Introduction to the Theory of Distributions

Generalized functions or distributions are a generalization of the notion of a function defined
on R". Distributions are more general than the usual notion of pointwise defined functions
and they are even more general than L, U functions. Distributions have many convenient
properties with respect to the operations of analysis but in return for these convenient
properties we must give up the notion of a function that assumes it values pointwise or even
pointwise almost everywhere. Instead these functions assume their values only is a locally
averaged sense (to be made precise later). This point of view is consistent, however, with
many physical applications and makes possible a coherent description of such things as
impulsive forces in mechanics and poles and dipoles in electromagnetic theory.
Mathematically these objects are Dirac deltas and its derivatives and these may be
accomodated within the theory of distributions.

This development distributions will be based on the notion of duality. We begin with a
linear space X that is contained in an inner product space, H, whose inner product we
denote by , . Now suppose that X is equipped with a notion of convergence that is
stronger than the one in H associated with its inner product; i.e., if X, is a sequence in X
that converges in X then x, , viewed as a sequence in H, is still convergent. This is the
same thing as saying X is continuously embedded in H. Then for each x in X and every y in
H, xy ,isareal numberandifx, xin X, then X,y , X,y  foreveryyin H. If Xis
properly contained in H (i.e., X is not equal to H) then it may be that

Xn X, in X implies  XnYy Xy y forevery y inX
where X is a linear space containing H but larger than H. In particular, if we choose

X CU, H LU and uv, quvxdx

then, since X is very much smaller than H, the space X , the space of distributions on U, is
very much larger than H. We will now make these remarks precise.

1. Test Functions

In order to compute the locally averaged values of a distribution, the notion of a test function
is required. A function f x defined on an openset U R"is said to have compact support
if f x 0 forxinthe complement of a compact subset of U. In particular, if U R", then f
has compact support if there is a positive constant, C such that f x  Ofor [x| C. We
say that f x is atest function if fhas compact support and, in addition, f is infinitely
differentiable on U. We use the notation f C. U or f D U toindicate that f is a test
function on U.

The function

1 .
Kexp if x| 1
T x 1 XP ., X R
0 if x| 1

where the constant K is chosen such that T x dx 1, is atestfunction on R". For the
casen 1, this test function is pictured below



The Test Function T(x)

Note that T x vanishes, together with all its derivatives as [x| 1, so T x is infinitely

differentiable and has compact support. .Forn 1 and 0, let
sx 4dtx and Px TX.
Then Sx O and P x 0 forallx
Sx O and Px 0 forlx
RS xdx 1 0, S x as 0,
P xdx 0 as 0, P 0 Kl 0,

Evidently, S x becomes thinner and higher as  tends to zero but the area under the
graph is constantly equal to one. On the other hand, P x has constant height but grows
thinner as  tends to zero. These test functions can be used as the "seeds” from which an
infinite variety of other test functions can be constructed by using a technique called
regularization to be discussed later.

Convergence in the space of test functions

Clearly D U is a linear space of functions but it turns out to be impossible to define a norm
on the space. However, it will be sufficient to define the notion of convergence in this space.
We say that the sequence D U convergestozero inD U if

1. there exists a single compact set M in U such that the support of every ,is
contained in M

2. for every multi-index, , maxu | x o] Oasn ( nand all its derivatives
tend uniformly to zero on M)

Then D U issaidtoconvergeto inD U if , convergesto zeroinD U .

2. Functionals on the space of test functions

A real valued function defined on the space of test functions is called a functional on
D U . Consider the following examples, where denotes an arbitrary test function:

J1 a for a U a fixed point in U



Jo v X dx for V U a fixed set

J3 a for a U fixed

J4 a a for a U fixed.

Linear Functionalson D U

Each of the examples above is a real valued function defined on the space of test functions,
i.e., a functional. A functional on D is said to be a linear functional on D if

, DU, JC G CiJ C.J Cy,C R

The functionals Ji, J», and % are all linear, J4 is not linear.

Continuous Linear Functionals

A linear functional J on D(U) is said to be continuous at zero if, for all sequences
n D U convergingtozeroinD U , we have J , converging to zero as a sequence
of real numbers; i.e.,

n 0inDU implies Jn OinR
For linear functionals, continuity at any point is equivalent to continuity at every point.

Lemma 2.1 If Jis a linear functional on D(U), then J is continuous at zero, if and only if J is
continuous at every point in D(U); i.e.,

n 0inDU implies Jn O0inR
if and only if
DU, nDU impliesJ » J | 0 inR
examples
1.3 a for a R fixed is a continuous linear functionalonD D R!.

Let , denote a sequence of test functions converging to zero in D R . Then there is a
closed bounded interval M such that for everyn, , x Oforxnotin M. If a isnotin M
then J; n na Oforeverynsold » JO| O O in R inthis case. On the other
hand,ifa M,then|d » JO| |na| maxu| nx]| Oas n so we have
convergence in this case as well.

2.J> v X dx for V U isacontinuous linear functional on D U

Let , denote a sequence of test functions converging to zero in D U . Then there is a
compact set M U such that for everyn, ,x OforxnotinM.LetW V M. If Wis
empty, thenJ, ,  Ofor every n so we have convergence in this case. If Wis not empty
then

192 n | nX ] maxy [ n| W maxw || W Oas n

lw



and we have convergence in this case as well.

3. Distributions
A continuous linear functional on the space of test functions D U will be called a
distribution on U . We will denote the set of all distributions on Uby D U , or, when U is
the whole space, by D . We will soon see the connection between distributions and
generalized functions.

If we define CiJ1 CyJz toequal CiJy CoJ,  for all test functions , then
D U is alinear space.

Lemma 3.1 D U is alinear space over the reals.

For atest functionin D U , and J a distribution on U, we will use the notations

J J, interchangeably to denote the value of J acting on the test function , and we
refer to this as the action of J . Although J is evaluated at functions in D rather than at
points in U, we will still be able to show that distributions can be interpreted as a
generalization of the usual pointwise notion of functions.

Locally Integrable Functions

A function f x defined on U is said to be locally integrable if, for every compact subset
M U, there exists a constant K K M,f such that

|f x Jdx K
M

We indicate this by writing f L!°° U . Note that when Uis R"thenf L' R" need not be
absolutely integrable, it only needs to be integrable on every compact set. This means, for
example, that all polynomials are in L'° U although polynomials are certainly not
integrable on R".

Lemma 3.2 For f LY define J; LJf X xdx for DU.
Then
1. » D U.
2. For f,g L such that J Jg , forall DU, f gae

Proof- Toshow 1, let |, denote a sequence of test functions converging to zero in
D U . Then there is a compact set M U such that for everyn, , x  0for x notin M.
For f L and

Js fo X dx for DU,

we have

[Jr n | |fo n X dx |fo n X dx mam|nx||fo dd Kmaxuy| nx| Oasn

To show 2, note that for f,g L' such that ¢ Jg , forall D U, we have



fo gx xdx O for all DU.

Since the test functions are dense in L'¢, it follows from the last equality that
U|fx gx|dx O;i.e, f gae

Regular and Singular Distributions

Lemma 3.2(2) asserts that the mapping which associates a function from L!°© U with a
distribution J is one to one. Then L!°® U can be treated as a subspace of D U , the space
of distributions. We call this subspace, the subspace of regular distributions and we say
that each regular distribution is generated by a unique locally integrable function; i.e. for
each regular distribution J; there is a unique f L'°° such that

Js fx x dx for DU.
U

Of course not all distributions are regular distributions. Any distribution that is not a regular
distribution is called a singular distribution

Example 3 .1-
1if x b
1. Let Hp X _
0Oif x b
Then clearly, H, L R! and Jy , X dx is the regular distribution generated by

this locally integrable function. The function Hp x is called the Heaviside step function

2. The distribution J 0 D R isasingular distribution. To see that J cannot be
generated by any locally integrable function, suppose there exists a L' R! such that
J R XX dx 0 for all DR

For Ochoose x P x . Then

9P x | |, xP xdy PoO| xadx.

The dominated convergence theorem implies that if L' Rt | then

| X dx|. 0 as 0.

That is,
0 PO PPx|PO|] xdd 0 as o

This contradiction shows that there can be no locally integrable function that generates this
distribution. In spite of this fact, we will nevertheless write

n X X dx 0 for all DR

and speak of x as the generalized function associated with the distribution J. We use the
terms generalized function and distribution interchangeably and we often operate on X as
if it were a function but we must realize that this is just formal notation and that x is not a
function in the usual sense. We referto x as the Dirac delta function concentrated at



the origin. More generally, the distribution J a for all D R, is written as

X a x dx a for all DR

and is called the Dirac delta function concentrated at x a. We refer to

J a for all D R as the "action” of the distribution and we referto x a as
the generalized function associated with the distribution having this action. Although we will
often write equations like

2G X Xx a, x U,
all we mean by this is that

o 2Gx X dx a for all DR.

Problem 1 Each of the following distributions is defined by its action. Identify the
generalized function for each of them.

(@ J; a’ a (b) I e” Db b

©) Ja "X X dx d) Ja 7 x dx

Problem 2 Describe the action on test functions for the following generalized functions.

@ Fix X X (b) F2x x x a
(c) Fszx 3X (d) F4 x Hox Hox 1 sin X

Equality and Values on an Open Set

Although we are not entitled to treat generalized functions as if they have pointwise values,
we are still able to talk about distributions that are zero on certain sets as well as defining
what is meant by equality of distributions on open sets.

Distributions J; and % are said to be equal in the sense of distributions if
J1 J> for all DU;
If F1 and F, are generalized functions, then F1 and F, are said to be equal if

Ule X dx Ung X dx for all DU.

The support of a test function x is defined as the smallest closed set K suchthat x
is identically zero off K. Then we can say that a distribution J vanishes on an open set,

if J O for all test functions  having supportin . For example, X vanishes on the
open sets ,0 and 0, . Two distributions, J; and %, can be said to be equal on an
openset, if J; J vanishes on the open set

We define the support of a distribution ~ J to be the complement of the largest open
set where J is zero. Then the support of the Dirac delta is just the point 0 , and any regular
distribution generated by a function having compact support, K, is a distribution whose
support is equal to K.



Differentiation of Distributions

Let J; denote the regular distribution generated by the locally integrable function of one
variable, f x and consider the distribution generated by the derivative f x . The action of
this distribution is described by

fo xdx fx x[§ fo xdx 0 Jy, DR

Here we integrated by parts (formally) and used the fact that a test function has compact
support to make the boundary term vanish. It is evident that the derivative generates a
distribution J; whose action on the test function  x is the same as the action of J; on

X . This motivates the following definition.

distributional derivative Forany J D R, thederivative dJdx D R isthe
distribution whose action on test function  x is given by dJdx J ;e

dJldx, x J, X DR

Equivalently, the distribution J; generated by the generalized function f x has as its
distributional derivative, the distribution J; generated by f x . For higher order derivatives,
we have

dkJrdxk,  x 1% kx DR.
More generally, forany J D U , the derivative ,J D U is the distribution whose
action on test function x is givenby ,J J 111, ;i.e,
xJ, X 1My x DR.
Here 1... n denotes a multi-index , hence ,J wioo o x0J, and| | 1« n

Equality of Mixed Partials
Suppose Jis a distribution on opensetU R2 Then J J. To see this write

wl XY 127, x XY DR.
wd, XY 123, XY DR.
But for a test function, x Xy xw XY ,hence xJ J. More generally, every

distribution is infinitely differentiable and the values of derivatives of higher order are
independent of the order of differentiation.

Example 3 .2-

1. Let Jy denote the distribution generated by the locally integrable function Ho x . Then
dJu/dx, X Ju, X o X dx DR

ie.,
o X dx X Ko 0.

Then
dJu/dx, X 0. DR,



and since X, X 0, D R, we conclude that dHg x /dx X in the sense
of distributions.

2. Consider the discontinuous but locally integrable function

x2 x if x 1
fx _
e jf x 1
Then dJ/dx, x Js, X x2 x  x dx e > x dx DR

1
and X2 x  x dx x2 x x5t 2x 1 x dx
1
2 1 2x 1 xdx
e xdx e x[t; . 5e ™ xdx e® 1 15e5x X dx

It follows that

dx/dx, x 21 2Xx 1 xdx e® 1 l5e % x dx
e®> 2 1 f x xdx
f1l f1l X 1, X f x xdx

where

2x 1 if x 1
f x _ :
5e > jf x 1

In general, if f x is piecewise differentiable with a jump discontinuity at x Xo, then the
distributional derivative of f x is given by

df/dx fxo X xo f X

where fXxo fXo fxo , and f x denotes the derivative in the classical sense at
all points where this derivative exists.

. x| if x| 1
0 if x 1

This function, which is clearly not differentiable in the classical sense, was shown earlier not
to have a derivative even inthe L, sense This function can be treated as in the previous
example to obtain

diidx f 1 x 1 f1 x 1 f x
x 1 x 1 f x

3. Consider the function

where



1if 1 x O
f x 1if 0 x 1
0 if x 1

Alternatively, using the definition of distributional derivative leads to

dJ/dx, x Js, X le X dx ;x X dx DR

0 1
0 1
X X [XY% lxdxxx§0 0xdx

ie., f x x dx 1 1 1lsgnx X dx, DR.

This implies f x x 1 x 1 11 x sgnx Of courser this is the derivative in the
distributional sense.

4. Recall that the initial value problem

U Xt ayxuxt 0, x R t O
uxo0 f x

has the solution u x,t fx at. Inthe case that the function f x is not sufficiently regular

for the existence of a classical solution, (i.e., if f is not at least differentiable in the classical

sense) we can say that u is a solution in the sense of distributions if, for every test function
xt DR R,

U Xt axuxt, xt 0.
e.g., suppose fx I x sothat f x x 1 x 1 0 andthen
t axfx at
X at 1 x at 1 0 a a x at 1 x at 1 0 O
This is the same thing as the argument,
uxt axuxt, xt
a x at 1 x a 1, xt a x at 1 X at 1, xt
a at 1t at 1 a at 1t at 1 0.

Notethat x at 1, xt at 1,t is a special case of

Xt , xt xt,t or Xxtx ,aresultwhichisonlytrueif xt Cimplies
one of the variables x,t can be expressed as a C function of the other, x xt ort tx.
In general, this type of composition is not defined. In this case, however, the verification that
uxt fx at solves the initial value problem is formally the same as in the case where f
is smooth. For this discontinuous function f, however, the steps showing that u x,t solves
the problem can only be justified within the framework of distribution theory.

The Hilbert -Sobolev Space of Order One
We are going to define a new function space which will be of use in the weak formulation of



PDE’'s. ForU R", we define
H'U {ux LU : xux LU fori 1,..n}

Here u x denotes the distributional derivative of u x with respect to x;. We define an
inner product on H* U as follows,

uv, ,UXvx u vdx for uv HTU.

That this is an inner product is simple to check. That H! U is complete for the norm
induced by the inner product must be proved.

Proposition 3 .3 H! U is a Hilbert space for the norm |u|l, u,u }’2

proof- Suppose u,  H! U is a Cauchy sequence for the norm ||u||,. This means
[lun un|ll;, O as mn , Which is the same thing as saying

[lun un]l, O and || x5 Um Un ll, 0 for each j as mn

But this means that each of the (n 1) sequences uUmn , xUm ,..., xUn IS cCONvergent
in the complete space L, U tolimits o, 1,..., n, respectively. Thatis,

[lum  oll, O and || xum ill, © forj 1,....n as m
and it only remains to show that for each j, ; x, 0. This will prove that |jum o|l; O

and, for each j, the distributional derivative o LU so o H! U . To show that
j x 0, hote that the continuity of the inner product implies that for each j,

, xUm X dx L Um % X dX DU
as m
y i X X dx L 0X x X dx DU
Then L 0X x X dx L % 0X X dx b i X X dx DU.

Convergence in the Space of Distributions

For reasons that are beyond the scope of this course, it is not possible to define a norm on
the space of distributions. However, it is possible to define the notion of convergence, which
is sufficient for our purposes anyway. We say that a sequence T, of distributions is
convergent in the sense of distributions if T, is aconvergent sequence of reals for
every test function

The following theorem may appear to be self evident but it isn’t. It is known as the

Banach-Steinhaus theorem.

Theorem 3.4 Suppose T, is a convergent sequence of distributions and define
T Lim, T, for all test functions

Then T is a continuous linear functional on the space of test functions; i.e., Tis a

10



distribution.

Delta Sequences
One type of distributional sequence we are particularly interested in are the so called delta
sequences .

Theorem 3.5 Suppose f, is a sequence of locally integrable functions such that for
suitable constants M and C, we have

1. fox 0 for |x M
2. an x dx 1 n
3. le” x|dx C n

Then the sequence J, of distributions generated by the functions f, x converge to
X in the sense of distributions.

Proof-Suppose f, is a sequence of locally integrable functions with properties 1,2, and 3
and let J, denote the sequence of distributions generated by the functions f, x . For an
arbitrary test function  x , it follows from 2 that

Ji X anx X dx 0 anx X dx 0 anx dx

and
Ji X 0 anx X 0 dx

Now properties 1 and 3 show that
In X 0| max| x Of:Ix & _lfnx|dx
Cmax| X O:Ix ¥ Oasn
We just showed
D Jh X 0 asn ;e Jn X in D
Note that this is a result for distributions on R

Example 3.3
1. The following are all delta sequences.

fox DL g,x on if L 1 hn X Sin X

1 nx@] _ X
0 if |x &

Note that f, 0 and h, O both tend to plus infinity as n tends to infinity. This is consistent
with the commonly held impression that the delta function is zero everywhere except at zero
where it has the value plus infinity. However, g, X is also a delta sequence and g, 0 tends
to minus infinity as n tends to infinity. This illustrates the difficulty in assigning a pointwise
value to a singular distribution.

11



2. Consider the following sequences of locally integrable functions.

1 1 n 1 2n® X
Fn X 7l —=arctannx, f, X B On X

Then F x f,x and f,x gn X . Moreover

1 if x O
lim, Fpx % if x O Ho X so RF” o
0 if x O
hence
an RFn R Fn 0 O |e, fn X
and
9n an . fn . Fn RF” " o ! 0 i.e., On X

This is an illustration of the following result.

Theorem 3.6 Suppose T, is a sequence of distributions converging to a limit T in the
distributional sense. Then

1. the derivatives T, form a sequence of distributions converging to the limit T in
the distributional sense.

2. the antiderivatives { XTn} form a sequence of distributions converging to the
limit *T in the distributional sense

A connection between pointwise and distributional convergence is contained in the following
corollary of the dominated convergence theorem.

Theorem 3.7 Suppose f, is a sequence of locally integrable functions such that

Ifal g L% and f, f pointwise almost everywhere.
Then the sequence of regular distributions, Js,, converges in the distributional sense to Js.
In example 3.3(2) it is straightforward to show that |[F, x | 1 and that F, x converges

pointwise to Ho X . Then the distributional convergence of F, to Ho follows and theorem 3.6
can be applied as illustrated in example 3.3(2).

Applications to PDE s

1). We are going to show first that for 0 X,y , Xy D0, , canbe expanded in
terms of the eigenfunctions sin nx . Formally,

Xy 1100y sinnx,

leads to

12



x y,sinmx (. dny sinnx,sinmx)
1

G100y Osinnx sin mx dx Edmy.
But
X Yy ,sinmx sin my
hence
dmny 2sinmy and X'y 2 _,sinnysinnx.

This result is only formal since expansion in terms of eigenfunctions was developed for
functionsin L, 0, and has not been shown to extend to generalized functions. In fact, it
does extend but this is what we must now show.

One way to show that this result extends to distributions, is to note that for each fixed
y 0, , the series

2 1n_125i” ny sin nx
converges uniformly for0  x , to a limit we will denote by G x,y . It follows then from
theorem 3.6 that
XX(Z 2‘1n—1zsin ny sin nx ) 2 2‘1sin ny sin nx «G Xy asN

where the convergence is in the sense of distributions on 0, . Since the differentiated
series is the series we found for x vy, the validity of the series will be established if we
can show that G X, Y X Yy . To see this, note that any test function

x DO, canbe expanded in a series of the form

X .1 nSinnx o 1(2 o Y sin ny dy) sin nx
. y (,,2sinnx sinny )dy YV, »GXYy
Since

Y, xGXYy X for any test functon x DO, ,

it follows that G X, Y X Y.

2. Foreachfixed y 0, , letH x,y,t denote the (distributional) solution of
t XX H X!y1t 01 O X y t 0

and Hxy,0 X Yy,
HOyt H ,yst O

Then, as we have seen previously, the solution to this problem is given by
H x,y,t . dny e ™sin nx . 2sinny e "sinnx .

Here using the expansion for x vy is rigorous not just formal.
Nowifu uxt solves

t xx U Xt 0, 0 x , 1 0

13



and ux0 fx, 0 x ,
uoOt u ,t O, t O,

then u Xt 0H x,y,t fydy.

To see this, simply notethat u0O,t u ,t 0, follows from
HOyt H ,yit 0, andinaddition,
o uxt e s Hxytfydy O,
and
ux0 OHx,y,Ofydy o X yfydy fx.

Evidently, H x,y,t is what we have previously called the Green’s function for the heat
equation. Now we will see an equivalent alternative description of the Green’s function.

3.Foreachfixedy 0, ,and t s O, letH xy,t s denote the solution of

t xwHXyt s Xy ts, 0 x ,t s O
and Hxy,0 O,
H 0,y,t H ,yt 0.

In this case, the solution to this problem can be written

Hxyt s s Hnyt s sin nx
where

tHhy,t s nHyyt s dyy t s, Hyy,0 O.
Then
Hoy,t s dny ;enzt sd 2sinny ents

and

Hxyt s 2 _ e™!Ssinny sinnx.
Nowifu uxt solves

t XX u X,t F X,t y O X y t O
and ux0 0, uo0,t u ,t 0,

then
u Xt ; OH x,y,t s Fys dyds

To see this, simply notethat u0,t u ,t 0, follows from
HOyt H ,yit 0, andfurthermore

t x U Xt t xxHX,y,t S Fy,s dy ds

t
00
;0 Xy t sFysdyds Fxt.

and
ux0 ; 0H x,Y,0 Fy,s dyds O.

14



Evidently, H x,y,t s is also what we have previously called the Green’s function for the
heat equation, and we can characterize the Green'’s function equivalently as H x,y,t , the
(distributional) solution of

t XX H Xiyyt 01 O X ) t 0 and HX,y,O X y f
orasH x,y,t s, the solution in the distributional sense of

t ox HXxyt Xy t s, 0 x ,t s 0 and HxyO0 O.

4. The Distributional Fourier Transform

In order to extend the definition of the Fourier transform to generalized functions, we first
recall that an infinitely differentiable function u x is said to be rapidly decreasing if

integers mn,  |[x™u" x| 0, as[x|

Then the rapidly decreasing functions are smooth functions that tend to zero, together with
their derivatives of all orders, as |x| tends to infinity, more rapidly than any negative power of
|X]. We denote this class of functions by S R and note that the test functions, C, R are
containedin SR, and SR iscontainedinL, R andinL; R. Theneveryf SR hasa
Fourier transform which can be shown to also belongto SR . Thus SR is another space,
like L, R, which is symmetric with respect to the Fourier transform in the sense that both

f and Fbelong to the same space of functions.

Proposition4 .1 Foreach f SR, F Tef SR and T F f x where the
equality here is in the pointwise sense.

We now define the sense of convergence in SR . Asequence  of rapidly decreasing
functions is said to converge to zero in SR if, for all integers p and q,

maxcg|x’ o' x| 0 as n
Then inSR if 4 0 in SR . Since the space of rapidly decreasing
functions has no norm, we cannot say that the Fourier transform is an isometry on
S R . However, we have the following result.

Proposition4 .2 For f, SR, with F, T f, SR, in SR implies
Fn F T¢ inSR.

Tempered Distributions

A linear functional T defined on SR is said to be a tempered distribution if, for every
sequence  of rapidly decreasing functions that is converging to zero in SR , it follows
that T , converges to zero as a sequence of real numbers. In this case we write

T SR.

Note that convergence in the sense of test functions is stronger than convergence in the
sense of rapidly decreasing functions. Thenevery J D R is also a tempered distribution
but the converse is false.

15



Proposition 4 .3 If f L!°°is such that for some positive integer, m

f x
SR
then f generates a tempered distribution; i.e., Js f, is a continuous linear functional

onSR aswellasonD R .

Proof- Suppose f L!°¢ satisfies the condition above and let , denote a sequence of
rapidly decreasing functions suchthat , 0in SR . Then

f x 2 m
Jf n RfX nXdX le X nXdX
2 m f x 2 m
maXXRll X nXlRWdX CmaXXRll X nXl Oasn

We have provedthat , Oin SR impliesJ , 0OinR.

Any locally integrable function which satisfies the condition in proposition 4.3 is said to
be a tempered function or a function of slow growth . Then, according to the proposition,
any tempered function generates a tempered distribution. Thus any constant function, any
polynomial in x and sinx and cosx all generate tempered distributions.

Definition The Fourier transform of the tempered distribution J is the tempered distribution

K whose action on Sis defined by K J  where Te i€,
TeJ, J, Tk for all S
Example 4 .1
1. Formally
1 ix 1
Te X 5~ 5 X€ dx 5

This result is only formal since this integral serves to define the Fourier transform only for
absolutely integrable functions, and the delta is certainly not in this class. In order to
compute the transform of the delta, we have to use the distributional definition. Write,

T, ,TF 0 for all S
But
i ix i L
02Rxe|odx2Rxdx<2,>.
Then
1
Te , <2 , > for all S
i.e.,
1
T X 5

16



2. The constant function fx 1 x, is atempered function and generates a tempered
distribution which we will denote by I. Then for arbitrary S

Te |, I,Te R d ex d Ixo 0;

i.e.,
Te |, 0 for all S

This is equivalent to the assertion that Tg |

3. Using these two results we now can see that

Te " x “ZL, Texl  n "

Te x p Zi.e b Te ™| X p,

Tr cos px Tr eXPl e XP| /2 X p X p /2
Te sin px Te eXPl e ™| /2i X p X p /2i

Applications to PDE s
1l.Forfixed y R, and s O, consider the initial value problem

t XX H Xiyyt S X y t S X R, t S 0,
Hxyt s 0 fors t.

If ,¥,t s denotes the Fourier transform in x of H x,y,t s, then
4 yt's 2yt s Zi.eiy t s,
yt s 0 for s t
It follows that
Lyt s ;e 2t zi.eiy sd Zi.eiye “ts
X2
Since  T¢[e “ts] E e 4t S jtfollows that
X y?2
Hxyt s —=L g4t s { g o

4 t s

This is the previously obtained fundamental solution for the heat equationon R R . Note
that similar arguments show that the solution of the initial value problem

t XX H X!y1t O X R, t 0,
H x,y,0 X Vv,

1

isgivenby  Hxy,t e 4 , t O

17



2. Forfixed y R, and s 0, consider the initial value problem

tt XX WX,yyt S X y t S X R, t S 0,
Wxyt s 0 fors t.

If ,¥,t s denotes the Fourier transform in x of  x,y,t s, then

&2 2 1
a2 ,y,t S ,y,t S >

vt s 0 for s t.

There are various ways to solve this equation, one of them is to apply the Laplace transform
in t to get

2 2 Y, S Zi_eiy e s

where

Y, s £ .yt s] Laplace transformintof .yt s
and

£ t s ,€ 't sdt e*

Then

Y, S Zi.eiy - e ®
Now

Tpl[zi.eiy ﬁ} 1e MY and £1[—e A} Hot A

hence Wxyt s 2Hot s [x y|.

This is the so called causal fundamental solution for the wave equation f
u uxt solves

it w U Xt F xt x Rt O,
uxo0 ux0 0 forx R

then u Xt ; RWx,y,t s Fy,s dyds

3. Using the Laplace transform, the solution of the initial boundary value problem,

Vv Xt wV Xt 0, x 0,t 0,
vx,0 O, x 0,
xv 0,t gt, t O,
is found to be
X2
v Xt ‘1 4t s gsds ;Kx,t sgsds

while the solution of

18



W X, t oW X, t 0, x 0,t 0,

wx0 O, x 0,

wot ft, t 0,
is given by

X2
t X 4t s t
W Xt T ——=F¢ gs ds 0xKx,t s gsds
4 t s°
The functions K x,t , and hxt xK X,t each satisfy
tu X, t ol Xt 0, x 0,t 0,

and

Lim: o U Xt 0, forx O

This seems to violate the uniqueness of solutions to the pure initial value problem for the
heat equation. However, K x,t , and hx,t are distributional solutions of the initial value
problem and neither of them is continuous in the closed upper half plane; i.e.,

Limxz t OK X,t LimXZ t Oh X,t .
On the other hand, we can also show that

)] Lim: o K X,t, X 0 DR
i) Limiohxt, X 2 0 DR

This is equivalent to

i) tK X, t KXt 0, in DR, Kx0 2 X
i) thxt wh Xt 0, in DR, Kx0 2 x

To see that i) holds, write

X2
1 2
K xt, R—te 4t x dx T Rez <Z,/4t>d2
2
T Rez <Z\/4t> 0 dz 2 0
This leads to the result, Lim; o K x,t, x 2 0, DR.

5. Distributions  Supplement
We wish to consider two questions in the theory of distributions:

i) gvenJ D R, find T D R,suchthat xTx JX
i)find J D R, suchthat J x O

To answer the first question we need the following lemma.



Lemma 5.1- The test function x satisfies
0 Oifandonlyif x x x forsome testfunction, Xx.
More generally, the test function x satisfies

m 0 Om 0,1,...N 1lifandonlyif x xN x forsome test function, x.

Proof- Clearlyif x x x,then 0 0. Conversely, for any test function

X

X 0 t dt,
0

andif O 0, then the substitution t xsleads to
X “tdt x ! xsds X Xx.
0 0

Clearly x isatestfunctionif x is atestfunction. The more general statement follows
by a similar argument.

Now, using lemma 5.1, we can show

Lemma 5.2- The general solution of i) is of theform Tx Tox C x, whereTpis
any particular solution of i) and C is an arbitrary constant.

Proof- Note that the general solution of i) is necessarily of the form Tx Tox KX,
where Ty is any particular solution of i) and K is a distributional solution of XK x 0. This
means that

0 xKx, X Kx,x X for all test functions .

Now it follows from lemma l1that 0 K x, x forall test functions suchthat 0 0.
Now any test function x can be written in the form  x 0 1X o X, where o, 1
denote test functions suchthat o0 Oand ;0 1;e.q,

X 0 1x X 0 1x .
Then for arbitrary test function x we can write
Kx, X Kx, 0 1X o X 0 K, 1 K, o cC o

which isto say, K C . More generally, similar arguments show that the general
distributional solution of xNT x  J x is of the form

N 1
Ch " x.

T x To X o

As an application of this result, consider the problem of finding the Fourier transform of the
tempered function f x  Sgnx .

Note that
Te[LSgnx | i Te Sgnx i F

But gsgnx 2 x and T2 X 1
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hence

i F 1
Then it follows from lemma 2 that F i ¢ . Now it follows from previous
observations about the Fourier transform, that since f x is an odd real valued function of x,
then F is an odd and purely imaginary valued function of . Then the fact that is

an even function of implies that C 0.

Similarly, the Fourier transform of the Heaviside step function can be obtained by a similar
computation. We have

Te[LHx ] i Te Hx i h
Also

4 Hx x and T X zi
Then

i h ZL

and lemma 2 implies h 2'— C . In order to determine the constant C, note
that

Hx H x 1, hence FHx TeH X
But

TeHx TeH x h h 2C
which implies C  1/2and h 1 5

In order to answer the question raised in ii), we need

Lemma 5.3- The test function x satisfies

X x  for some test function, x
if and only if R X dx O.
Proof- If x x for some test function, x then
X dx 0.

R

Conversely if R X dx 0, then
X “ sds satisfies X X .

In addition,  has compact support since R X dx O and has compact support. Then
is a test function.
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Note that any test function can be written inthe form x A 1 X o X Where

A e X dx, Roxdx 0, and R1xdx 1.

e.g., A A 1.

Now, using this result we can show

Lemma 5.4- The distributional solution of u x 0 is the regular distribution generated
by the locally integrable function ux  C.

Proof- If u x 0 then

(u, > (u ) 0 foralltest fucntions
i.e.,
(u, ) 0 forall test functions

By the previous result then

(u ) UA1x oX

A U 1 U o
C R X dx where C u, 1
This shows that
(u, ) LC x dx D
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