
Mathematics 602 Homework (due Mar 10) A. Hulpke

14) Suppose thatG is a p-group (i.e. ∣G∣ = pa for a prime p). Show that every subgroup is properly
contained in its normalizer. (Hint: Show that when acting on the cosets of U ≤ G, there must be a
coset that is �xed.)
Conclude that a maximal subgroup of G must have index p.

15) For a �nite group G we de�ne the Frattini subgroup Φ(G) as the intersection of all maximal
subgroups of G.
a) Show: Φ(G) consists of those elements of G which are redundant in every generating system of
G. (I.e. Φ(G) = {x ∈ G ∣ ∀S ⊂ G ∶ (G = ⟨S ∪ {x}⟩⇒ G = ⟨S⟩)}.)
b) Now consider that G is a p-group (i.e. ∣G∣ = pa for a prime p). Show (using problem 14) that

Φ(G) = G′Gp = {g p, [g , h] ∣ g , h ∈ G}

(i.e. it is the smallest normal subgroup N ⊲ G, such that G/N ≅ Ck
p.)

c) (Burnside’s Basis�eorem) Let G be a p-group and [G ∶ Φ(G)] = pk. Show that every irredun-
dant generating set (i.e. no element can be removed without generating a smaller subgroup) of G
contains k elements. (We call k the rank of the p-group.)

16) a) What is the smallest degree n >= 100 such that all primitive groups of degree n must be
almost simple?
b) For each of the classes in theO’Nan-Scott theorem, determine the smallest degree inwhich groups
in this class can arise.

17) Let n ≥ 1, F a �eld, and

G = {(
∗n,n 0
∗1,n 1 ) ∈ GLn(F)}

Show thatG ≅ AGLn(F) and acts on Fn bymatrixmultiplicationwith vectors of the form (∗⋯∗, 1) ∈
Fn+1.

18) a) Construct a matrix A ∈ GL3(2) of order 7. (Singer-Cycle). Show that ⟨A⟩ acts irreducibly
on F32.
b) Construct three subgroups (of order 7, 21 and 168) of GL3(2) that contain A.
c) Construct three di�erent primitive groups of a�ne type of degree 8. (�ese are all, but you don’t
need to show that.)


