(x,y) = E(X-Y) — ¢(X,y); i.e., start with
the symmetric Green'’s identity and find the boundary value problem that ¢(x,y) must satisfy

in order to express u in terms of integrals involving the Green’s function and the data F and
O1 and Jo.



