
Mathematics 567
Points (leave blank)

1 2 3 4 5

Final (5O points)

Name:
(clearly, pleae)

o5/TO/07. 13.30

Time: 110 minutes. Explanations are a crucial paft of. a solution. If you are using a theorem
from the course or the book, state so. You can work on the problems in any order you like.

1) LetV be a Q-vector space andT:V --+ V linear. Suppose that the invanant factors of
T are qr: :  ( r  -  1)(r ' *  1)  and q2::  ( r  -  f )3(r2 + 1).
a) What is dim 7? Determine minimal polynomial and characteristic polynomial of ?.
b) What is the rational canonical form for 7?
c) Considenn{ a matrix for T over C, what is the Jordan Canonical form?
d) Show thatV is the direct sum of four T-invaiantsubspaces. (1O points)
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2) For which n are there elements of order n in GL2(Q)? For each possitrle order show
with an explicit matrix that such elements exists.
Hint: What can you tell about the minimal polynomial? (1O points)
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iiylTk k:t#;f#$ff:1ororderp and F < K -F-o" ror anannatnumber a ) 2.
b) Let f e r[4 n" i*i""tii" tia"gree dividing a. show that fmusr be a diviso r of rpo - r.
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4) 
^Let 

K : Q((rs) be the spliuing fteld of rr5 _ 1 over e.a) Determine the structure and generators for G : Gar(K/rQ). Express complex conjuga-
-d.or ̂ 

a product of the generatois.
b) Determine the subgroups of G and for-every-subgroup u < Gthe corresponding fixedfteld Fix(U). (You may use wirhoutproof tn"t fs: (r_ e; _ Cf + C#.) (tO points)
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5) Let Rbe aniffiin and F : R2 afree module of rank 2.Let^9 : (a) (a e F)
be a cyclic R-submodule of F. Show that Fl S cannot be a torsion module. (1O points)
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