
Mathematics 666 Homework (due Sep. 17) A. Hulpke

11) Let G be a �nite group and K a �eld. What is the relation between the 1-dimensional K-
representations of G, and those of G/G′. Describe these representation for the case of G/G′ cyclic.

12) (GAP) a) Let G = A5 and F = F9 = GF(9). Determine with the MeatAxe (but without
using the MTX.CollectedFactors command) the irreducible FG-modules of dimension 3 up to
isomorphism.
b) Also determine (you may use the MTX.CollectedFactors command here) the irreducible F4G
modules of dimension 3 up to isomorphism. Compare with the result of a).

13) LetG = A4 andK = F2. Let φ be the 3-dimensional representation ofA4 onF4
2/S fromproblem

3. Calculate matrices for generators of A4 under φ ⊗ φ, and determine the irreducible constituents
of this representation.

14) (this requires Galois theory) �e performance of the MeatAxe depends on how large the
nullspace of the algebra element b is, as we need to check every vector in this nullspace up to scalars.
�is problem looks at an extreme case:
Let p, q be primes such that the �eld K = Fp with p elements does not contain any primitive q-th
roots of unity apart from 1, that is the polynomial m(x) = (xq − 1)/(x − 1) is irreducible. Let G be
the cyclic group of order q and φ∶G → F(q−1)×(q−1)p the representation that maps a generator of G to
a companion matrix form(x). Show that this representation is irreducible over K, but that the only
element of KG with nontrivial nullspace is 0. (Hint: Diagonalize φ over a suitable extension �eld.)

15) Let G be a �nite group and K a �eld with charK /= 2. Consider an KG module V with basis
v1, . . . , vn and letW = V ⊗V . We de�ne a linear map α∶W →W by prescribing images of the basis
vectors as α∶ vi ⊗ vj ↦ vj ⊗ vi and setWS = {w ∈W ∣ wα = w} andWA = {w ∈W ∣ wα = −w}. (�ese
are called the symmetric, respectively antisymmetric tensors.) Show:
a)W =WS ⊕K WA (direct sum of vector spaces.)
b) BothWS andWA are KG-submodules ofW . (�usW =WS ⊕KG WA as well.)
c) dim(WS) =

1
2n(n + 1) and dim(WA) =

1
2n(n − 1).


