Laplace Transform

Definition of the Transform

Starting with a given function of t, f(¢), we can define a new functionﬁs) of the variable s.
This new function will have several properties which will turn out to be convenient for
purposes of solving linear constant coefficient ODE’s. The definition of f{s) is as follows:

Definition Let f{¢) be defined for r > 0 and let the Laplace transform of f{(¢) be defined by,
LIAD)] = j: eSIft)dt = f(s)
For example:
=S

A =1, 920, L1]= [ evdi= <ol = L = Jis) fors >0

e—(b—s)t =0

(s=b) °

fity=e" vt>0, L[] = _[:e‘(b‘s)tdt = = Sl 7 = fs), fors > b.

The Laplace transform is defined for all functions of exponential type. That is, any function
(t) which is

(a) piecewise continuous = has at most finitely many finite jump discontinuities on any
interval of finite length
(b) has exponential growth: for some positive constants M and k

()| < Me* forall t >0,

Properties of the Laplace Transform
The Laplace transform has the following general properties:

1. Linearity LIC\f(t) + Cag(t)] = Cif(s) + C28(s)
2. Homogeneity Lifat)] = LA(S)  for  a>0
3. Transform of the Derivative LIf'(H)] = s}”(s) - f(0)
L[f"(1)] = s*f(s) — sR0) =1 (0) etc
4. Derivative of the Transform L[tf(t)] = —}”(s)

LIAi0)] = (<1)21"(s) etc



To see that 3 is true, write
L' 0] = [, e (t)dt = e f ()i = [ (=se™)f(0) dt
= R0) +s [ e'f(t)dt = sfls) —A0),

where we used integration by parts on the first integral. Since the derivative of /'(¢) is /" (¢),
we can apply this result to /'(¢), to get

L[f"(1)] = sLIf' (D]~ £ (0) = s{s/is) = A0)} —1'(0) = s2/(s) — s(0) = £'(0)

To show 4, just note that

%}‘(s) = % o efyde = ;O%e‘”f(t)dt = [ —te™'f(tydt = L[-tf(0)).

Application of the Properties
Now these two results can be applied to derive more Laplace transform formulas.

eg., L{f]=L[te1]= _%(%) - L

e =1 --4(L)- 2

dS 52

2 A e e >

ds S3 S4

and, more generally, L[t"] = nl_ - 0,1,2,...

Sn+1 >

We can also apply this trick to find the transform of e,

1 _.d 1 _ 1
L[te"] __%(s—b) - oo

In addition, for f{¢) = sint, f'(¢) = cost, f'(t) = —sint, hence 3b implies

L[-sin 1] = s2f(s) = sf(0) = //(0) = s*f(s) — 1
and
L[-sin 1] = =f(s)

SO



—]A((S) = S2]A"(S) -1, ie., j‘(s) -1

s?+1

Similarly, if g(z) = cost, g'(t) = —sint, g"(¢t) = —cost, then

L[-cos ] = s7(s) —sg(0) — g'(0) = s?4(s) —s

and
L[—cos t] = —g(s).
Then
—8(s) = s28(s) —s, ie, g(s)= szi- T
Furthermore, property 2 implies that
~ _ 17 _ 1 1 _
L[sin ot] = 45 (%) ) <%)2+1'_ Sz_?_)wz'
and
1 W
_ s S _ (0] _ S
L[cos wt] = 5g<5> = o (%)24_1 AL o
In addition
: __d Q) _ 2ws
Llssimot] = =4 ( 52+ w? ) (s2 + w?)?
and

__d 2 @2
L[tcos ot] = _ﬁ( 3 — ) (SSZ +£)2)2 .

Initial Value Problems

The Laplace transform can be used to solve initial value problems for linear differential
equations having constant coefficients. For example, consider

V' (0) + ky(t) = 5, p(0) = 4.

If we let y(s) denote the Laplace transform of the solution, y(z), then

$5(5) = (0) + k3(s) = (s +k)i(s) =4 = ——

Then

Now we observe that

] o [k -

and



L‘l[ (ka)zl - SL‘I[ (s+1k)2'} = 5teh

y(t) = Ae ™™+ 5te™,

hence

Additional Properties
Let f(r) be a function of exponential type and suppose that for some » > 0,

{0 if0<t<b}
h(t) =
flt=b) if t>b

Then A(¢) is just the function f{¢), delayed by the amount b. Then
LIh()] = [ h(tye™dt = [ fit—b)e™dt
Let z=1¢r-b sothat

L[h(2)] = I;Oﬂz) ez = e7bs _[;Of(z) e dz = e‘b‘?jp(s).

0 if 0<t<b
If we define H(t—b)={ yo<is< }

1L if t>b
then
h(t) = H(t— b)f(t - b)
and we find
5. Transform of a Delay L[H(t - b)fit—b)] = e f(s), for b>0.

A related results is the following
Lle"fit)] = [ e fiyerde = [ feye cDrdt = fis —b).

i.e.,

A

6. Delay of a Transform L[’ ()] = fis — b)

Results 5 and 6 assert that a delay in the function induces an exponential multiplier in the
transform and, conversely, a delay in the transform is associated with an exponential
multiplier for the function.

A final property of the Laplace transform asserts that



7. Inverse of a Product L[(f*g)(1)] =}f(s)g”(s)
where (fxg)) = I;ﬂt—f)g(r)dr

The product, (f* g)(¢) , is called the convolution product of f and g. Life would be simpler
if the inverse Laplace transform of f{(s) g(s) was the pointwise product f{¢) g(¢), but it isn't, it
is the convolution product. The convolution product has some of the same properties as the
pointwise product, namely

F*xg)@) = @xN@)  and  (hx (f*g) () = ((h+[) *g)0).

We will not give the proof of the result 7 but will make use of it nevertheless.

Applications of the Properties
We can use property 6 together with the results

L[sin ot] = and L[cos wt] = S
[ ] s?+ w? [ ] s? 4+ w?
to derive the formulas
Liet'sinwf] = ——2  and  LleMcoswr] = —S=b
[esimor] = < [ cos wr} = =

Now consider the problem

V(1) +2y' () +10p(1) = 1, y(0) ='(0) = 0.

Transforming this problem leads to

(52 + 25+ 10)5i(s) = +,
and

oy 1 1 1 1 s
V) = S 5510~ S Gripgo SWEE):

We know that L[] =1, and L' [ﬁ} — ¢ sin 3t. Then by property 7,
S

y(t) = (fxg)) = I;ﬂt—f)g(r)dr = I; 1(t—1)e " sin3rdr
= _[; e sin3tdr = 2 — - e cos(31) — 15 e'sin(31).

10 10

Now consider the problem where the forcing is changed to a piecewise constant function,



1 if 0<t<1
V(&) +2y'(0) +10y(¢) = flr) = 2 if 1<t<2 p», »0)=)'(0)=0.
3 if 2<t

First, we observe that f{r) = H(t) + H(t— 1)+ H(t - 2), and so, by property 5,

Then
sy (L1 s 1 2 1
O = (F+5e+5e¥) amTg
(L1 1 . 1 1 NG
_(?+?e +?ez)(s+l)2 5 f(s)g(s)
However, we already know that
4 1 3 _ 3 3 - Lt .
L I_FmJ =90 "0 € ’cos(3t)—ﬁe tSlIl(3t) = P(t)

hence it follows from property 5 that,

L %e‘sm] = H(t-1)P(t-1)

L %e-zsm] = H(t-2)P(t-2)

and  y(t) = P(t) + H(t— 1) P(t - 1) + H(t = 2) P(t - 2).

A plot of this solution is shown below.
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Table of Transform Properties
1. LICf(t) + Cag(t)] = Cifis) + C28(s)
2. L[fat)] = LA(E)  for  a>0
3. LI ()] = sfis) - f0)
LI ()] = s*fs) = s0) =£(0) etc
4. L[tfi)] = -f'(5)
LI2S1)] = (1)2f'(s) etc
5. L[H(t - b)fit—b)] = e As), for b>0.

6. L[e"f(t)] = fis — b)

7. LI ()] = fs)g(s)  where  (fx@)(1) = [ fit—1)g(x)dr



Table of Laplace Transform Formulas
L[1]=1 fors>0

Lle"] = L fors>b.

s—=>b
Lle“—et]= —a=b __ fr 55 b,
(s—a)(s—>)
ny_ _n! _
L[t"] = S’ZT, n=0,12,..
L[re?] = —L .
el = oy
L[sin ot]. = 52—,
[sin wt] .
L 1. = 53—
[cos wt] S
. 208
L[t t| = ——5>5
[tsinwt] G2+ 00
2_ 2
L[t =--=S=9_.
[tcos wt] G2t )
. _ [0)
L[ethH’l a)t] = m
L[ebt cos a)l‘] = #



