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I study finite groups and develop algorithms to find
the structure of very large groups. This involves vari-
ous tools, often outside of group theory: e.g. bilinear
maps, ∗-rings, Jordan and Lie algebras, varieties of
groups, Morita duality theory, and NP-complete sets.
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1 Group decompositions.

Groups are easy to construct by direct products and
by related products such as central products. It is
surprisingly difficult to reverse this process. It was
an open problem to devise an algorithm that given
a finite group G could detect a proper direct factor
in fewer than |G|O(log |G|) steps. This I solved by
introducing new functorial relationships between p-
groups and various nonassociative rings.

Theorem 1 There are deterministic polynomial-
time algorithms that, given generators for a group of
permutations, returns a maximal direct product de-
composition and a maximal central product decompo-
sition [27, 29,30,32].

The total number of operations in the group
required by these algorithms is not more than
O((log |G|)8) and prototypes of the essential compo-
nents of those algorithms in the computer algebra

system Magma [6] handle groups of size p200 in min-
utes on conventional laptops (thanks to P. A. Brooks-
bank for most of this implementation). With a lit-
tle care around problems in number theory the al-
gorithms also apply to groups of matrices and other
customary methods to describe groups.

To come down from |G|O(log |G|) time algorithms
to (log |G|)O(1) you need more than better program-
ming, you need mathematics. The inductive tool is
an observation about varieties V of groups and their
associated verbal V(G) and marginal V∗(G) sub-
groups. A remarkable fact about these subgroups is
that if the center ζ1(G) ≤ V∗(G) then for every max-
imal direct product decomposition Q of G/ζ1(G) and
every maximal direct product decomposition R of G,
Q refinesRmodulo V∗(G). In other words, if we plan
to construct maximal decompositions by working re-
cursively with quotients then we can almost always
afford to be greedy. Dual properties occur with V(G)
and complete account is given in [30, Section 1.2].

We say almost always because the critical base case
of this approach are groups G where there are no
varieties V, in which ζ1(G) < V∗(G) unless G =
V∗(G). This behavior is only possible with nilpotent
groups of class 2, but there so many such of groups
that a completely different approach is needed.

Using the biadditive map

[, ] : P/ζ1(P )× P/ζ1(P )→ γ2(P )

of commutation in p-groups P of class 2 I proved:

Theorem 2 Fix a finite p-group P of class 2.

1. P is directly indecomposable if, and only if,
ζ1(P ) ≤ γ2(P )P p and

C(P ) = {(F,G) : [uF, v] = [u, v]G = [u, vF ]}

is a local commutative ring [30].

2. P is centrally indecomposable if, and only if,
ζ1(P ) ≤ γ2(P )P p and

Sym(P ) = {(F,G) : [uF, v] = [u, vF ]}

is a local Hermitian Jordan ring [28, 29].
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Such indecomposability criteria offer several fur-
ther insights. For instance, the rings C(P ) and
Sym(P ) are completely arbitrary and so we can cat-
egorize indecomposability according to the various
types of rings that arise. This can help distinguish
groups that are not isomorphic. Also, we can com-
pute the rings by solving systems of linear equations.
That completes the algorithms for Theorem 1. For
central products there was a further critical implica-
tion.

It has been known for a century that the auto-
morphism group of a finite group acts transitively on
the set of maximal direct product decompositions.
Hence, direct product decompositions are essentially
equivalent. The same is not true of central prod-
uct decompositions. For example, there are non-
isomorphic centrally indecomposable groups whose
central products are isomorphic, such as centrally
indecomposable 2-groups R and T where the nat-
ural central product ◦ that “identifies the centers”
behaves as follows [25, Section 6]:

R ◦R ◦R ∼= R ◦ T. (1)

Perplexing examples like this marked the start of a
period of inactivity for central decompositions. Using
Jordan rings as in [28] it is now easy to explain and
predict the behavior of central products. Indeed, (1)
is a variation on and old and familiar decomposition
rule for connected sums # of 2-manifolds:

RP 2#RP 2#RP 2 ∼= RP 2#T 2. (2)

See [28, p. 2678] and [20, p. 101]. For primes p 6= 2
more can be said.

Theorem 3 [28] For nonabelian p-groups G whose
centers contain their commutator subgroups and
whose nontrivial elements have order p (so p > 2):

(i) The following are invariants of fully refined cen-
tral product decompositions of G: the size, the
multiset of orders of the members, and the mul-
tiset of orders of the centers of the members.

(ii) The number of (AutG)-orbits acting on the set
of fully refined central product decompositions
can be any positive integer.

2 Group-isomorphism testing

Much of my work is motivated by questions about
group isomorphism and automorphism groups. There
is no algorithm known to test if two groups of size N
are isomorphic that does not require NO(logN) steps.
It is hoped that one day an algorithm will be de-
vised that uses NO(1) steps. My personal objective is
riskier than that, I seek an (logN)O(1) time algorithm
similar to how Theorem 1 resolved the direct prod-
uct problem. Once again p-groups of class 2 seem
to offer the greatest challenge. Indeed, Cannon and
Holt, and Babai et. al. have developed several re-
ductions of isomorphism testing that eventually rely
on isomorphism testing of p-groups [1, 11].

A curious illustration of what to expect with p-
groups came out of joint work with M. L. Lewis [19].
Using rings with involutions we prove:

Theorem 4 For every prime p > 2 and n� 0:

1. There is a group H of (3×3) upper unitriangular
matrices over a field where |H| = p1.2n+O(1) and

H has pΩ(n2) pairwise non-isomorphic quotients
of size pn.

2. All quotients of H of size pn have isomorphic
character tables, all nontrivial elements have or-
der p, all non-central conjugacy classes have the
same size, and their automorphism groups are
one of just two possible options.

3. There is a deterministic polynomial-time algo-
rithm that, given generators for groups G and
K, determines if G and K are quotients of a
Heisenberg group, and if so, determines if G and
K are isomorphic.

So there are huge numbers of groups with no know
no differences but in (log |G|)7 steps an algorithm can
decide isomorphism without explaining why.

Already Fitting and P. Hall [12, 14] understood
the power of characteristic subgroups in isomorphism
tests. The difficulty has been the lack of known
characteristic subgroups. E.g. Higman [16] built

p2n3/2+Θ(n2) pairwise non-isomorphic groups that to
this day have only one known proper nontrivial char-
acteristic subgroup.
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To find new and computable characteristic sub-
groups we turn once more to nonassociative rings.
To organize these new subgroups we generalize some
ideas of Lazard [18].

A filter φ : M → 2G maps a commutative monoid
M into the subgroups of G such that

(∀s, t ∈M) [φs, φt] ≤ φs+t ≤ φs ∩ φt. (3)

For every s ∈ M , φ+
s =

∏
t∈M−0 φs+t. So for each

s ∈ M − 0, Ls = φs/φ
+
s is abelian and in fact a

Z[φ0/φ
+
0 ]-module. Commutation in G induces an M -

graded Lie ring L(φ) =
⊕

s∈M Ls, where L0 is 0, or
a Lie ring acting as derivations on

⊕
s6=0 Ls ( e.g.

the Lie ring associated to φ0/φ
+
0 when this group is

algebraic.) Explicitly:

[xφ+
s , yφ

+
t ] = [x, y]φ+

s+t, s, t 6= 0.

Lazard’s construction amounts to filters with M = N.
The development of several new filters is outlined in
[33]. In particular, using the radicals of the rings of
adjoints, centroids, and derivations, we can refine the
common central series of groups to characteristic se-
ries of arbitrary length. Since the refinement method
can be made algorithmic this offers a very real im-
provement for isomorphism testing for the groups
with large filters. Indeed, the number of such groups
is at least a positive logarithmic proportion of all p-
groups as the following shows.

Theorem 5 ([33]) For every prime p and n �
2, there are at least p2n3/729+Ω(n2) pairwise non-
isomorphic groups of order pn that admit a filter of
length at least 6 but whose classic filters all have
length 2.

An even deeper analysis of the ring theory al-
lows for improvements of isomorphism test even when
there are no new characteristic subgroups. The idea
is to consider radical and semisimple properties of the
various nonassociative rings introduced for p-groups.
See [10]. In collaboration with P. A. Brooksbank
and E.A. O’Brien we are identifying combinatorial
techniques to construct new characteristic subgroups.
Those methods rely on techniques from [9].

3 Group enumeration

Many families of finite groups arise because of inter-
est in peculiar properties or counter-examples. The
culture of counter-examples is that: “one is enough”.
In reality we sometimes need counter-examples to be
so numerous that they highlight the incredible blun-
der in our intuition about groups. Likewise, our intu-
ition is better shaped when we find that speculated
“special” behavior is actually quite common.

In this spirit I have amplified the known quantities
of various families of groups. We discover that for
the most part the special properties we ascribe to
groups are in fact rather common. Two examples of
this were already seen in Theorems 4 & 5. Further
examples are indecomposable groups [32].

Theorem 6 The log of the number of pairwise non-
isomorphic centrally (and directly) indecomposable fi-
nite groups is equivalent to the log of the number of
pairwise non-isomorphic finite groups.

Of course we should speak of actual proportions but
so far the methods of counting in algebra can only
estimate the logarithmic proportions, or correspond-
ingly the dimensions of varieties; see [5]. Actual car-
dinalities are known only for very small families and
this after very difficult classifications e.g. [4, 23].

One final example is worth mentioning arise from
representation theory. A Camina triple is a group G
and subgroups M and N where every g ∈ G − N
has [G, g] = M . Camina pairs occur when M = N
and Camina groups when M = N = G′. We have
seen that there are at least NΩ(logN) pairwise non-
isomorphic Camina groups, Theorem 4. Camina
triples, while more general, are still considered very
constrained examples of groups because their repre-
sentation theory is highly specialized. In joint work
with T. Miyazaki, we prove the following surprising
quantity of Camina triples.

Theorem 7 The number of finite p-groups admit-
ting a Camina triple is logarithmically dense in the
number of finite groups.

With examples like Theorem 7 and Theorem 4, we
begin to recognize that our tools for understanding
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groups are quite coarse and do not yet get at most of
the distinguishing features of isomorphism types of
groups. In particular we are encouraged even more
to seek out algorithms that can identify isomorphism
since our group theory is so often inadequate.

A brief word about the proof of Theorem 7. Pre-
vious counting methods of Higman [16] and our own
in Theorems 4, 5, & 6 estimate the number of orbits
in the action of a well-known group on a well-known
set. Those methods fail when we consider groups
with unusual constraints such as the Camina triple
property.

To perform our count in Theorem 7 we have instead
changed the problem from counting to the problem
of “complexity.” Complexity is the computer science
term for expressing how hard it is to solve a prob-
lem. We show that to prove a triple (G,N,M) has the
Camina property is an NP-complete problem, i.e. ex-
tremely difficult. From that knowledge we can apply
results about other difficult problems, such as theo-
rem provers and Boolean satisfiabilty. By changing to
different problems we eventually encounter an equiv-
alent problem but one for which the proportions are
known. So we are able to infer that there are many
triples with the Camina property. This technique ap-
pears to be new even though it is at the same time
obvious. We are in the middle of discover some of its
other uses.

4 Other topics

There are various branches in my research with in-
teresting outcomes. For example, the classical sub-
groups of a general linear group have been known for
nearly a century and they arise all over mathematics
and science. In many situations a particular problem
occurs with more than one geometry and so the rel-
evant group is no longer single a classical group but
the intersection of multiple classical subgroups.

Intersections of classical groups have been consid-
ered by many with progress made by Wagner, Bayer-
Fluckiger, Goldstein-Guralnick, and Brooksbank-
O’Brien [2,7,13,26]. In most of those works the inter-
section of two classical groups of the same geometry
(but in different bases) was explained but intersec-

tions with more geometries or with different families
of geometry was not understood.

My tools for p-groups translate naturally to inter-
sections of classical groups and in that context I redis-
covered many earlier results and made progress over
previous methods especially in the context of multi-
ple geometries [28, Theorem 4.39, Section 7.5]. In
later joint work with P. A. Brooksbank we handle
the general case both in a theoretical and practical
manner.

Theorem 8 [8] If Φ is a set of symmetric, alternat-
ing, or Hermitian forms on a finite vector space V of
odd order, and 0 = V0 < · · · < Vt = V is a composi-
tion series of V as an ∩φ∈Φ Isom(φ)-module; then:

(i) For all i ∈ {1, . . . , t}, there is a field Fi over
which V̄i = Vi/Vi−1 becomes an Fi-vector space
and ∩φ∈Φ Isom(φ) acts on V̄i as a general clas-
sical group in its defining representation.

(ii) U = ∩φ∈ΦU(Isom(φ)) is the kernel of the action
of ∩φ∈Φ Isom(φ) on V̄1 ⊕ · · · ⊕ V̄t, and equals:

{z +
√

1 + z2 : z ∈ EndV,∀φ ∈ Φ

∀u, v ∈ V, φ(uz, v) = −φ(u, vz),

∀i, 1 ≤ i ≤ t, Viz ⊆ Vi−1}.

(iii) There are subgroups H1, . . . ,Hm of
∩φ∈Φ Isom(φ), such that each Hj acts faithfully
as a classical group on some (possibly several)
V̄i, and ∩φ∈Φ Isom(φ) = U o (H1 × · · · ×Hm).

There are polynomial-time algorithms to compute this
structure (now available in Magma [6]).

One of the fortunate breakthroughs was to mimic the
role that ez =

∑∞
n=0

zn

n! plays in connecting Lie alge-
bras to Lie groups but use instead:

z +
√

1 + z2 = 1 + z − 2

∞∑
n=1

(−1)nC(n− 1)
zn

4n
(4)

where C(j) is the j-th Catalan number. As (4) only
requires division by 2, it applies to all fields of char-
acteristic not 2 (ez does not apply so generally).

Some other directions of importance to me include
the study of semifields, which is closely related to
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Camina groups, and the development of categories
derived from the properties of p-groups. Since p-
groups are so vast and complicated it makes sense
to consider functorial relationships to better known
contexts. Though initially these new categories ap-
pear routine they can in fact provide contexts for new
observations.

For every distributive products ◦ : U × V → W
there is an associative ring Adj(◦) which is univer-
sal in a natural way. Since commutation in p-groups
induces such products, this abstraction is immedi-
ately applicable to p-groups. It induces a Galois
correspondence between p-groups and ∗-rings, and
defines a closure operator on p-groups. Adjoints
also determine a category which relates to chains of
double-centralizers in p-groups. The adjoint cate-
gory is abelian, complete, and self-dual. However,
using Morita duality we can show this category is
not equivalent to a module category [31]. Also the
“nondegenerate-simple” objects in the adjoint cate-
gory are classified and they turn out to coincide with
bilinear products without zero divisors:

(∀u ∈ U,∀v ∈ V ) u ◦ v = 0⇒ u = 0 or v = 0.

Such bilinear maps include the multiplications of
nonassociative division rings (i.e. semifields) and are
also used to construct nontrivial elements in higher
homotopy groups πn(Sn+k). So we now see that there
is a critical connection between nilpotence – products
that eventually become 0 – and products that have
no zero-divisors and topological constructions. See
[31].

Closing

I have attempted to mention results accurately but
without introducing all appropriate definitions and
contexts. These should give a flavor of my work but
it is unavoidable that by such a terse treatment some
of the claims will be miss-understood or miss-stated.
The articles are the best place for accurate detail. I
welcome comments on this or any other material of
mine you find interesting or worth improving.
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