
Mathematics 676-3 Homework (due Feb 24) A. Hulpke

15) It might seem that the determination of centralizers is easier than other backtrack algorithms.

This problem shows, that the computation of centralizers, set stabilizers, as well as subgroup

intersection are in polynomial time equivalent. (Similar results show that the corresponding “trans-

porter” problems: set-transporter, element conjugacy and double coset equality are equivalent.)

Let G be a permutation group acting on Ω.

a) Let ∆⊂Ω. We form D = G×G acting on the disjoint union Ω1∪Ω2 and let γ:G→D, g 7→ (g,g).
Form x ∈ S(Ω1∪Ω2) defined (assuming that ω ∈ Ω corresponds to ωi ∈ Ωi) by ωx

i = ωi if ω 6∈ ∆,

and ωx
i = ω3−i if ω ∈ ∆. (I.e. x swaps the occurrences of ∆ in Ω1 with that in Ω2.) Show that

CGγ(x) = (StabG(∆))γ
. (I.e. set-stabilizer reduces to centralizer)

b) Let S,T ≤G. We let S×T act on Ω×Ω in the natural way, and let ∆ = {(ω,ω) |ω∈Ω}⊂Ω×Ω.

Show that StabS×T (∆) = {(g,g) | g ∈ S∩T}. (I.e. intersection reduces to set stabilizer.)

c) Let G act diagonally on Ω×Ω and let x ∈G. Let ∆ = {(ω,ωx) | ω ∈Ω}. Show that StabG(∆) =
CG(x). (I.e. centralizer reduces to set stabilizer.)

d) Indicate, how set stabilizer can be reduced to intersection.

16) We define an ordering in Sn by comparing permutations lexicographically as lists of images.

For example, if a = (1,2,3) and b = (1,2), then a is given by the image list [2,3,1] and b by the

list [2,1,3], so a < b.

Let G ≤ Sn be a permutation group. We choose base points in canonical ordering 1,2, . . ., only

skipping points that would lead to redundancies. Let G(i) be the corresponding stabilizer chain.

a) Show that elements in G(i) are smaller than elements outside G(i) with respect to the lexico-

graphic order.

b) For an element x ∈ Sn consider the following procedure:

1: Let g := x.

2: for i up to the length of the stabilizer chain do

3: Let imgs := {ωg | ω ∈ G(i).orbit}.
4: Let µ = min(imgs) and choose t ∈ G(i) such that βt

i = µg−1
.

5: Let g := t ·g.

6: end for

7: return g.

end

Show that the element g returned is the lexicographically smallest element in the coset Hx. (Hint:

Show that line 4 ensures that β
g
i is as small as possible and that further iterations of the loop do not

change this image.)

c) We choose a generating sequence L for G in the following way:

1: Let L = [].
2: Let i := k. {k is the depth of the stabilizer chain}
3: while i > 1 do

4: while β
〈L〉
i <> βG(i)

i do



5: Let µ = min
(

β
〈L〉
i <> βG(i)

i

)
. {µ is the smallest orbit element not yet obtained by 〈L〉}

6: Let t ∈ G(i) such that βt
i = µ.

7: Let x be the smallest element in the coset 〈L〉 · t.
8: Add t to L.

9: end while

10: i := i−1.

11: end while

12: return L.

Show that L is the lexicographically smallest generating sequence for G. (Hint: Show that the

element x added in line 7 is the smallest element of G outside 〈L〉.)

Note: Why bother with this? When acting on subsets of a group (e.g. on subgroups or on cosets),

the most costly part of the calculation is the test whether a new image was obtained already before.

In general, doing so requires an equality test of the new image img with every of the orbit elements

found so far. (Such tests can be costly, e.g. for comparing subgroups, one needs to do element tests

of the generators of one subgroup in the other if the orders agree.) Furthermore, these tests preempt

a binary search in a sorted list or similar improvements.

To avoid such problems, it therefore is of substantial help to define canonical (canonical by the

definition) representatives, i.e. for each subset A define a single element or set of elements that will

represent A, and is defined independent of the representation or generators of A. Such canonical

representatives can be used to test equality of subsets. They also can be sorted and thus binary

search can be used.

The smallest coset elements can be used as canonical representatives when acting on cosets. The

smallest generating sequences can be used as canonical representatives when acting on subgroups.

17) Using a classification of transitive groups (such as given by the GAP command TransitiveGroup),

determine (up to conjugacy) the intransitive subgroups of S7, which are not (conjugate to) sub-

groups of S6. (For all partitions of 7, excluding 6, form subdirect products with appropriate orbits.)


