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1) a) Determine the abelian groups of order 48 up to isomorphism.
b) Arrange the following groups according to isomorphism:

Z2 ×Z12, Z3 ×Z8, Z4 ×Z6, Z2 ×Z3 ×Z4, Z24

c) Let G = Z12 ×Z4. How many elements of order 2 does this group have?



2) �e equations
x = 3 cos(t) − cos(3t), y = 3 sin(t) − sin(3t)

de�ne a parametric curve (called a Nephroid – a kidney shaped curve).
a) Rewrite the equations as polynomial equations involving x, y, s = sin(t), and c = cos(t).
b) Using that s2 + c2 = 1, determine a (polynomial) equation in (only) x and y describing the curve.
(Rewrite the equations as polynomials, and eliminate t.) (Hint:�e equation will be nicer to write
down, if you consider (x2 + y2 − 1)3 as a part.)



3) Suppose the (four, di�erent) points A, B, C,
D lie on a circle. We want to show that the angle
ACD equals the angle ADB.
a) Assume the points are given by coordinates:
A = (a, b) and so on. Write down polynomial
equations that indicate that D lies on the circle
through A, B, C (Hint: You want to introduce a
further point E = (x1, x2) for the center of the
circle.)
b) Write down polynomial equations that indi-
cate equality of the angle ACD and the angle
ADB.

A B

C
D

c) Show (using Gröbner bases for an ideal) that the equations in b) are implied by the equations in
a).



4) Let F be a �eld. Prove that if [F(α) ∶ F] is odd, then F(α) = F(α2).



5) Let E be the splitting �eld of x9−1 overQ. (We know from problem 61, that [E ∶ Q] = φ(9) = 6.)
a) Determine G ∶= Gal(E/Q).
b) Determine the subgroups of G.
c) For every subgroup S ≤ G, determine the corresponding �xed �eld F ∶= Fix(S).
d) For every sub�eld F obtained this way, determine Gal(F/Q).


